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 Superexchange Interactions  

http://www.quantum-munich.de


Origin of Spin-Spin Interactions  
– Exchange Interactions -

?

Important ionic solids with no direct exchange between  
magnetic ions show magnetic ordering (MnO, CuO)!

P.W. Anderson, Phys. Rev. 79, 350 (1950)

„Super“-exchange interactions must be at work!
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Deriving the Effective Spin Hamiltonian (2)

Second order hopping can be written as

H =�Jex P̂triplet
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Deriving the Effective Spin Hamiltonian (3)



Direct Detection of Superexchange 
Interactions



Direct Detection of Superexchange 
Interactions (2)



Superexchange induced flopping



Mapping the Spins

Initial AF order verified in the experiment!



Superexchange induced flopping

J/U=1.25  
Vshort=6 Er

J/U=0.26  
Vshort=11 Er

J/U=0.05  
Vshort=17 Er
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Sherson et al. Nature 467, 68 (2010), 
see also Bakr et al. Nature (2009) & Bakr et al. Science (2010)

Quantum Dynamic of Mobile Single Spin Impurity 
T. Fukuhara, M. Endres, M. Cheneau P. Schauss, Ch. Gross, I. Bloch, S. Kuhr,  
U. Schollwöck, A. Kantian, Th. Giamarchi

http://www.quantum-munich.de


Quantum Magnetism

Premier point
✓ Ceci
✓ Cela

Deuxième point
✓ Ceci  

Spin impurity dynamics

�Jex Â
hi, ji

Si ·S j Ferromagnetic Heisenberg Interaction

file://localhost/Users/ibloch/Dropbox/Records/Work/Publications/SingleAtoms/007_SpinImpurityDynamics/


Quantum Magnetism Spin impurity dynamics

|2>  = |F=2, mF=-2>
|1>  = |F=1, mF=-1>

Line-shaped light field created with DMD SLM



Quantum Magnetism Spin impurity dynamics

Heisenberg Hamiltonian
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Quantum Magnetism
Coherent quantum dynamics  

of single spin at zero temperature

V = 10 Er
U/J = 19

Bessel function of the first kind
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Quantum Magnetism Effect from hole excitations

- Only visibility goes down
- Spreading speed almost independent of holes

V = 10 Er
U/J = 19
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Quantum Magnetism

Quantum Dynamics of Interacting Atoms/Spins 

Effect of Temperature/Holes on Dynamics

Dynamics of Magnon bound states

Domain Walls

Higher Dimensions (1D, 2D, 3D)

Entropy Transport

Probe for Quantum Critical Transport

Direct measurement of Green’s function

Outlook

G(xi,x j, t) µ h* |Ŝ†(x j, t)Ŝ�(xi,0)| *i
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Direct Observation of Magnon Bound States 
T. Fukuhara, P. Schauss, S. Hild, J.Zeiher, M. Cheneau, M. Endres, I. Bloch, Ch. Gross

T. Fukuhara et al., Nature 502, 76 (2013) 
for photons: O. Firstenberg et al., Nature 502, 71 (2013)

http://www.quantum-munich.de


Quantum Magnetism Magnon Bound States

Hans Bethe 
(1906-2005)  

There can be bound states in a Heisenberg spin chain!  
Development of Bethe Ansatz.
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H. Bethe, Z. Phys. (1931)  
M. Wortis, Phys Rev. (1963) 
M. Takahashi & M. Suzuki Prog. Th. Phys. (1972)  
M. Karbach, G. Müller (1997)  

General  
l-string bound states

see also: repulsively bound pairs & interacting atoms
K. Winkler et al. Nature (2006); S. Fölling et al. Nature (2007); Y Lahini et al. PRA (2012)  



Quantum Magnetism Magnon Bound States

Hans Bethe 
(1906-2005)  

There can be bound states in a Heisenberg spin chain!  
Development of Bethe Ansatz.

H. Bethe, Z. Phys. (1931)  
M. Wortis, Phys Rev. (1963) 
M. Takahashi & M. Suzuki Prog. Th. Phys. (1972)  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Ŝ
+
i+1

�
�DÂ

i

Ŝ
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Magnon Bound States Bound l-string 

Eigenenergies: E(k) =�Jex
sin(n)
sin(ln)

n
cos(ln)� (�1)l cosk

o

D = cos(n)

l-string

Maximum propagation velocity:

Excitation spectrum:

M. Karbach & G. Müller (1997)

Bound magnon

vmax,2 =
J

2D
vmax,l =

sin(n)
sin(ln)



Magnon Bound States A Challenge for CM Physics

Very difficult to observe in spectroscopic data in real materials!

theory with  
bound states

theory without  
bound states

M. Kohno, Phys. Rev. Lett. 102, 037203 (2009) 



Magnon Bound State Dynamical Evolution

M. Ganahl et al., Phys. Rev. Lett. (2012)

Bound Magnon Motion

Breakup and Single Spin Motion



Magnon Bound State Dynamical Evolution

Pair distribution evolution

Initial State:

x1

x2

Non-Interacting
D = 0

P(x1,x2)

see also: two interacting atoms  
Y. Lahini et al., PRA 86, 011603 (2012) 



Magnon Bound State Dynamical Evolution

Pair distribution evolution

Initial State:

x1

x2

Interacting 
Isotropic Heisenberg

P(x1,x2)

D = 1



Magnon Bound State Dynamical Evolution

Pair distribution evolution

Initial State:

x1

x2

Interacting 
 Heisenberg

P(x1,x2)

D = 1.6



Magnon Bound State Experimental Results

C(x1,x2) = P(x1,x2)�P(x1)P(x2)

Exp.

