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Figure 1: Classical pendulum.

1 Introduction: the classical pendulum

During this course, Lagrangian and Hamiltonian mechanics are used for analyzing quantum computing circuits.
As a refresher on Lagrangian mechanics, let us first consider a classical pendulum, with a point mass m suspended
by a rigid wire of length ¢, subjected to a uniform gravitational field having acceleration g. Refer to Figure 1.

The magnitude of the linear velocity of the point mass is

v=1/0, (1)

where 0 is the angle of the pendulum as measured from the vertical.
The gravitational potential energy is, by geometry,

V =mgh =mgl (1 —cosb) ~ %mgéﬂz , ()

where the zero level for the height has been taken as the stable equilibrium position of the pendulum at 8 = 0, and
the last form is an O(6*) Taylor approximation valid near 6 = 0.

The kinetic energy is
T= %mv2 = %mﬁzéz , (©)

where we have used (1).
Recall that the Lagrangian is defined as the kinetic energy minus the potential energy,

L=T-V. (4)

We choose the generalized position and momentum coordinates as

g=106, (5)
_OdL 9 (1 , mg,\ :
_aqwaq<2m‘7 Mq)—mq—mée. (6)
The Euler-Lagrange equation in Lagrangian mechanics states that
d [oJL oL
a(5i) =5 ”

Observe that T = T(4) only (no dependence on g in the kinetic energy), so actually

oL _ _JV
o o
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Since p = JdL /94, the left-hand side of (7) can be written as dp/dt. Hence (7) coincides with Newton’s equation of

motion
@ _ k1%

dt —  oq
for a particle subjected to a potential force (in one space dimension).
Inserting (5) and (6) into (7), we have
p=—-mg@. (8)
On the other hand, by differentiating (6) with respect to time, we have

p=ml. )

Combining (8) and (9), we obtain the linearized equation of motion, describing small vibrations of the pendulum,
as
mlh+mgh =0,

ie. B
i+ %9 ~0. (10)
Inserting the standard trial function
6 = Cexp(iwt), (11)

where C # 0 is a constant, 7 is the imaginary unit and w the angular frequency, we obtain

2w?Cexp(iwt) + %C exp(iwt) =0,

or after regrouping,

(—w2 + %) Cexp(iwt) =0. (12)
Equation (12) holds at all £ if and only if the expression in the parentheses vanishes:
—w? % ~0. (13)

Equation (13) is the characteristic polynomial of the linearized equation of motion (10). Solving (13) for w, we
obtain the natural angular frequency of small vibrations of the pendulum as

w=+/8/C. (14)

Physically, the angle 6 is of course real-valued; the complex-valued trial function is only used because it is math-
ematically convenient. For a second-order linear differential equation of the form (10) in particular, physicists
may prefer to use A; sin(wt) and Ap cos(wt) as the trial functions. The trial (11) has the advantage that it is more
general; it works also for problems where a first-order term (such as a damping term) is present.

Because equation (10) is linear in 6 and has only real coefficients, the real and imaginary parts of a complex-
valued solution are real-valued solutions. This can be seen as follows. Let § = 6(t) be a complex-valued function
of time, and £ a linear differential operator with real-valued coefficients. From the differential equation

it follows by taking the real part that

Re(0) +iIm(0) |}

[
= Re{L[Re()] +iL[Im(6)] ]}
= Re{L[Re(6)]} + Re{iL[Im(6)] ]}
= Re{L[Re(6)]}

Similarly we have Im[£(0)] = L[Im(#)]. Now because L[Re()] = 0 and L[Im(0)] = 0, it is seen that the func-
tions Re(#) and Im(6) are real-valued solutions of £(...) = 0.



Now recall Euler’s formula, which states that
e = cosa +isina . (15)
The trial = C exp(iwt) thus leads to the linearly independent real-valued solutions

61(t) = Aysin(wt),
0> (t) = Apcos(wt) .

Their linear combination is equivalent to
6 = Asin(6p + wt) , (16)

where the constants A and 6 are determined by the initial conditions of the canonical variables. This follows from
the trigonometric identity
sin(a + B) = sin(a) cos(B) + cos(a) sin(B) .

Applying the identity to (16), we obtain
Asin(wp 4+ wt) = Asin(6y) cos(wt) + A cos(6p) sin(wt) ,

whence we read
Ay = Acos(by), Ax= Asin(fy) .

We recognize this as a conversion from polar (A4, 6p) to Cartesian (A1, Ap) coordinates. To show that the repre-
sentation (16) is applicable to any choice of coefficients (A1, A), we need only note that the inverse conversion

always exists. Explicitly, it is
A= /A2+ A}, 6)=atan2(Ay A1),

where atan2(y, x) is the quadrant-preserving arctan(...) function. (If A; = Ay = 0, then 6 is undefined, but this
does not matter.)

