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Overview

1. What is a dynamical mean-field theory?

2. What do we have using DMFT?

Polarized atomic Fermi gases in optical lattices 
with elongated traps : 

DMFT study

Attractively interacting +



Ultracold Fermi Atomic Gases

Fermion atoms are cooled down in magneto-optical traps.
40K6Li to 10-100 nK...

New playground for condensed matter physics!
1. Spins <= hyperfine states 

2. Interactions <= atom-atom scattering

3. Loaded on Optical Lattices

to quantum degeneracy

RF pulse to control populations

Feshbach resonance to control attractive/repulsive

Laser directions/intensity to control 
dimensions, hopping ... Hubbard Hamiltonian

population-imbalance
(analog of magnetic field)

Cooper pairs

Fermi condensates, JILA

“New Quantum Simulator”  -- Science 320, 312 (2008).



Harmonic trapping potential

essential to ultracold atomic gases! 

! conventional solid states

V (r) =
1

2
(w2

xx
2 + w2

yy
2 + w2

zz
2)

1. Local density approximation (LDA)

2. Explicit consideration from the beginning

µ�
σ(r) = µσ − V (r)locally homogeneous system with



N↑ �= N↓

µ↑ �= µ↓

δµc ∼ ∆/
√
2

∆ ≡ ∆0 cos(qx)

∆ ≡ ∆0 exp(iqx)

Fermi gases with population imbalance

1. Magnetism versus Superconductivity

Chandrasekhar-Clogston limit

critical magnetic field to break superconductivity

Chandrasekhar, APL 1, 7 (1962).
Clogston, PRL 9, 266 (1962).

Naive argument: (BCS)

(BEC)No CC limit

2. Exotic superconducting phase?

Fulde-Ferrell-Larkin-Ovchinnikov state

critical magnetic field to break superconductivity

Oscillating order parameter (FF)

(LO)

FF, PR 135, A550 (1964)
LO, JETP 20, 762 (1965)

Very hard to be tested in 
conventional solid state systems.



P =
N↑ −N↓
N↑ +N↓

µ�
σ(r) = µσ − V (r)

Experiments with 6Li at unitarity

QMC+LDA4

Pc=0.77

2Partridge et. al., Science 311, 5760 (2006)
2Partridge et. al., PRL 97, 190407 (2006)

1Shin et. al., PRL 97, 030401 (2006)

3Nascimbene et. al., PRL 103, 170402 (2009)

MIT1 RICE2 LKB3

Trap Aspect Ratio
! = wxy / wz

5.65 45.1 14.5 - 22.6

Number of atoms 107 104 - 105 105

T/TF " 0.06 " 0.05 " 0.09

Pc 0.77 > 0.9 0.76

4Lobo et. al., PRL 97, 200403 (2006)
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Phase Separation

Collective Oscillations of an Imbalanced Fermi Gas:
Axial Compression Modes and Polaron Effective Mass

S. Nascimbène, N. Navon, K. J. Jiang, L. Tarruell,* M. Teichmann,† J. McKeever,‡ F. Chevy, and C. Salomon
Laboratoire Kastler Brossel, CNRS, UPMC, École Normale Supérieure, 24 rue Lhomond, 75231 Paris, France

(Received 15 July 2009; revised manuscript received 2 October 2009; published 20 October 2009)

We investigate the low-lying compression modes of a unitary Fermi gas with imbalanced spin

populations. For low polarization, the strong coupling between the two spin components leads to a

hydrodynamic behavior of the cloud. For large population imbalance we observe a decoupling of the

oscillations of the two spin components, giving access to the effective mass of the Fermi polaron, a

quasiparticle composed of an impurity dressed by particle-hole pair excitations in a surrounding Fermi

sea. We find m!=m ¼ 1:17ð10Þ, in agreement with the most recent theoretical predictions.