Theory

Theory
D = 0

D = 1



Magnon Bound State Propagation Velocity

0 50 100
0

2

4

6

8

Time t (ms)

W
av

ef
ro

nt
 p

os
iti

on
 (l

at
tic

e 
si

te
s) free magnon

bound magnon

v f =
Jexa

h̄

vb =
Jexa
2h̄D

v f

vb
= 2D We find:

v f

vb
= 2.3(3)



Quantum Magnetism

Quantum Dynamics of Interacting Atoms/Spins 

Effect of Temperature/Holes on Dynamics

Dynamics of l-string bound states

Domain Walls

Higher Dimensions (1D, 2D, 3D)

Entropy Transport

Probe for Quantum Critical Transport

Direct measurement of Green’s function

Outlook

G(xi,x j, t) µ h* |Ŝ†(x j, t)Ŝ�(xi,0)| *i M. Knap et al. PRL 111, 147205 (2013)  



Splitting a spin pair

• Spin pairs in  |F = 1, mF = ±1〉  ≡  |↑〉, |↓〉 (repulsive) 

• Barrier raised slowly to split 
→ Crossing a miniature Mott-transition: nLeft = nRight = 1

Details on the loading of the Spin-pairs: 
S.T., P. Cheinet et al., Science 319 (2008)

J. Sebby-Strabley et al., PRL 98 (2007)



Splitting a spin pair

• Spin pairs in  |F = 1, mF = ±1〉  ≡  |↑〉, |↓〉 

• Barrier raised slowly to split
→ Crossing a miniature Mott-transition: nLeft = nRight = 1

• Bosons: Symmetric wavefunction → Triplet |t0〉

(Fermions: Antisymmetric wavefunction → Singlet  |s〉)

+

Details on the loading of the Spin-pairs:
S.T., P. Cheinet et al., Science 319 (2008)

J. Sebby-Strabley et al., PRL 98 (2007)



Driving Triplet-Singlet oscillations

• Magnetic field gradient lifts degeneracy:  
    ΔB ∝ a · ∂xBx



DB/h̄

+eiDBt/h̄

Driving Triplet-Singlet oscillations

• Magnetic field gradient lifts degeneracy:  
    ΔB ∝ a · ∂xBx

• Triplet-Singlet oscillations with frequency

|t0〉    ↔   |s〉



How to detect triplets and singlets

• Barrier lowered slowly to merge double-wells
→ Triplet: both atoms reach the ground state
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→ Singlet: needs anti-symm. spatial wavefunction (Bosons)
One atom transferred to higher vibrational band



How to detect triplets and singlets

• Barrier lowered slowly to merge double-wells
→ Triplet: both atoms reach the ground state

→ Singlet: needs anti-symm. spatial wavefunction (Bosons)
One atom transferred to higher vibrational band

Band-mapping reveals singlet-contribution 
in higher Brillouin-Zone



How to detect triplets and singlets

• Barrier lowered slowly to merge double-wells 

 → Triplet: both atoms reach the ground state

 → Singlet: needs anti-symm. spatial wavefunction (Bosons) 

  One atom transferred to higher vibrational band

Band-mapping reveals singlet-contribution
in higher Brillouin-Zone

A sensitive probe of next-neighbor spin-correlations in Mott-
insulator type many-body systems

→ Capable of probing spin-order in strongly correlated  
     phases at low temperatures



Singlet-Triplet oscillations

• Load system and create 
spin pairs 

• Split pairs into triplets 

• Induce STO via gradient 
• Merging and band-mapping 

for detection 

→ Traces of STO versus 
holdtime with gradient 

• Vary gradient coil current
S. Trotzky et al., Phys. Rev. Lett. 105, 265303 (2010) & 
D. Greif et al., Science 340, 1307-1310 (2013)



Singlet-Triplet oscillations

• Linear increase in Frequency with gradient strength 

• Frequency = 2x single particle shift (independently meas.) 

 → confirms 2-particle nature of oscillations



Controlling and Detecting Spin Correlation  
in Doped FHM



Fermi Hubbard Model (FHM)

be the most important open problem in the understanding of quantum
materials, and it is here that radically new ideas, including those derived
from recently developed non-perturbative studies in string theory, may
be useful.

More unique to the copper oxides is the behaviour observed in a range
of temperatures immediately above Tc in what is referred to as the
‘pseudogap’ regime. It is characterized by a substantial suppression of the
electronic density of states at low energies that cannot be simply related to
the occurrence of any form of broken symmetry. Although much about
this regime is still unclear, convincing experimental evidence has recently
emerged that there are strong and ubiquitous tendencies towards several
sorts of order or incipient order, including various forms of charge-
density-wave, spin-density-wave, and electron-nematic order. There is
also suggestive, but far from definitive, evidence of several sorts of novel
order—that is, never before documented patterns of broken symmetry—
including orbital loop current order and a spatially modulated super-
conducting phase referred to as a ‘pair-density wave’. There are many
fascinating aspects of these ‘intertwined orders’ that remain to be under-
stood, but their existence and many aspects of their general structure were
anticipated by theory7. Superconducting fluctuations also have an important
role in part of this regime, although to an extent that is still much debated.

The high-temperature superconducting phase itself has a pattern of
broken symmetry that is distinct from that of conventional superconduc-
tors. Unlike in conventional s-wave superconductors, the superconduct-
ing wavefunction in the copper oxides has d-wave symmetry8,9, that is, it
changes sign upon rotation by 90u. Associated with this ‘unconventional
pairing’ is the existence of zero energy (gapless) quasiparticle excitations
at the lowest temperatures, which make even the thermodynamic prop-
erties entirely distinct from those of conventional superconductors (which
are fully gapped). The reasons for this, and its relation to a proximate anti-
ferromagnetic phase, are now well understood, and indeed were also anti-
cipated early on by some theories10–12. However, while various attempts

to obtain a semiquantitative estimate of Tc have had some success13, there
are important reasons to consider this problem still substantially unsolved.