2 The classical superconducting LC oscillator

Let us next consider a classical (continuous) LC oscillator. Strictly speaking, the name “LC resonator” would
be technically more appropriate: this circuit starts to resonate when power is applied at the resonant angular
frequency w. However, “LC oscillator” has stuck as the standard term, and we will use it here.

In a classical superconducting LC circuit, electrical energy oscillates between potential energy stored in the
capacitor, and kinetic energy related to the magnetic flux in the coil. Refer to Figure 2.

The instantaneous power fed into any electrical circuit can be obtained by the product of the voltage across the
circuit times the current flowing into the node of the positive voltage from outside the circuit. For a capacitor, this
principle yields

P=UQ, (17)

where U is the voltage across the capacitor induced by the electrical charge Q stored in the capacitor. The capaci-
tance C is defined by the relation

Q=CU. (18)
We define the direction of the current according to Figure 2 as
I=-0. (19)

——L3
v == gl

C

Figure 2: Superconducting LC oscillator.



Thus a positive current discharges the capacitor in this notation.
Since power is simply the temporal derivative of energy, by (17) and (18) we obtain the following relation for
the electrical potential energy stored in the capacitor:

vo ["pat— tlqut:/ U<det> /UdQ / o Q_1Q2_7Qu=%CU2, 20)

to to to

2C

where, in the change of variables, Q' = Q/(#) is a dummy integration variable for the charge Q, and we have taken

Q'li=ty = 0and Q'|s=, = Q.
For the magnetic flux ® in a coil, it holds that

o=1I, (21)
where L is the inductance of the coil, and I is the current flowing through it. Lenz’s law states that
d=U. (22)

In textbooks, Lenz’s law is usually given as & = —U, but in that case U is defined as the change of electrical
potential across the inductor in the direction of the current. Compared to this convention, in Figure 2, the voltage
U is defined in the opposite sense (from the viewpoint of the current flowing in the inductor), which gives the plus
sign in (22).

[To illustrate, let us temporarily replace the capacitor in Figure 2 by a voltage source grounded on its minus
side. At time t = 0, let the current I = 0. As t increases, the current starts flowing through the inductor in the
direction indicated by the arrow in the Figure, and the voltage drop across the inductor is U (i.e. the electrical
potential changes by —U), matching the voltage U of the source.]

By differentiating both sides of (21) with respect to time and inserting (22), we have

U=LI. (23)

Similarly as above, by (21) and (23) we obtain the electrical kinetic energy in the coil as

.t t o t 1 P2
T= [ pPdt= [ urdi= / N(LhIdt = / LI (d ) / Lrdr = i = (24)
Jto to Jto to dt 2 2L
Now we apply Lagrangian mechanics. We have
1.2 Q@
EC u 2 ok (25)
L» 2
T=_-LI"= fL 2
SLE = JLQ?, 26)
allowing us to write the Lagrangian as
_ 1o @
L_T_V_ELQ_E' (27)
We choose the generalized coordiantes as
q=Q, (28)
oL .
=—-=LQ=-LI=-9. 29
p=g =10 (29)
The Euler-Lagrange equation
d (oL _aL
dt \9g/) 9q
with the Lagrangian (27) gives the equation of motion for the electrical charge Q:
, ) Q
= L = — —
p=LQ=-+%.,
ie. 1
Q+7Q=0, (30)



whence the analogy with the pendulum is obvious. As above, the natural angular frequency of oscillations is

obtained as ,
W= —. 31
e (31)

In this course, we mostly use Hamiltonian mechanics. The Hamiltonian is defined as

H=4p-L. (32)
Taking the (total) time derivative of H, we find [keep in mind that in general, L = L(q, 4,t)]

dH _ . —|—"—a—L'——"—L
Using p = dL /94 to rewrite some terms [note p = p(t) only, so dp/dt = p],

dH _ . . L.
ar —dprap— 5 a-

[ (aL) )t

By the Euler-Lagrange equation, the parenthetical expression is zero. If the Lagrangian does not depend explicitly
on time, L = L(q,4), then the last term vanishes. In this case,

dH
dt
or in other words, the Hamiltonian is then a constant of motion.

It often (although not necessarily always) happens that the Hamiltonian is the total energy. Indeed, for our LC
circuit, inserting (27)—(29) into (32) gives

=0,

— O(LC 1o Q@ 2 @

H=000) - (5L~ F) = 3L+ &, )

so for this system, H = T + V. By the definition (19), and equation (21), we may equivalently write

Q _ Q
Helip &2 & 4
S+ 5e =57 -+ ¢ (9
By the last form of (20), and equation (22), a third possible representation is
P? ) @7 2
H = DY) C u =57t Cd>

In practice the form (34) turns out to be the most convenient. In terms of the generalized variables (28) and (29),

we have the result
LT
2L 2C
We will next look at the modifications one must make to (35) in order to proceed from classical to quantum me-
chanics.