DOI: 10.1103/PhysRevLett.103.170402 PACS numbers: 03.75.Ss, 05.30.Fk, 32.30.Bv, 67.60.Fp

The study of the low-lying excitation modes of a com-
plex system can be a powerful tool for investigation of its
physical properties. For instance, Earth’s structure has
been probed using the propagation of seismic waves in
the mantle, and the ripples in space-time propagated by
gravitational waves can be used as probes of extreme
cosmic phenomena. In ultracold atomic gases, the mea-
surement of low energy modes of bosonic or fermionic
systems has been used to probe superfluidity effects [1], to
measure the angular momentum of vortex lattices [2], and
to characterize the equation of state of fermionic super-
fluids [3,4].

In this Letter, we study the excitation spectrum of an
ultracold Fermi gas with imbalanced spin populations.
This topic was initiated in the 1960s by the seminal works
of Clogston and Chandrasekhar [5,6] and only recently
found experimental confirmation thanks to the latest devel-
opments in ultracold Fermi gases [7,8]. These dramatic
experiments have observed that when a fermionic super-
fluid is polarized through imbalance of spin populations,
the trapped atomic cloud forms a shell structure. The
energy gap associated with pairing maintains a superfluid
core where the two spin densities are equal, while the outer
shell is composed by a normal gas with imbalanced spin
densities (see Fig. 1). Here, we extend this work to the
unexplored dynamical properties of these systems and we
focus on the regime of strong interactions, where the
scattering length a is infinite. We show, in particular, that
the study of the axial breathing mode provides valuable
insight on the dynamical properties of a quasiparticle, the
Fermi polaron, that was introduced recently to describe the
normal component occupying the outer shell of the cloud
[9–14]. The Fermi polaron is composed of an impurity
(labeled 2) immersed in a noninteracting Fermi sea
(labeled 1), and is analogous to the polaron of condensed
matter physics, i.e., an electron immersed in a bath of
noninteracting (bosonic) phonons. Understanding the static
and dynamic properties of impurities immersed in an ex-
ternal bath is a paradigm of many-body systems. In addi-

tion to polaron physics, famous examples include the
Kondo effect, Higgs mechanism, or the dressed atom.
Despite its apparent simplicity, this problem remains today
very challenging in the limit of strong interactions.
According to the Landau theory of the Fermi liquid, the

low energy spectrum of the polaron is similar to that of a
free particle and can, in the local density approximation
(LDA), be recast as

E2ðr;pÞ ¼ AEF1ðrÞ þ VðrÞ þ p2

2m! þ . . . (1)

where V is the trapping potential, EF1ðrÞ ¼ EF1ð0Þ & VðrÞ

z R1z R1

RS R1RS R1 R2 R1R2 R1

0.0 0.2 0.4 0.6 0.8 1.0

0.0

0.1

0.2

0.3

0.4

0.5

0.6

n 1
,n

2,
n d

a.
u.

FIG. 1 (color online). Integrated density profiles of an imbal-
anced Fermi gas. Blue (dark gray): majority atoms !n1ðzÞ; Red
(medium gray): minority atoms !n2ðzÞ; Green (light gray): dif-
ference !nd ¼ !n1 & !n2. In this latter case, the flat-top feature
signals a cancellation of the density difference at the center of
the trap, characteristic of the existence of a fully paired super-
fluid core. The superfluid (resp. minority) radius RS (resp. R2)
are marked by vertical dashed lines. The solid color lines
correspond to the prediction of Monte Carlo theories [20], the
only fit parameters being the number of atoms in each spin state,
N1 ¼ 8:0' 104, N2 ¼ 2:4' 104 for this image. The axial (ra-
dial) trap frequency is 18.6 Hz (420 Hz).