Highly correlated electrons in the copper oxides
The chemistry of the copper oxides amplifies the Coulomb repulsions
between electrons. The two-dimensional copper oxide layers (Fig. 3) are
separated by ionic, electronically inert, buffer layers. The stoichiometric
‘parent’ compound (Fig. 2, zero doping) has an odd-integer number of
electrons per CuO2 unit cell (Fig. 3). The states formed in the CuO2 unit
cells are sufficiently well localized that, as would be the case in a collec-
tion of well-separated atoms, it takes a large energy (the Hubbard U) to
remove an electron from one site and add it to another. This effect pro-
duces a ‘traffic jam’ of electrons14. An insulator produced by this classical
jamming effect is referred to as a ‘‘Mott insulator’’15. However, even a
localized electron has a spin whose orientation remains a dynamical degree
of freedom. Virtual hopping of these electrons produces, via the Pauli
exclusion principle, an antiferromagnetic interaction between neighbour-
ing spins. This, in turn, leads to a simple (Néel) ordered phase below room
temperature, in which there are static magnetic moments on the Cu sites
with a direction that reverses from one Cu to the next16,17.

The Cu-O planes are ‘doped’ by changing the chemical makeup of
interleaved ‘charge-reservoir’ layers so that electrons are removed (hole-
doped) or added (electron-doped) to the copper oxide planes (see the
horizontal axis of Fig. 2). In the interest of brevity, we will confine our
discussion to hole-doped systems. Hole doping rapidly suppresses the
antiferromagnetic order. At a critical doping of pmin, superconductivity
sets in, with a transition temperature that grows to a maximum at popt,
then declines for higher dopings and vanishes for pmax (Fig. 2). Materials
with p , popt are referred to as underdoped and those with popt , p are
referred to as overdoped.

It is important to recognize that the strong electron repulsions that
cause the undoped system to be an insulator (with an energy gap of 2 eV)
are still the dominant microscopic interactions, even in optimally doped
copper oxide superconductors. This has several general consequences. The
resulting electron fluid is ‘highly correlated’, in the sense that for an elec-
tron to move through the crystal, other electrons must shift to get out of
its way. In contrast, in the Fermi liquid description of simple metals, the
quasiparticles (which can be thought of as ‘dressed’ electrons) propagate
freely through an effective medium defined by the rest of the electrons.
The failure of the quasiparticle paradigm is most acute in the ‘strange metal’
regime, that is, the ‘normal’ state out of which the pseudogap and the
superconducting phases emerge when the temperature is lowered. None-
theless, in some cases, despite the strong correlations, an emergent Fermi
liquid arises at low temperatures. This is especially clear in the overdoped
regime (Fig. 2). But recently it has been shown that even in underdoped
materials, at temperatures low enough to quench superconductivity by
the application of a high magnetic field, emergent Fermi liquid behaviour
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Figure 2 | Phase diagram. Temperature versus hole doping level for the
copper oxides, indicating where various phases occur. The subscript ‘onset’
marks the temperature at which the precursor order or fluctuations become
apparent. TS, onset (dotted green line), TC, onset and TSC, onset (dotted red line for
both) refer to the onset temperatures of spin-, charge and superconducting
fluctuations, while T* indicates the temperature where the crossover to the
pseudogap regime occurs. The blue and green regions indicate fully developed
antiferromagnetic order (AF) and d-wave superconducting order (d-SC)
setting in at the Néel and superconducting transition temperatures TN and Tc,
respectively. The red striped area indicates the presence of fully developed
charge order setting in at TCDW. TSDW represents the same for incommensurate
spin density wave order. Quantum critical points for superconductivity and
charge order are indicated by the arrows.
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Figure 3 | Crystal structure. Layered copper oxides are composed of CuO2

planes, typically separated by insulating spacer layers. The electronic structure
of these planes primarily involves hybridization of a 3dx2 { y2 hole on the
copper sites with planar-coordinated 2px and 2py oxygen orbitals.
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Fermi-Hubbard Model  
 
 
 

AFM Heisenberg Model 
Half filling & strong interaction  
 
 
 
 
 
 
 
 

B. Keimer et al., Nature 518 2015

J =
4t2

U
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hole delocalization magnetic order

Away from half filling: t-J model  
competition between











Li-Microscope Fermi-Hubbard - 2016-2017

A. Omran et al. PRL (2015)

M. Boll et al. Science (2016)

L. Cheuk et al. Science (2016)

M. Parsons et al. Science (2016)

D. Greif et al. Science (2016)

AFM Correlations (Short, Medium & Long Ranged) now visible!
A. Maruzenko et al. Nature (2017), M. Boll et al. Science (2016), T. Hilker et al. Science (2017),  

 L. Cheuk et al. Science (2016), P. Brown et al. Science (2017)

P. Brown et al. Science (2017)



Li-Microscope AFM Order in the Fermi Hubbard Model

A. Mazurenko et al.,  
Nature 545, 462



Li Microscope Mott Insulators

Mott Insulator  
(Short-Short Lattice)

Mott Insulator  
(Short-Long Lattice)

No Parity Projection!
Holes-Doublons Distinguishable



Spin & Charge Resolved ImagingAFM

M. Boll et al.; Science 353, pp. 1257 (2016)

1D Hubbard Chains

B’

Split

1D Chains (spin unresolved) Split 1D Chains (spin resolved) Reconstruction



AFM Spin-Charge Resolved Detection

Charge Resolved Spin Un-Resolved



AFM Spin-Charge Resolved Detection

Charge Resolved 

Spin Resolved



AFM Incommensurate Magnetism
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Fractionalization &  
Dynamical Spin-Charge Separation 



The Electron

Charge -e Spin 1/2

Spin 1/2Charge -e

Particle Particle

Impossible!