(35)

Remark If we instead wish to formulate the problem in terms of the magnetic flux &, we may swap the roles of
kinetic and potential energy, writing

(DZ

V=or, (36)
1.

T = Ec<1>2 , (37)



where in (37) we have used (22). Here (36) is the previous T and (37) is the previous V. In this case the generalized
variables are

qg=2o, (38)
_ 9oL 9 B ) 2\ L B
:aq_aq(T_V)_acp< Ccod 2L>—C<I>—CU—Q, (39)

where in the last step we have used (18).

3 Quantization of the LC oscillator

In quantum mechanics, the classical generalized variables g and p are replaced by operators,

qg—q:H — I, (40)

p—pt =N, (41)

which are linear mappings operating on a Hilbert space 7. The Hilbert space of kets, .7, is the space of all
physical quantum states of the system: 77 = {|y) }.

In quantum mechanics, operators and matrices are often identified. However, strictly speaking, it is important

to keep in mind that (for example) the operator § operates on .7, while its matrix representation g, which has
matrix elements given by
e = {exl T lec) ,
operates in a fixed basis, i.e. in a setting where we have already chosen to use some particular set of basis vec-
tors {|e;) } spanning the space /7.
The operators p and 7 satisfy the commutation relation

Pl =pq—qp=—ih, (42)
where i is the imaginary unit and 7 is the reduced Planck constant, # = /27, where the Planck constant i =
6.626070040(81) x 10734 Js. Recall that in general, operators do not commute; one must thus be careful to retain

the ordering of operations when performing algebra with them.
The operators p and 7 are Hermitian, i.e. they satisfy

pPr=p, 0'=7, (43)

where (...)" denotes the Hermitian conjugate.
Similarly, the Hamiltonian H is replaced by its operator counterpart,

H— H. (44)

The most important equation in quantum mechanics is the Schrédinger equation, which governs the quantum
state |¢). The time-dependent Schrodinger equation reads

ihoy [p) = H|yp) . (45)

3.1 Diagonalization of the Hamiltonian

Let us quantize the superconductmg LC oscillator. We use the quantum counterpart of the generalized variables
(28) and (29), i.e. § = Qand p= o.
Analogously to (35), for the superconducting quantum LC oscillator we have

=2 ~2
7 P q
H="r+55" (46)

We aim to diagonalize H into a form involving only one (general, not Hermitian) operator a. This can be done by
a change of variables. Specifically, because the expression (46) is quadratic, we may use a linear transformation:

=5 +)
qj= hazjcz (a—ﬁ) .



Here w is a free scalar parameter, which we will choose later. The square root factors have been inserted for
convenience. Note that for a general 4, the combinations (7 + @') and i(Z — a*) are Hermitian and independent.

The Hamiltonian (46) becomes
2
V][]

H= 2L + 2C

2

:hZ) (aa —|—a a+aa +a a)

:h;] (aa +a a) .

In order to explicitly find @ in terms of p and g, we invert the transformation. We first scale each equation:

‘/Z:WL]?_ ¢2;WLW(E+a+> = % (ﬁ+ﬁ+> )

i\/Z;wC \/2; th i(a-a) =3 (a"-a)

Then summing the results, we obtain
1 1 .

i + =1
\/zmucq wzthP

~

and by Hermitian conjugation,
1 1

i +
V2hwC 1 v2hwL

Let us next calculate the commutator [2,a']. We have

=7a. (47)

)

1 1 1 1
= (- D) (e )
\/2th ¢2thp \/Zthq \/2thp
— 1 2 +i (M_M)_,’_ 1 =2
st T \/zmc\/zth PA—AP) T gper?

1 5 . 1 . 1
= +i —ift) + ——
2hwC \/Zth\/Zth( ) 2hwL”
1 2. 1 N 1
a Zthq V2wC\/ 2L 2hwL?
1 5 1 1
= 4
2hwC + 20vVILC * 2hwl! (48)
where we have used (42). Similarly,
5 (et ) (ke )
Vahoc! ¢2th’7 V2ol T VahoL!
=Ly = (7P — P9) + L
2hwC ~/2h ,/zh 2hwlL
L = (P7—4P) + L
2hwC ~/2h \/zh 2hwlL
= i (ih) + 3 P
2hwC \/Zth\/Zth 2hwlL
1, 1 N 1
~ 2m0CT T Vhwcvawl - 2hwLt
1 5 1 1 )

_ _ ~
= 2t o uic T 2hwi?



