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S=1 Heisenberg model with
single-ion anisotropy

Apply the generalized spin-wave theory to analyze the ground sate properties of the

S=1 Heisenberg model with single-ion anisotropy in an external magnetic field on a
bipartite lattice.

Assume isotropic lattice — generalization to anisotropic lattice is straightforward
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Rich ground state phase diagram — known from SW, QMC studies.
Realized in many quantum magnets, e.g., DTN
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Schwinger bosons

Local Hilbert space has dimension D;=3 —introduce 3 Schwinger bosons

bl m e {0,1,2}

1,1

The Schwinger bosons create eigenstates of Sf

blvac) = [0), blJvac) = [1), bjjvac) = | - 1)

i,mzl

And satisfy the local constraint at each site E b;.f mb

m

The spin operators assume bilinear forms in the bosonic operators
S7 = blS*b; = bl b1 — bl ,bis

blSTb; = V2(b] 1b;0 + b] bi 2)

blS™b; = V2(b] i1 + b ,bi0)
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Schwinger bosons

We have introduced the vectors

bo
b'= (b o o)), b=| b
b2
The spin matrices take the following forms
0 0 O 0O 0 1 0O 1 O
=101 0 |st=v2( 10 0|5 =v20 0 0
0O 0 -1 0O 0 O 1 0 O
In the bosonic representation, the Hamiltonian is
" o= JZ[ (bISTb;b!S™b; + bISTh;blS™b;) + blS*b; bTSZb]

(1,3)

+ D Z (1 — bjAbi) — hz b!S*b;, Ang = 04,0080



Mean field ground state

The “classical” ground state is represented by the condensation of a bosonic

operator
‘wcl H b i,0 ‘O

2
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The relevant operator is written in the working basis U; o — Cm i,m
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bj 0 is obtained by minimizing the classical ground state energy
eo = (Y| H|tber) /N

The parameter space for minimization is spanned by the group of SU(D,) of
unitary operators that act on the local Hilbert space

Change of basis B;f — Z/{blL

In terms of the usual spin wave approach, this corresponds to choosing the
guantization axis along the direction of the classical order parameter



Sublattice rotation

In general, to describe any ordered state that breaks discrete translational symmetry
making the 2 sublattices inequivalent, one needs a different transformation matrix

for each sublattice, e.g., AFM state.

However, if the sublattice order parameters are simply related by a phase
transformation, then for a bipartite lattice, one can apply a sublattice rotation
making the two sublattices equivalent and work with a homogeneous ground state
and a single transformation matrix. This maps the exchange interaction from AFM to

FM.

This works only if the magnitude of the order parameter is the same on both
sublattices.



The Hamiltonian in the transformed basis (with sublattice rotation applied)

(2,5)
+ DY (1-BlAb;) ~nY bIS b, S =us'ut and A=uAut

The local constraint remains invariant under a unitary transformation

> bl by = 1

m
Condensation of the new operator corresponds to the condition
~1_ o ~ '
<b7;,0> = (bi,0) >0
In conjunction with the local constraint, this implies

blo = bio = \/1 —b] 1big — b 5bio

Note: Accuracy of the method is improved by treating the expectation value as a
parameter and minimizing the total energy.




Applying the condensation condition and keeping terms up to quadratic order in bosonic
operators, the spin operators become

St = 5*3#15

~ 00 -+ Z (S b;fa + S bza ‘|‘ Z 5@,3)61@6157 M= +,—, %

a=1,2

The bilinear spin operators in the Hamiltonian take the forms

+ > sgosgﬁwjabjﬁ +he)+ Y sgosgo(bjabj s+he), 8iz=38k,
(i,9) (4,7)
af af
and . L8,
> % (Sjéj— + S;Sj—) ~ 2N(SH)% +22 ) S (%) (b] + bia) + 222855 (— Soo
(%,3) 1,Q

SH0Sos + SanSy: S;Fo 0T SJa50
+Z< 5 2| (0l bjp + hec.) +Z ) (b, 0% 5+ B

(7, J> (1,9)
apf af



And finally

f) Af) ~ AOO + Z bT + bza) + Z(AQIB — AOO(Saﬁ)bIabiﬁ?
a=1,2 o,

Collecting all the terms, the Hamiltonian can be written as the following

H:€0N—|—H8w—|—H2
\

Classical energy Higher order terms

bilinear in bosonic operators

Linear terms vanish by virtue of minimization condition. This results in the following
contraint

JS S ;_S —I—JSSOS —I—.Aao— a=1,2




Spinwave Hamiltonian

The general form for the spinwave Hamiltonian is

Ztaﬁ[ bjg + h.c.) + Dag(bl,blg + h.c. }+ZA sbiabip

aﬁ
where
tag = _J (5 005 + SaoSas) + JS50S5s
Aog = ‘] (5 0S50 + SaoSio) + IS20SH
Aap = —QzJSNSB <S;“ +S_ 3()()5@5) + ZZJSOO( 5005a5)

—D(Anp — Aoodap)