The Electron

Charge -e Spin 1/2

Spin 1/2Charge -e

Quasi-Particle Quasi-Particle

Fractionalization

Deconfinement of Quasi-particles 

that make up the elementary particle



Fractionalization

X

Spinon Spin 1/2 Chargon +e
(Holon)Vs

Vc



Previous Work Spin-Charge Separation 

Spectroscopic determination:  
C. Kim, et al. Phys. Rev. Lett. 77, 4054 (1996)
O.M.  Auslaender et al. Science 308, 88 (2005)

Experiment

DMRG Simulation:
C. Kollath, U. Schollwöck, W. Zwerger  

Phys. Rev. Lett. 95, 176401 (2005)

Theory



Spin-charge separation Holon dynamics

Holon
Vh



Spin-charge separation Holon dynamics

Holon
Vh



Spin-charge separation Spinon dynamics

Spinon
Vs



Spin-charge separation Spinon dynamics

Spinon
Vs



Spin-charge separation Comparison of velocities

Holon
Vh

Spinon
Vs



Spin attached to hole
Absence of binding between quasiparticles

Hole gets rid of spinon



Absence of binding Spin-hole-spin correlator

holon
spinon



Fractionalization at zero temperature

T

0

Lattice site

0

0.25
Holon eff.= 1

 Spinon eff.=1
 

to capture spinon  quantum number

Δ = 0.25



T

0 J

1 J

Fractionalization at non-zero temperature



T
1 J

Exact Diagonalization
results

no spinon  
created locally!

Holon eff. ≈ 1

Spinon eff. ≈ 0.56

Fractionalization at non-zero temperature

Δ = 0.13 ± 0.01

0 J



How is fractionalisation connected to 
hidden order in the ground state?



AFM Charge & Spin Order around Hole

Minimize Energy Two Conditions

 Holes want to delocalise
 Spins want to align antiferromagnetically

Ground State Excited State



AFM Microscopic Origin of SC —Separation

Hole introduce domain wall  
“parity” kinks in AFM background!

+1 -1



AFM AFM order around hole
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AFM AFM around Holes
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AFM Hidden (Topological?) Order in the 1D Hubbard 

+1 -1 +1 -1

Heisenberg AFM in “Squeezed Space”

Y(x1, . . . , xN) = YSF(x1, . . . , xN)YHeis(y1, . . . , yM)

F. Woynarovich J. Phys. C (1982)
M. Ogata & H. Shiba Phys. Rev. B (1990)

String Correlator

H.V. Kruis, I.P. McCulloch, Z. Nussinov & J. Zaanen EPL (2004)
H.V. Kruis, I.P. McCulloch, Z. Nussinov & J. Zaanen Phys. Rev. B (1990)



String Order Order Parameters

Typical Order Parameter in Landau Paradigm of Phase Transition

Order Parameter: 

Examples: m(r)

 (r)

�(r)

Magnetization (Ferromagnetism, AFM,...)

BEC (Condensate Wave Function)

BCS Superconductor 

hÂi =
p
c

Order Parameter Characterizes Ground State Correlations  
Local ordering!

lim
|x�y|⇥⇤

hÂ(x)Â(y)i = c

General classification 
scheme for  

all phases of matter ???



String Order String Order in 1D Systems

E.g. in 1D gapped systems where decays exponentially with distance

However, they can show hidden non-local order:

hÂ(x)Â(y)i

lim
|x�y|⇥⇤

hÂ(x)

0

@
Y

z⌅S(x,y)

B̂(z)

1

A Â(y)i = c

We say the order is hidden, because a “global view” of the underlying state
is required. (Topological Order: X.-G. Wen)

Allows us to characterize state only via its ground state correlations!

M. den Nijs, K. Rommelse, Phys. Rev. B 40, 4709 (1989).  
E. Kim, G. Fa´th, J. So´lyom, D. Scalapino, Phys. Rev. B 62, 14965 (2000)
E. G. Dalla Torre, E. Berg, E. Altman, Phys. Rev. Lett. 97, 260401 (2006)  
F. Anfuso, A. Rosch, Phys. Rev. B 75, 144420 (2007)
E. Berg, 1 E. Dalla Torre, T. Giamarchi, E. Altman, Phys. Rev. B 77, 245119 (2008)



AFM Two Point Correlator - Doped Chains



AFM Two Point Correlator - Doped Chains



Incommensurate AFM in 1D

G. Salomon et al. Nature 565, 56–60 (2019)



AFM Incommensurate Magnetism

hSz
0Sz

di ' Ane�d/xn cos(pnd)

Density Doping

hSz
0Sz

di ' Ame�d/xm cos(p(1 � 2m)d)

Finite Magnetization

F.D.M. Haldane J. Phys. C: Solid State Phys. 14 2585, 1981

Luttinger Liquid Theory 

Very challenging test for experiment!



AFM  Incommensurate Magnetism - Data Analysis

Select shots with defined  
magnetisation and/or density !

Single Spin and  
Single Atom Sensitivity !