1

Hence we find that
S oot ot
gal=an —a0=——.
@] wv LC
By choosing w = 1/+/LC (in analogy to the classical counterpart), we have
[@,at] =1 (50)
Using (48), we may write
2 52 f 2 52 fiw
P L I B I
R O TR W/ el ol A I
which lets us to represent the Hamiltonian as
s 52
R N
H—2C+2L—hw(aa 2). (51)

Note that by (50), which gives @a" = @7 + 1, this can be also written as

A = ho(@a+ ).

In the exercises, we will see that this form lends itself to a physical interpretation [see p. 5 in the solution sheet].
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Remark. Another way to compute [7,a'] is to use the algebraic rules for commutators.

and C it holds that

[4,A] =0,
(4,8 = ~[B,4),
[A, B+ C] =[A,B]+A,C]
We have
1 5, i 1

AA+

i 7+

7

i q-+
\/2th \/2th thwcq \/2h P

1

e (

)89 (ke

zém) (Z Z;wC> U (ﬁ) (

V2hw

-
(-
( l\/zrlzw
(7

= (-5aiee) (Gar) 7
B
=2 e Vel P
=i [p.A

:ihw\l/ﬁ(—ih)

v

:1,

again by choosing w = 1/+/LC.

11

For any operators A'B

—) 5.7

<\/2th> ( \/2th> p.d)
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3.2 Energy considerations

Recall the time-dependent Schrodinger equation (45),

i [) = Hlp) -
Let us consider a state |¢) of the form
) = e~ E Ml yg)

where |(g) does not depend on time (i.e. only the phase depends on time). For such a state,

iho¢|p) = Elyp) .

By inserting this into the time-dependent Schrodinger equation and discarding a common scalar factor of e H(E/M)E

H|yg) = E ) , (52)

which is known as the steady-state Schrodinger equation. The state |ig) is the eigenstate corresponding to the
eigenenergy E.
This allows us to think of a general state |¢) in terms of a spectral decomposition:

Z ck(t) )
where we require the normalization (at each fixed t)
2
Y le(p)]” =1
k
We observe that the coefficients c(t) are the projections of the general state |¢) onto each eigenstate |y, ):

(Ym|9) ch (Ym|Pr) = ;Ck(t) Omk = cm(t) .

On the other hand, because the coefficients ci(t) are the only time-dependent part of the spectral decomposition,
and for each eigenstate |¢;) only the phase depends on time, we may write

ci(t) = cp(0) e E/ME,

where ¢ (0) is a complex number. Then the normalization condition becomes

1= Elax()
_ Z ‘Ck Ek/h)t‘
_ 2 {Ck(O) e—z(Ek/h)t} * {ck(o) e*i(Ek/h)t}

k
Ck(o)*ck<0) e+i(Ek/fl)t efl'(Ek/h)t

so we need to require normalization only at t = 0. Observe also that

inoy(t)) = Hly(t) [ch ) ] ch ) Hlyy) = ch )Ex|x) -
In other words, knowing the eigenstates is sufficient in order to know all possible time evolutions of the system.

12



What is the physical interpretation of the operator a? For our system, if the state was @ |g) instead of just |{g),
in the steady-state Schrodinger equation (52), we would have

A |ypr) = heo(@a® — 2)a )

— hwd (a*a— ;) 0E)

= (A —nw) [yr)
= a(E - hw) [¢r)
= (E—hw)a|pe) - (53)

Here we have used the commutation relation (50) and the fact that E and fiw are scalar constants. We observe
that @ |¢g) is also an eigenstate of H, corresponding to the eigenvalue (E — hiw); the operator @ thus decreases
the energy by fiw. It is called the annihilation operator. It annihilates one quantum of energy, which in our case of
electromagnetic excitations, is a photon in the microwave range.

Because the energy is bounded from below, it follows that there exists a ground state |0), for which@|0) = 0. In
this state, the number of photons is zero, and it is called the vacuum. The energy level corresponding to the ground
state, called the zero-point energy, is obtained from (50), (51) and (52):

A10) = hw(@* - 1)[0)
— e {(1 +a'a) - ;] 10)

— e (; +a*a) 10)

h
- 7“’\o>+hwa+a|o>

h
=510, (54)

giving the eigenvalue hiw /2.

Typically, the zero-point energy can be neglected. For example, in a qubit register, it results only in an overall
phase factor, which is not measurable. However, there are some special physical setups in which the zero-point
energy can be observable (keyword: Casimir effect).