PRL 103, 170402 (2009) P HY S I CA L R EV I EW LE T T E R S
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LKB (P=0.54)
SF + N + FP

For a partially superfluid imbalanced mixture, a shell
structure was observed in the in situ phase-contrast image
(Fig. 2). Since the image shows the column density differ-
ence (the 3D density difference integrated along the y
direction of the imaging beam), the observed depletion in
the center indicates a 3D shell structure with even stronger
depletion in the central region. The size of this inner core
decreases for increasing imbalance, and the core shows a
distinctive boundary until it disappears for large imbal-
ance. We observe this shell structure even for very small
imbalances, down to 5!3"%, which excludes a homogene-
ous superfluid state at this low imbalance, contrary to the
conclusions in Ref. [6].

The reconstructed 3D profile of the density difference
shows that the two components in the core region have
equal densities. We reconstruct 3D profiles from the 2D
distributions ~nd!x; z" of the column density difference us-
ing the inverse Abel transformation (Fig. 3) [20]. The
reconstruction does not depend on the validity of the local
density approximation (LDA) or a harmonic approxima-

tion for the trapping potential [12,21,22] and assumes only
cylindrical symmetry of the trap. The two transverse trap
frequencies are equal to better than 2% [15]. A 1D profile
obtained by integrating ~nd along the axial direction
[Fig. 3(d)] shows a flattop distribution, which is the ex-
pected outcome for a shell structure with an empty inner
region in a harmonic trap and assuming LDA.

The presence of a core region with equal densities for
the two components was correlated with the presence of a
pair condensate. The density difference at the center nd0
along with the condensate fraction is shown as a function
of the imbalance ! in Fig. 4. As shown, there is a critical
imbalance !c where superfluidity breaks down due to large
imbalance [5,7]. In the superfluid region, i.e., !< !c, nd0
vanishes, and for !> !c, nd0 rapidly increases with a
sudden jump around ! # !c. We observe a similar behav-
ior throughout the strongly interacting regime near the
Feshbach resonance, $0:4< 1=kFa < 0:6. This observa-
tion clearly demonstrates that for this range of interactions
a paired superfluid is spatially separated from a normal
component of unequal densities.

The shell structure is characterized by the radius of the
majority component, the radial position Rp of the peak in
nd! ~r", the size Rc of the region where nd is depleted, and
the ‘‘visibility’’ " of the core region (Fig. 5). The sudden
drop of " around ! # !c results from the sudden jump of
nd0. The comparison between Rp and Rc shows that the
boundary layer between the superfluid and the normal
region is rather thin. It has been suggested that the detailed
shape of profiles in the intermediate region could be used
to identify exotic states such as the Fulde-Ferrell-Larkin-
Ovchinnikov state [23–25]. This will be a subject of future
research.

FIG. 2. In situ direct imaging of trapped Fermi gases for
various population imbalance !. The integrated 2D distributions
of the density difference ~nd!x; z" %

R
nd!~r"dy were measured

using phase-contrast imaging at B & 834 G for total atom num-
ber Nt # 1' 107. For ! ( 75%, a distinctive core was observed
showing the shell structure of the cloud. The field of view for
each image is 160 #m' 800 #m. The three leftmost images are
displayed with different contrast levels for clarity. The image
with ! & 5!3"% was taken for Nt # 1:7' 107.

FIG. 3. Reconstruction of 3D distributions from their inte-
grated 2D distributions. (a) An integrated 2D distribution ~nd
with ! & 58% at B & 834 G. (b) A less noisy distribution was
obtained by averaging four quadrants with respect to the central
dashed lines in (a). (d) The 1D profile obtained by integrating the
averaged distribution along the z direction shows the ‘‘flattop’’
feature. (c) The 2D cut nd!x; y & 0; z" of the 3D distribution
nd!~r" was reconstructed by applying the inverse Abel trans-
formation to (b). (e) The radial profile of the central section of
the reconstructed 3D distribution in the xy plane. The dashed
lines in (d) and (e) are fits to the profiles’ wings using a TF
distribution.