AFM Incommensurate Magnetism - Density 
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AFM Incommensurate Magnetism - Finite 
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AFM Incommensurate Magnetism - Finite 
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#2: Spinon = Quantum Domain Walls  

in Squeezed Space



AFM Quantum Domain Walls: Microscopic Picture

Holon Spinon

Quantum Domain Walls



Charge Impurities in 2D

J. Koepsell et al. arXiv:1811.06907 (Nature in print) 





Single Hole in AFM
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Ground State?
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| i = | i | i+

+...

unaffected AFM 
background

unaffected AFM 
background

polaron

| i = | i | i+

+...

reduced AFM 
background

reduced AFM 
background

no polaron

spin disturbance dresses 
hole/doublon locally

Doping reduces AFM spin order:
[Mazurenko et al., Nature 545 2017]



Polarons in the FHM
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Lee et al., Rev. Mod. Phys. 78 2006
Schrieffer et al., PRB 39 1988

Semiclassical considerations

Nagaoka ferromagnetism  
Large t/J (large U): dressing becomes 
ferromagnetic  

Quasiparticle with bandwidth W=2J :

Attraction between polarons  
                 superconductivity, stripes?  

String picture: spinon-holon binding 
string length 

relevant for high-temperature cuprate superconductors for
which typically t/J ≈ 3 [3]. While several theoretical
approaches have been developed, which are reliable in
the weak-to-intermediate coupling regime t≲ J, Jz, to date
there exist only a few theories describing the strong-
coupling limit [17,19] and simple variational wave func-
tions in this regime are rare. Even calculations of qualitative
ground state properties of a hole in an antiferromagnet,
such as the renormalized dispersion relation, require

advanced theoretical techniques. These include effective
model Hamiltonians [17,19], fully self-consistent Green’s
function methods [25], nontrivial variational wave func-
tions [20,23,26], or sophisticated numerical methods such
as Monte Carlo [26,28] and density matrix renormalization
group [27,29] calculations. The difficulties in understand-
ing the single-hole problem add to the challenges faced by
theorists trying to unravel the mechanisms of high-Tc
superconductivity.
Here we study the problem of a single hole moving in an

antiferromagnet from a different perspective, focusing on
the t-Jz model for simplicity. In contrast to most earlier
works, we consider the strong-coupling regime, t ≫ Jz.
Starting from first principles, we derive an effective parton
theory of magnetic polarons (mp). This approach not only
provides new conceptual insights to the physics of mag-
netic polarons, but it also enables semianalytical deriva-
tions of their properties. We benchmark our calculations by
comparison to the most advanced numerical simulations
known in literature. Notably, our approach is not limited to
low energies but provides an approximate description of the
entire energy spectrum. This allows us, for example, to
calculate magnetic polaron dynamics far from equilibrium.
Note that in the extreme limit when Jz ¼ 0, Nagaoka has
shown that the ground state of this model has long-range
ferromagnetic order [14]. We work in a regime where
this effect does not yet play a role; see Ref. [27] for a
discussion.

A. Partons and the t-Jz model

Partons have been introduced in high-energy physics to
describe hadrons [30]. Arguably, the most well-known
example of partons is provided by quarks. In quantum
chromodynamics (QCD), the quark model elegantly
explains mesons (baryons) as composite objects consisting
of two (three) valence quarks. On the other hand, individual
quarks have never been observed in nature, and this has
been attributed to the strong confining force between a pair
of quarks mediated by gauge fields [31]. Even though there
is little doubt that quarks are truly confined and can never
be separated at large distances, a strict mathematical proof
is still lacking, and the quark confinement problem is still
attracting considerable attention in high-energy physics;
see, for example, Ref. [32].
To understand how the physics of holes moving in a spin

environment with strong AFM correlations is connected to
the quark confinement problem, consider removing a
particle from a two-dimensional Néel state. When the hole
moves around, it distorts the order of the surrounding spins.
In the strong-coupling regime, t ≫ J, Jz, these spins have
little time to react and the hole can distort a large number of
AFM bonds. Assuming for the moment that the hole
motion is restricted to a straight line, as illustrated in
Fig. 1(a), we notice that a string of displaced spins is
formed. At one end, we find a domain wall of two aligned
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(a) (b)

(c)
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FIG. 1. We consider the dynamics of a hole propagating in a
Néel-ordered spin environment. (a) The hole creates a distortion
of the spin state (green). We introduce two types of partons,
spinons and holons, describing the spin and charge quantum
numbers, respectively. They are confined by a string of displaced
spins connecting them (blue), similar to mesons which can be
understood as bound states of confined quark-antiquark pairs.
(b) In the strong-coupling limit the dynamics of the holon is much
faster than the dynamics of the spinon. The holon motion takes
place on a fractal Bethe lattice which is comoving with the
spinon. Moreover, the holon wave function affects the spinon and
introduces coherent motion of the spinon on the original square
lattice. The holon states on the Bethe lattice obey a discrete Ĉ4

symmetry that corresponds to rotations of the string configuration
around the spinon position. (c) As a result, discrete rotational and
vibrational excited states of the magnetic polaron can be formed.
They are characterized by quantum numbers nm4 …, where
eiπm4/2 denotes the eigenvalue of Ĉ4 and n labels vibrational
excitations. We use labels S, P , D, F for m4 ¼ 0, 1, 2, 3 and
indicate the multiplicity of the degenerate states by numbers in
circles. Different colors correspond to the different types of
rovibrational excitations. For the calculation, we used S ¼ 1/2
and linear string theory (LST, described later in the text) with
strings of length up to lmax ¼ 100.

F. GRUSDT et al. PHYS. REV. X 8, 011046 (2018)

011046-2

Grusdt et al., PRX 8 2018

Auerbach, Springer 1994

Nagaoka, Phys. Rev. 147 1966

Chernyshev and Wood, arXiv:cond-mat/0208541, 2002
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https://arxiv.org/abs/cond-mat/0208541


C(1) Local Spin Correlations Around Doublon

Conditioned C(1) Correlator
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Doublons induce sign flip !