Similarly to (53), it can be shown that the operator @t increases the energy by fiw, creating a photon. We have

Ha' |yg) = (E+hw)a" [¢) - (55)

The operator @' is called the creation operator. For example, the first excited state is [1) = @' |0). The steady-state
Schrodinger equation for the state |1) reads H|1) = (3/2)%iw|1). Provided that we use the normalization (0]0) = 1,

we see that the first excited state obtained this way is also normalized:
(1|]1) = (0|aa*|0) = (0|(a'a+1)|0) = (0]a*a|0) + (0|1]0) =04+1=1.
Note here that 7 |0) = 0. Furthermore, the state |1) is seen to be orthogonal to state |0):

(110) = (11))710) = ('10}) " [0} = (0lalo) = 0.

The quantized superconducting LC circuit just discussed is a quantum-mechanical harmonic oscillator. In such
a system, using a resonant drive at energy hw it is difficult to excite just the transition |0) — |1), because the
spacing of the energy levels is fiw for any transition |[n) — |n + 1). This is why in practical qubit circuits, a
nonlinear component is needed: it changes the spacing of the energy levels, allowing one to prevent the system
from entering energy levels other than those corresponding to |0) =: |g) (ground state) and |1) =: |e) (first excited
state). Such nonlinearity can be introduced with the help of a Josephson junction, which we discuss next.

13



Exercises

1. Show that if the state |#) is normalized, i.e. (n|n) = 1, then in order for the state | + 1) to also be normalized,
the operator a7 must have the property

atn)=vn+1|n+1).

Hint:

aat —ata=1, [1)=a"|0), a0)=0.

2. Show that the operator @' can be represented as
(€]
at= Y Vm+1|m+1) (m|.
m=0

3. Let R
[n) = Al0) .

Determine A in terms of a'.

Hint: represent as A=un (a*) ", and find the value of the scalar w.

4 Quantum electronic components for qubits

Before we move on to discuss qubits, let us first look at the Josephson junction, which plays an important part in
the construction of qubits. We also make some brief observations on capacitors and coils in a quantum setting.

4.1 The Josephson junction

The Josephson junction is shown schematically in Figure 3. There are two Josephson effects, one that occurs for al-
ternating current (AC) and one that occurs for direct current (DC). For the AC Josephson effect with instantaneous
voltage U, it holds that
. 2eU

==
where ¢ is the elementary charge (e = 1.602176565(35) x 1071 C). The factor of 2¢ comes from the fact that the
charge of a Cooper pair is —2¢, and Cooper pairs transport charge in a superconductor. The quantity ¢ is the phase
of the superconducting ordering parameter describing the Cooper pairs.

For the DC Josephson effect,

(56)

Is = Ipsing, (57)

where I is the supercurrent flowing through the Josephson junction and Iy is the so-called critical current that is a
characteristic property of a junction and can be controlled in its fabrication.

<—[S

Figure 3: Circuit diagram for a Josephson junction.
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Using (56) and (57), the energy related to supercurrent flowing through a Josephson junction can be written as
Hy = / Pt
- [urat
*/ L (Insin¢) dt
- 2¢ % 0 %
hl
= 2—60 / ¢ sin @ dt
iy d
=—— = dt
oo | (Gieoee)
= —% + const
= —, cos¢ + const.

=: —Ejcos ¢ + const. (58)
The coefficient Ej is called the Josephson energy. The constant of integration can be taken as zero, as it represents
an arbitrary reference level for the energy.
Remark. Recall that the phase factor in the steady-state Schrodinger equation is
o i(E/ME . pip
Considering the energy difference E = Ejeft — Eyjght = —2eU across the junction (the minus sign comes from the
negative charge of the Cooper pair —2¢), we obtain the corresponding phase difference ¢ as

2elUt
p

Equation (56) follows by differentiating both sides with respect to time.

The derivation of equation (57) is much more involved and is omitted here.

From the AC and DC Josephson relations (56) and (57) we see that supercurrent can flow without voltage,
although the AC current will then be zero.

4.2 Capacitors and coils in a quantum setting

Let us next discuss some topics that will be needed for circuit quantum electrodynamics.
The electrostatic energy stored in a capacitor (the charging energy) can be written as [recall equation (20)]

Q22 ,
He=sc=7c" &)
where we have expressed the charge Q as
Q = —21’16 , (60)

i.e. as an integer multiple of the Cooper pair charge —2e. This quantization of charge occurs on islands, i.e. in
wires connecting e.g. two Josephson junctions or a junction and a capacitor.
For a coil, as was previously discussed in the classical setting,

LI=® = U=LIi=9%.

Thus by (56),
2eU  2ed
= — = — 1
¢=— — (61)
whence the phase ¢ is obtained as
2ed P
p=—= 27T—q)0 (62)

15



(plus an additive constant). In (62), we have defined the quantum of flux as

h
Its numerical value is ®y = 2.067833903 - 10~ 1> Wb. Note the use of / instead of .
The kinetic energy related to the current flowing in the coil (inductive energy) is [recall equation (24)]
P2 D22
— _ 2o? (64)

L= o1 ~ 82l

where we have used (62) to represent .