Momentum space representation

Fourier transform the bosonic operators
A 1 . ~
bT _ E 6Zk-r7; b]L
ko Xe)
Ny -

to obtain the spinwave Hamiltonian in the momentum representation

o a(K) p - .
How = 3 | can08Lis + 90 BBy + brabois)

a,f

where k
eap(k) = Aag+tap Y cos(ky)
Yap(k) = AQBZCOS(:ZCV)



Diagonalization of the spinwave Hamiltonian

Define the matrices

o (G i ) e (G 2 )

The spinwave Hamiltonian can be diagonalized by a Bogoliubov transformation to get

1 ook
wa — 2@: {wka(clacka + 5) - 2( )}
k

The square of the quasiparticle energies, wﬁa , are given by the eigenvalues of the matrix

Cx = (&x — ') (Ex + Tk)



The XY-AFM state

The mean field ground state is given by the local spin configuration

[1); = cos0|0); +sinfcosp| + 1); + sinfsin | — 1),

The unitary transformation to the new basis is defined as

55 = cosf bg + sin 6 cos ¢ bJ{ + sin 6 sin ¢ b;
BJ{ = —sind bg—l—cosé’cos¢ bJ{—I—COSHSiH¢ b;
?); = —sing b]i + cos ¢ b;

In matrix form

bl = biuT = b = biy

and the transformation matrix

cosf) sinfcos¢ sinfsin @
U= | —sinf cosfcos¢ cosfsing@

0 —sin @ COoS ¢



The XY-AFM state

The spin matrices in the transformed basis

S* = USU*

sin?fcos2¢  Lsin20cos2¢ —sinfsin2¢

2

% sin 20 cos2¢  cos® @cos2p  —cosfsin2¢

—sinfsin2¢ —cos6

St = ustu”
< sin 26(cos ¢ + sin ¢)
— V2| cos?6cos ¢ — sin® O sin ¢

— cos 6sin ¢

S = usu"
2 sin 20(cos ¢ + sin @)
V2 | —sin? 0 cos ¢ + cos? fsin
cos 6 cos ¢
and
A = UAUT
cos’f —
5 sin 26
0

sin 2¢ — Ccos 20

— sin” @ cos ¢ + cos? @ sin ¢
—1 sin 26(cos ¢ + sin @)
sin @ sin ¢

cos? 0 cos ¢ — sin? fsin ¢
o) —% sin f(cos ¢ + sin ¢)
— sin 6 cos ¢

2sin20 0
sin? 6 0

0 0

cos 6 cos ¢
— sin 6 cos ¢
0

— cos 6 sin ¢
sin # sin ¢
0

|



The XY-AFM state

The energy of the classical ground state |gS H b \va,c

1
is obtainedas € = N(Eexch + Eanis + Ezman)
Eexc . . .
N o= 2T [Sm4 0 cos® 2¢ — 2 cos” @ sin? f(cos ¢ + sin ¢)°]
Eanis .
N = Dsin®6
Ezman .
N — —hsin®#cos2¢

The parameters 6 and ¢ defining the classical ground state is obtained by minimization
of the classical energy

0

de _

0

= 2h sin® 0sin 2¢ = 2J(2sin” @ cos 2¢ sin 2¢ — sin® 26 cos 2¢)
Oe

5 0

~ ing — 4zJ(1 4 sin 2¢) + 2h cos 2¢ — 2D

zJ (4 cos? 2¢ + 8sin 2¢ + 8)



The XY-AFM state

Let us the consider the ground state for h=0. In this case it is reasonable to assume that
7

the weights of the| + 1) and the| — 1)are equal in the ground state, that is ¢ = 1 The
parameter @in this case reduces to the simple form

1 D
sin’f = - — —

2  8zJ

The expression is valid only for

D < 4zJ = D, boundary of the XY-AFM phase



The XY-AFM state

The spin matrices in this limit (A=0) simplifies to

SZ

0 0 —sinf
0 0 —cos 6
—sinf  —cosf 0
sin 260 cos 26 cos 6
cos20 —sin20 —sinf
—cos b sin 0 0
sin20  cos20 —cos6f
cos20 —sin26  sinf
cos b —sinf 0
cos? 6 —% sin260 0
—% sin 260 sin® 0 0
0 0 0

and the matrices in the spinwave Hamiltonian take the form

t

A

(- cos? 20 0
0 — cos 20

—cos220 0
()

4z sin’ 20 + D cos 20 0

0 22Jsin? 20 + D cos? 0

)



The XY-AFM state

Transforming to the momentum representation, the energy matrices turn out to have
simple diagonal forms

g — 4zJ sin? 20 + D cos 260 — 2Jm cos® 260 0
ko = 0 22J sin? 260 + D cos® 6 — 2Jny cos 26
cos?20 0
'y = —2Jn ( 0 1 ) : Nk = ZCOS k.,

The dispersion for the two modes are given by

wi, = (42J sin* 20 + D cos 20)(4zJ sin® 20 + D cos 20 — 4Jmy cos? 26)
wi, = (22J sin? 204D cos? —4Jm cos? 0)(2zJ sin? 20+ D cos? 0+4.Jm sin” 6)

In the low energy limit £k — 0O

D2
wi1 &~ /D2 — D2+ VNG5 —D2k2

C

wia ~ \/J(D. + D)k