C(2) Local Spin Correlations around Doublon
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Magnetic Polaron Size

Complete model independent characterisation 
of magnetic environment around charge impurity

FHM Spin-Charge Interaction



Changing Charge MobilityFHM Spin-Charge Interaction

Pinning beam

Pinned doublon

Mobile doublon

Polaron’s radius

AFM background



Spin Correlations Around Doublon

Mobile
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Outlook

Polaron-Polaron correlations 

Timescale of polaron formation 

Mixed dimensions 

Dynamical Nagaoka effect

Meson formation in mixed-dimensional t� J models

Fabian Grusdt,1 Zheng Zhu,2 Tao Shi,3 and Eugene Demler1

1Department of Physics, Harvard University, Cambridge, Massachusetts 02138, USA
2Department of Physics, Massachusetts Institute of Technology, Cambridge, Massachusetts 02139, USA

3CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, P.O. Box 2735, Beijing 100190, China

(Dated: June 13, 2018)

Surprising properties of doped Mott insulators are at the heart of many quantum materials, in-
cluding transition metal oxides and organic materials. The key to unraveling complex phenomena
observed in these systems lies in understanding the interplay of spin and charge degrees of free-
dom. One of the most debated questions concerns the nature of charge carriers in a background
of fluctuating spins. To shed new light on this problem, we suggest a simplified model with mixed
dimensionality, where holes move through a Mott insulator unidirectionally while spin exchange in-
teractions are two dimensional. By studying individual holes in this system, we find direct evidence
for the formation of mesonic bound states of holons and spinons, connected by a string of displaced
spins – a precursor of the spin-charge separation obtained in the 1D limit of the model. Our predic-
tions can be tested using ultracold atoms in a quantum gas microscope, allowing to directly image
spinons and holons, and reveal the short-range hidden string order which we predict in this model.

The Fermi-Hubbard model represents one of the most
fundamental and paradigmatic models of strongly corre-
lated matter. It features an an intricate interplay of spin
and charge degrees of freedom, expected to be relevant to
high-temperature superconductivity observed in cuprate
compounds [1–5]. However many basic features of of the
Hubbard model remain poorly understood, which makes
it challenging to identify the origin of such ubiquitous
experimental phenomena as the non-Fermi liquid behav-
ior [6], charge modulation [7], or the pseudogap [3, 8].

To approach this problem, here we propose to study
a simplified model system which can be experimentally
realized with, e.g., ultracold atoms. Instead of the two-
dimensional (2D) t�J model, which is commonly used to
capture the interplay of spin and charge degrees of free-
dom in the low energy sector of the Hubbard model [3],
we suggest to realize a system with mixed dimensionality:
While the spin system is fully 2D, the holes doped into
the system can only move along one direction, see Fig. 1
(a). On the one hand, this model shares many features
with the 2D t� J model, in particular the emergence of
true long-range order in the ground state at zero doping.
On the other hand, tuning the spatial anisotropy of the
Heisenberg couplings allows us to study the transition to
decoupled 1D chains, where spin and charge degrees of
freedom separate. Moreover, being mappable to a prob-
lem of hard-core bosons, the model is sign-problem free,
thus enabling e�cient quantum Monte Carlo simulations
for arbitrary doping values.

In this article we approach the mixed dimensional
(mixD) t� J model from the low-doping side and study
the interplay of spin and charge degrees of freedom on the
most fundamental level. To this end we consider individ-
ual holes doped into an antiferromagnet (AFM). In 2D,
the single hole propagating through an AFM is commonly
described by a magnetic polaron – a quasiparticle with
a strongly renormalized dispersion due to the dressing
with magnetic excitations [9–17]. While this description

provides a powerful theoretical toolbox, it provides lim-
ited physical insight to the microscopic interplay of spin
and charge excitations. More intuitive physical under-
standing can be gained by the parton construction put
forward by Béran et al. [18]. These authors suggested
that the single hole can be understood as a bound state
of two partons: a neutral spinon and a spin-less holon.
This closely resembles mesons formed by quark-antiquark
pairs in high-energy physics. Recently it has been shown
for the simplified t � Jz model with reduced quantum
fluctuations [19] that this phenomenology is closely re-
lated to the string picture of magnetic polarons [20–25]
and it can be justified on a microscopic level, enabling
accurate quantitative predictions [26].

In 2D, direct observations of the strings and partons
constituting magnetic polarons are challenging due to

FIG. 1. Mixed-dimensional t � J model. We consider ul-
tracold spin-1/2 fermions in an optical lattice at strong cou-
plings. (a) By introducing a strong potential gradient along
y-direction, the tunneling of holes with rate t can be restricted
to the x-axis, whereas SU(2) invariant super-exchange inter-
actions with tunable strengths Jx and Jy persist in both di-
rections. We study the resulting mixD t � J model in the
low-doping regime and demonstrate that holes form mesonic
bound states of spinons and holons (b), which can be directly
observed using quantum gas microscopes. Mesons formed by
pairs of holons have a higher energy, indicating the absence
of strong pairing in mixD.
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FIG. 1: Physical realization. a, Proposed experimental procedure. The system of non-interacting spins is realized by creating a Mott insulator
of spinful atoms (black and blue dots) in a deep optical lattice. In the limit of infinitely strong on-site repulsion, the spin interaction vanishes.
The hole (black) is created at the beginning of the experiment by removing one of the atoms; its position and the spin correlations in the
environment can be measured after a propagation time t using a quantum gas microscope. b, As the hole moves along the trajectory indicated
by arrows (top) the spins on this path are reordered (bottom). c, Spin correlations are calculated by thermal averaging over all possible spin
configurations. During its dynamics, the hole explores all alternative paths simultaneously. Due to its interplay with the spins, the hole
permutes each of these environments differently, leading to non-vanishing spin correlations even after thermal averaging. Right panel: Spin
correlations Col in the laboratory frame between the origin o (green site) and site l, whose coordinates are denoted by x and y. The calculations
were performed at time t = 1.1 in a spin S = 1/2 environment.

the hole’s dynamics in a S ! 1 environment within the
time scales of the simulation. It has been suggested that
the dynamics of the hole should cross over from the initial
ballistic to diffusive behavior at long times [25]. However,
this question remained inconclusive due to the limited time
available for numerical simulations. The correspondence
with the Bethe lattice provides further evidence that the hole’s
dynamics indeed crosses over to diffusive behavior.