5 The qubit

We first treat a single qubit classically. We then apply quantization, and finally discuss a simple basic qubit type,
the charge qubit.

5.1 Classical treatment
A schematic of a simple superconducting qubit is shown in Figure 4. We choose the free coordinate as
q9=¢-
From the viewpoint of the phase variable ¢, potential energy stored in the Josephson junction is
V = —Ejcosg, (65)

and the kinetic energy (i.e. energy related to ¢) of the system is

% .9

In (66), the first two terms account for the capacitors, and the last term accounts for the kinetic energy contribution
of the power supply. Note the sign of the last term: if Qg increases, the voltage source chrages up in agreement
with Figure 4. In an actual circuit, the capacitance Cj is part of the physical realization of the Josephson junction;

this capacitance and the ideal junction connected in parallel thus model one physical component.
From the circuit diagram, we read off the relations

Qg = Cg(U —Ug), e
o (68)
Qg + Q] = —2ne, )
island ., QU Cy, Qg
| |
N +] -

CJ7QJ :

Il
=
o

=|

=

gnd

Figure 4: Circuit diagram of a simple superconducting qubit.
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where 7 is the number of Cooper pairs on the island (refer to Figure 4). In this classical picture, n is a non-negative

integer, but in the quantum picture to follow later, superposition states such as (1/+/2)(|0) + |1)) will also appear.
Let us determine how n relates to our free coordinate ¢. Combining equations (67)—(69),

—2ne = (Cg + Cj)U — Cglg

=: CelU — Cglg, (70)
where we denote the sum of the capacitances by
Ce:=C+ (. (71)
Equation (70) yields
CGUu | GlUg
- _ 72
n TR (72)
Using (56), the voltage U can be expressed as
h
=—¢. 7
U=-¢ (73)
Inserting (73) into (72) gives
__hCy . CglUg
T2 T e
hCs .
= 7@¢+ng, (74)
where we have defined the gate charge
Ny 1= % . (75)
& 2e

The inverse relation, representing ¢ in terms of the number of Cooper pairs 7, is

D — —— — . 7
2 FlC): (ng T‘l) ( 6)
Using (67), (68), (71), and (73), the kinetic energy can be written as

2 QJZ
_% . 9
T=2¢, t2g T s
1 2 1 2
= 5 Call = Uy)? + 5CJU? + Up Cy (U — Uy)

1 2 1 2 1.0
= SCgUP — Cglll + 5 CgU2 + S CUP + UgCyUl — Uyl

1 2 1 2
1. ., 1. ,
= 0l — Gl

1 AN? 1.,
= ECZ <(P26> — ECgUg
oo, 1.,
The last form expresses the kinetic energy in terms of (strictly speaking, the time derivative of) our free coordi-
nate ¢.
Using (65) and (66), the Lagrangian is obtained as

2
L=T-V= h—CquZ—%Cgng—i—chosq). (78)
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With g = ¢, the generalized momentum coordinate becomes

oL _ oL _ I’
= —= — = — ) . 7
Note that alternatively, by (56), in terms of the voltage U we may write
W (2eU\ _ hCy

P=3ate (n) =2 (80)

Inserting (76) into (79) gives another representation, now in terms of #:
n? 4¢?
p= @CZ [FzCz (ngn)} =h(ng—n) . (81)

The Hamiltonian is, as usual,
H=g4dp—-L=gp-T+V.

Observe that as far as the free coordinate ¢ is concerned,

_ hz C .2 1C 2
I=ga 35l
12
= @CZ 472 + COI‘lSt.
Also, we have
2 hz

ip = ¢ 3 2Ce¢ = 17Cx¢”,
so it follows that
. hz .2 hz ) 1 2
gp =T = ;5Ce¢" - (862(3290 — 5 Gl
oo, 1.,
= +@CZ(P + ECgUg
2

~ 82
= T + const.

Cz¢? + const.

We may thus write the Hamiltonian as
H=4p—-T+V =T+ V + const.,

and finally discard the constant, since it corresponds to an arbitrary offset of the energy and cannot be physically

distinguished.
Thus, particularly for our system, we have (up to an additive constant)
H=T+V
2
= @Czq‘)z —Ejcos¢g. (82)
Using (76) to eliminate ¢ in favor of 1, we obtain
h? 4¢? 2
H=_— — - —E
8e2 % {hc): (Tlg n)] ] COS ¢
n o 16e 2
=c5c=—= - —E
522 thCi (ng —n) | oS ¢
2 2
= C—ez (ng — n)z — Ejcos ¢
=: Ec (ng—n)z—E]cosq), (83)
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where we have defined the charging energy as

Eci= . (84)
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5.2 Quantization