Results
Dynamics of charge carriers in fluctuating and disordered spin
background lies at the heart of many physical systems, includ-
ing high-temperature superconductors [24, 40, 41], the para-
magnetic phase of supersolid 3

He [42–45], organic materi-
als [46], manganites exhibiting colossal magneto resistance
effect [47, 48], and multicomponent ultracold atoms in optical
lattices [20, 49, 50]. The Hubbard model provides a paradig-
matic model of these systems, characterized by the nearest
neighbor tunneling energy th and an on-site repulsion between
the atoms. As the spinful atoms or electrons in each of these
systems repel each other strongly, they occupy individual lat-
tice sites, realizing a Mott insulator of spins [20, 24, 49, 50].
Assuming spin-independent on-site repulsion U , a spin inter-
action J of the order of t2h/U is provided by virtual tunneling
to neighboring sites, leading to the so-called t�J model [24].
The spin coupling J then vanishes in the limit of large on-site
interactions U ! 1, realizing the non-interacting spin sys-
tem studied here.

Despite its simplicity, the degenerate spin environment
has surprisingly rich physics. As has been shown by Na-
gaoka [22, 23], the ground state of the system becomes
ferromagnetically ordered in the presence of a single hole, as
this state provides free propagation to the hole so that it can
minimize its kinetic energy. Here, we discuss the opposite
limit of an infinite temperature spin environment, where
the hole creates dynamical correlations among the spins.
These correlations are of similar origin as the equilibrium

Nagaoka effect, as they arise from the dependence of the
hole’s dynamics on the surrounding spin configurations: lo-
cally ferromagnetic spin domains lead to enhanced quantum
coherence and to faster propagation. As the hole acts on
the spins in each spin background differently, the resulting
correlations are not averaged out to zero due to thermal fluc-
tuations. However, in contrast to the Nagaoka ground state,
the correlations studied in this paper are both ferromagnetic
and antiferromagnetic.

Physical realization. Fig. 1 a shows a possible experimental
realization of our proposal. The non-interacting spin system
is realized by creating a Mott insulator of fermionic or boso-
nis atoms in a deep optical lattice, with a single atom per site.
Tuning the lattice depth allows one to reach the limit of strong
on-site repulsion U � th such that the spin interactions be-
come negligible. The hole can be created by removing a single
atom at at the origin o, with coordinates (0, 0), using a quan-
tum gas microscope that can optically address sites indepen-
dently [51]. The microscope can also measure the hole’s po-
sition as well as the spin state at each site after a propagation
time t. In order to account for thermal fluctuations at infinite
temperature, this procedure has to be repeated many times, in
each case with a different, random initial spin configuration,
resulting in an averaging over all possible spin states, as we
show in Fig. 1 c.

The dynamics of the hole is governed by the Hamiltonian
Ĥ = �th

P
hjli ĉ

†
j
P̂jl ĉl, where the operator ĉl annihilates

the hole at site l. As the hole moves from site l to j, the op-
erator P̂jl moves the spin at site j to site l. Since there is no
energy cost of moving the spins around, the tunneling th is the
single energy scale of the model, and it is chosen to be th ⌘ 1,
which also determines the time scale of the dynamics. After
a propagation time t, the probability of finding the hole at site
j is given by pj(t) = hĉ†

j
ĉji(t). Here, the non-equilibrium

average denotes h. . . i(t) =
1

NM�1 Tr(ĉoe
iĤt

. . . e
�iĤt

ĉ
†
o
),

Kanász-Nagy et al, PRB 96 2017

Grusdt et al, arXiv:1806.04426 2018

FHM Spin-Charge Interaction



Search for New Phases of Matter

Extremely Strong Magnetic Field Physics

Novel Quantum Magnets

Controlled Quasiparticle Manipulations

Non-Equilibrium Dynamics (Universality?)

Thermalization in Isolated Quantum Systems

Entanglement Measures in Dynamics

Supersolids

Cosmology - Black Hole Models?

High Energy Physics/String Theory

New clocks/Navigation

Outlook

Quantitative testbeds  
for theory and system to
discover new phases of matter  
in and out of equilibrium!



Rydberg atoms

Property Scaling 87Rb 43S

Radius (n*)2 2400 a0 = 127nm

Lifetime (dominated by black 
body radiation for large n)

(n*)2 45 µs @ 20°C

van der Waals coefficient (n*)11 C6 = −1.7 × 1019 a.u.

Blockade radius 

(Ω=2π 200 kHz)
(n*)2 ~ 5 µm

Saffman, Walker, & Mølmer Rev. Mod. Phys. (2010)

Ø 0.5nm Ø 250 nm

87Rb 43S1/2

87Rb 5S1/2

• hydrogen-like wave function 

• quantum defect 

• Strong switchable interactions

see work in: Paris, Madison, Palaiseau, Stuttgart, 
Heidelberg, Durham, Michigan....



Rydberg Crystals Rydberg blockade

Blockade condition

1p
N
(|r,0,0,0, . . .i+ |0,r,0,0, . . .i+ |0,0,0, . . . ,ri)

Each superatom:

M. Lukin et al. PRL 87, 037901 (2001)



Rydberg Crystals Rydberg blockade

1p
N
(|r,0,0,0, . . .i+ |0,r,0,0, . . .i+ |0,0,0, . . . ,ri)

Each superatom:

M. Lukin et al. PRL 87, 037901 (2001)

Blockade radius 
larger than cloud size!

p
NW1 Rabi Oscillations speed up!

see work by A. Browaeys & Ph. Grangier, M. 
Saffman,  A. Kuzmich, T. Pfau...

two atoms



DMD Adressing Ultimate Size Control in 2D

Digital Mirror
Device (Size Control) Initial MI Single Atom

3x3 5x5 7x7 8x8

atoms



Rydberg Collective Many-Body Rabi Oscillations

Single atom non-linearity controls 
dynamics of >50 atoms!

J. Zeiher et al., Phys. Rev. X 5, 031015 (2015)



Rydberg Crystal The frozen Rydberg gas - long range QM
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This work: α=6, repulsive



Excitation and detection of the Rydberg atoms

5S1/2

5P3/2

43S1/2

F=2, mF=-2

780 nm

480 nm

F=3, mF=-3

700 MHz

σ –

σ+

mJ=-1/2

• two-photon Rabi frequency:  
Ω/2π = 170(20) kHz

• resonant excitation:  
Δ = 0

• blockade radius:  
Rb = 4.9(1) μm



Excitation and detection of the Rydberg atoms

5S1/2

5P3/2

43S1/2

F=2, mF=-2

780 nm

F=3, mF=-3

σ –

mJ=-1/2

• removal pulse duration: 10 μs

• survival probability: 0.1 %



Excitation and detection of the Rydberg atoms

5S1/2

5P3/2

43S1/2

F=2, mF=-2

780 nm

F=3, mF=-3

σ –

mJ=-1/2

• deexcitation pulse duration: 2 μs

• detection efficiency: 75(10) %

• overall resolution: ~ 500 nm

480 nm
σ –



Rydberg Crystal

Energy

Ne=0

Ne=1

Ne=2

Ne=3
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Energy spectrum of the Rydberg gas

Adiabatic preparation

vs. Pulsed excitation

Pohl et al., PRL 104, 043002 (2010)
Schachenmayer et al., New J. Phys. 12, 103044 (2010)
Ji et al., PRL 107, 060406 (2011)
van Bijnen et al., J. Phys. B 44, 184008 (2011)
Gärttner et al.,  arXiv:1203.2884v2  (2012)

+ +



Coherent Control of Many-Body 
System through Adiabatic Sweeps

Theory see: 
T. Pohl et al. PRL 2010; G. Pupillo et al. PRL 2010,  
R.M.W van Bijnen et al. J. Phys. B: At. Mol. Opt. Phys.  (2011)  
see also: H. Weimer et al., PRL 2008



Rydberg Crystal

Energy

Ne=0

Ne=1

Ne=2

Ne=3
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Energy spectrum of the Rydberg gas

Adiabatic preparation

vs. Pulsed excitation

T. Pohl et al., PRL 104, 043002 (2010)
J. Schachenmayer et al., New J. Phys. 12, 103044 (2010)
Ji et al., PRL 107, 060406 (2011)
R. van Bijnen et al., J. Phys. B 44, 184008 (2011)
M. Gärttner et al.,  PRA 88, 043410 (2012)
D. Petrosyan J. Phys. B 46, 141001 (2013)

+ +



Rydberg Crystal Ultimate Size Control in 2D

Digital Mirror
Device (Size Control)

Fluctuating Size and 
non-perfect shape

Size & atom number perfectly controlled

•Sub Shot Noise Atom Number Preparation  

•Geometric & atom number control  
(crucial e.g. for quantum criticality)  

•Hard wall potentials realized  
(crucial for edge states)



Rydberg Adiabatic Sweeps in 2D

Pulsed vs sweeped excitation - localization of excitations to border of system! 



Rydberg Single-Shot Rydberg Crystal Configurations

6 7 8

Rydberg Crystal configurations



Rydberg Crystals Configurational Change



Rydberg Alternative Systems

H. Bernien et al. arXiv:1707.04344



Rydberg Crystals

Smaller Blockade/Larger Cloud
✓ Larger Rydberg Crystals
✓ Larger Rydberg Atoms cp. to Lattice Spacing
✓ Adiabatic Sweeps to Deterministically Prepare Crystal Structures
✓ Show Coherence of Crystalline Superpositions! a Quantum Crystal?

T. Pohl et al, (2010), van Bijnen et al. (2011), Gärtner et al. (2012),... 

Larger Blockade/Smaller Cloud
✓Collectively enhanced Rabi oscillations
✓ Large Entangled states (e.g. EIT schemes)

M. Lukin et al. (2001), D. Moller et al. (2008), M. Müller et al. (2009), H. Weimer et al. (2009)...

Dressed Rydberg Atom Regime
✓ Admix controlled long range interactions

 

G. Pupillo et al, (2010), Henkel et al. (2010), Schachenmeyer et al. (2010), Honer et al. (2010), Cinti et al. (2010),  
Johnson & Rolston (2010)... 
 

Outlook



Search for New Phases of Matter

Extremely Strong Magnetic Field Physics

Novel Quantum Magnets

Controlled Quasiparticle Manipulations

Non-Equilibrium Dynamics (Universality?)

Thermalization in Isolated Quantum Systems

Entanglement Measures in Dynamics

Supersolids

Cosmology - Black Hole Models?

High Energy Physics/String Theory

New clocks/Navigation

Outlook

Quantitative testbeds  
for theory!



Groups of: E. Altman, I. Bloch,  
J. Dalibard & P. Zollerwww.quantum-munich.de

http://www.quantum-munich.de