As discussed above, in the quantum-mechanical treatment, we replace the classical generalized coordinates by
their operator counterparts as

9—=9=9, (85)
p— p=h(ng—1). (86)

For the generalized momentum variable p, we have used the representation in terms of the number of Cooper
pairs 1, as given by equation (81). The gate charge ng is defined by (75).
For (85) and (86), the standard commutation relation (42) yields

—ih = [p,q] = [i(ng — 1), §] = (7, §],

ie.,
M, =1i. (87)

Analogously to (83), in terms of the operators 7 and @, the Hamiltonian of the quantized system is

H = Ec(ng —)? — Ejcos ¢, (88)
where ng is given by (75) and Ec by (84).
Remark. In the literature, often one encounters a different sign in the commutation relation (87). However, one

can check that the sign in (87) is correct by calculating that ([s) = 2¢9;(f) = —2ei ([, H])/h = 2¢(Esin(¢))/h =
Ip(sin(¢)), which equivalent to the DC Josephson relation (57). Thus our definitions are consistent.

Exercises

1. Verify that in the charge basis {|m) } ., the operator 7 becomes
n= Y mlmy(m|.

(The eigenstates {|m) } of the number operator are orthonormal.)

2. Let
iilm) = m|m) .

Compute the phase-shifted state e?|m).
Hint: Compute fie*'?|m), and use the commutation relation (87).

3. Write cos(¢) in terms of the eigenstates of the charge operator.

5.3 The charge qubit
A simple basic qubit type is the charge qubit, for which

Ec > E] , Ng€ (0,1) . (89)

The charge qubit approximation allows us to limit the consideration to two charge states, |0) and |1). For the
charge qubit, the Hamiltonian (88) becomes

. a2 1
A = Ec ({1 =ngT)" = 2B (1) (0] + 0)(1]), (90)
where T is the identity operator,

T:= (|0><0| + |1><1|) . (91)
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Figure 5: Sketch of the energies E of the charge qubit as a function of ng. The symbols |0) and |1) represent the
eigenstates of charge that are accurately reached at integer values of the gate charge. Note the energy gap Ej.

We have used the results of exercises 5.2.1 and 5.2.3 to represent 77 and cos ¢ in terms of the charge basis, and
retained only terms relating to the states |0) and |1). In the first parenthetical expression, the term |0) (0| does not
appear, because its coefficient is zero. Also observe that

2
(an)” = malal=mamal = pal,
because the states are normalized ((1/1) = 1). Equation (90) can be written as

H = Ec(1 — 2ng)[1)(1] + Ecnil — E;oy

= Ec(1 — 2ng)3; — Ejoy + const. x I, (92)
where we have defined
. 1
o := 5 (1101 + [0} 1), (93)
1
o2 == 5 (111 = 0)(0) - (94)

In the charge qubit, gate operations are performed by either a piecewise constant n4(t), or by
ng(t) = A(t) cos [west + @(t)], where wcs := (Ec — Eg) /. The latter type of control induces Rabi oscillations. The
energies of the charge qubit are sketched in Figure 5.

Also other types of qubits have been found and in practice they work better than the charge qubit. One example
is the transmon qubit, for which E;2Ec.

Exercise

1. Solve the eigenvalues (energy levels) and eigenstates of the charge qubit.

Hint: write as a 2 x 2 matrix in the charge basis {|0), |1) }.
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Figure 6: Qubit coupled to a superconducting resonator. Physical system.
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Figure 7: Qubit coupled to a superconducting LC oscillator.

6 Circuit quantum electrodynamics (cQED)

In this section, we consider one of the simplest practical one-qubit circuits: a qubit coupled to a tunable super-
conducting LC oscillator. Tuning the qubit into resonance with the oscillator (by adjusting the gate charge of
Josephson energy) allows one to exchange quantum information between the two. Tuning the qubit back out of
resonance decouples the qubit from the oscillator, allowing the implementation of single-qubit gates.

The physical system is sketched in Figure 6, and an idealized circuit diagram is shown in Figure 7. Two tunnel
junctions with flux going through them can be modelled as a single junction that has a controllable Josephson
energy Ej. The resonator is modelled as a superconducting LC oscillator.

Let us choose the free coordinates as q; = ¢y and qr.c = @1 c. The potential energy of the system is given by

%
V= —Ejcos ¢y + g 9ic, (95)

and the kinetic energy is [recall the voltage in the AC Josephson effect in terms of ¢, equation (73)]

1o 1 5 1 2

WG , HWC , WCq
= g2 N1 T ga¥ict g2 (91— ¢1c)” - (96)

The generalized momentum variables are

2 2
oL 112Gy

py = aiq)] T 42 o1+ 4¢2 ((P] - (PLC> ’ 97)
AL _HC. WGy, .
pPLC = 84)? = g2 P1C + 12 (¢rc —gy) - (98)
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The classical Hamiltonian is

H= <_/;q'kpk> —L

= ¢jpy+ ¢rcpc — L. (99)
In the sum, k = {J,LC}. Let us define conjugate charges and fluxes as
~ 2 ~ . 2e
Q= Py QLc = ey (100)
~ h ~ h
= —¢ = —frc. 101
=591, Prc= 5 9ic (101)

Using (100) and (101), we have

H2 A2 A0 &2
N O 2e ~
a- 9, Qc, 9, e _EJCOS<6¢]> , (102)

26] ZCLC Cint 2L h
where
~ CCg+CgC+CC
g g+] J
= , 103
g C+Cq (103)
~ CCq + Co G+ CG
Cio— — 8" 8 , 104
LC G+ Gy (104)
CCg + CyG +CC
Cine = — 25— (105)
Cg
For simplicity, consider the system in the transmon limit E;Z Ec. By Taylor approximation, we have
2e o 1. (2:)\°
—E cos(?q)]) ~ —Ej+ EE] <hq>l>
il
— _E 4+ 106
15 L (106)
where we have defined the Josephson inductance as
hZ
Ly:= ——. 107
T 4e2E; (107)

This allows us to represent the whole system as a harmonic oscillator. We must however keep in mind that the
qubit has only two states, |g) (ground) and |e) (excited), differing by the energy fiw; = |/2EcE].
We thus have the Rabi Hamiltonian

~ h
A = = (ley(el - Ig)(g]) +hrc (a{cam N ;)
+hg(|6><g\ +1g) <e|) ® (ﬁLC +5{C) , w09

where ¢ is the coupling coefficient. When fig < hiw, ~ hwy ¢, the interaction term can be approximated such that
le)(gla" ~0,
§){ela ~0,

which leads to the Jaynes—Cummings Hamiltonian. This can be justified with the help of a rotating coordinate
system. Physically, the Jaynes-Cummings Hamiltonian follows from the Rabi Hamiltonian by neglecting high-
energy terms.

Exercise
1. Solve the three lowest eigenenergies of the Jaynes—Cummings Hamiltonian.

Hint: write the Hamiltonian as a matrix in the subspace {|g,0), |e,0), |g, 1) }, and diagonalize.
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Figure 8: Measurement setup using a vector network analyzer for a qubit-resonator circuit.
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Figure 9: Schematic of the idealized measurement setup.

7 Measurement and control of the qubit; closing words

In a qubit-resonator circuit, such as that considered in the previous section, measurements are performed on the
qubit by measuring the resonant frequency of the resonator.

Consider Figure 8, which shows a measurement setup for a qubit-resonator circuit. A vector network analyzer
(labeled VNA in the Figure) sends microwaves from port 1. Some of the waves are reflected back, and some
pass through the resonator, which in the figure is drawn as a distributed element. Standing waves, with angular
frequency w, form in the resonator. The voltage V and current I (indicated in the figure near the ports) are related
to the microwaves. The VNA measures the response at port 2, and determines the voltage transmission coefficient
S»1 = V,/Vj. As the frequency of the microwaves is varied, peaks in the response indicate a resonance.

To simplify the analysis, the measurement setup can be idealized as shown in Figure 9. The resonator is repre-
sented by a superconducting LC circuit having just one resonant angular frequency w, and the qubit is omitted.

When the qubit and resonator frequencies are far from resonance, i.e.

Ai=wic—w; > g, (109)
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Figure 10: Sketch of the change in the resonator frequency as the qubit changes its state.

the Hamiltonian can be approximated as

~ h 2 o
=5 (w0 = 5) (1e)el - s} s1) + henc (e + 3 )
2
+ 15 (le) (el — [g) (gl )t e - ”

Looking at the terms having the operator @} -] ¢ indicates that the resonator frequency changes by g*/A when the
qubit changes its state, as represented in Figure 10.

Initialization of the qubit is usually performed by waiting for it to return to its ground state, but also active
initialization methods exist. (This is the topic of the talk on Friday in the quantum workshop.)

Qubits are controlled by driving them with a voltage input at a resonant frequency, inducing Rabi oscillations.

Practical quantum computing requires many-qubit systems. They have been investigated by e.g.:

e Fowler, A. G., Mariantoni, M., Martinis, J. M. & Cleland, A. N. Surface codes: towards practical large-scale
quantum computation. Phys. Rev. A 86, 032324 (2012) doi:10.1103/PhysRevA.86.032324

o Kelly, J. et al. State preservation by repetitive error detection in a superconducting quantum circuit. Nature 519,
66—69. (2015) doi:10.1038 /nature14270
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