FIG. 1. Phase-contrast imaging of the density difference of
two spin states. (a) The probe beam is tuned to the red for the
j1i ! jei transition and to the blue for the j2i ! jei transition.
The resulting optical signal in the phase-contrast image is
proportional to the density difference nd % n1 $ n2, where n1
and n2 are the densities of the states j1i and j2i, respectively.
(b) Phase-contrast images of trapped atomic clouds in state j1i
(left) and state j2i (right) and of an equal mixture of the two
states (middle).
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Collective Oscillations of an Imbalanced Fermi Gas:
Axial Compression Modes and Polaron Effective Mass
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We investigate the low-lying compression modes of a unitary Fermi gas with imbalanced spin

populations. For low polarization, the strong coupling between the two spin components leads to a

hydrodynamic behavior of the cloud. For large population imbalance we observe a decoupling of the

oscillations of the two spin components, giving access to the effective mass of the Fermi polaron, a

quasiparticle composed of an impurity dressed by particle-hole pair excitations in a surrounding Fermi

sea. We find m!=m ¼ 1:17ð10Þ, in agreement with the most recent theoretical predictions.

DOI: 10.1103/PhysRevLett.103.170402 PACS numbers: 03.75.Ss, 05.30.Fk, 32.30.Bv, 67.60.Fp

The study of the low-lying excitation modes of a com-
plex system can be a powerful tool for investigation of its
physical properties. For instance, Earth’s structure has
been probed using the propagation of seismic waves in
the mantle, and the ripples in space-time propagated by
gravitational waves can be used as probes of extreme
cosmic phenomena. In ultracold atomic gases, the mea-
surement of low energy modes of bosonic or fermionic
systems has been used to probe superfluidity effects [1], to
measure the angular momentum of vortex lattices [2], and
to characterize the equation of state of fermionic super-
fluids [3,4].

In this Letter, we study the excitation spectrum of an
ultracold Fermi gas with imbalanced spin populations.
This topic was initiated in the 1960s by the seminal works
of Clogston and Chandrasekhar [5,6] and only recently
found experimental confirmation thanks to the latest devel-
opments in ultracold Fermi gases [7,8]. These dramatic
experiments have observed that when a fermionic super-
fluid is polarized through imbalance of spin populations,
the trapped atomic cloud forms a shell structure. The
energy gap associated with pairing maintains a superfluid
core where the two spin densities are equal, while the outer
shell is composed by a normal gas with imbalanced spin
densities (see Fig. 1). Here, we extend this work to the
unexplored dynamical properties of these systems and we
focus on the regime of strong interactions, where the
scattering length a is infinite. We show, in particular, that
the study of the axial breathing mode provides valuable
insight on the dynamical properties of a quasiparticle, the
Fermi polaron, that was introduced recently to describe the
normal component occupying the outer shell of the cloud
[9–14]. The Fermi polaron is composed of an impurity
(labeled 2) immersed in a noninteracting Fermi sea
(labeled 1), and is analogous to the polaron of condensed
matter physics, i.e., an electron immersed in a bath of
noninteracting (bosonic) phonons. Understanding the static
and dynamic properties of impurities immersed in an ex-
ternal bath is a paradigm of many-body systems. In addi-

tion to polaron physics, famous examples include the
Kondo effect, Higgs mechanism, or the dressed atom.
Despite its apparent simplicity, this problem remains today
very challenging in the limit of strong interactions.
According to the Landau theory of the Fermi liquid, the

low energy spectrum of the polaron is similar to that of a
free particle and can, in the local density approximation
(LDA), be recast as

E2ðr;pÞ ¼ AEF1ðrÞ þ VðrÞ þ p2

2m! þ . . . (1)

where V is the trapping potential, EF1ðrÞ ¼ EF1ð0Þ & VðrÞ
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FIG. 1 (color online). Integrated density profiles of an imbal-
anced Fermi gas. Blue (dark gray): majority atoms !n1ðzÞ; Red
(medium gray): minority atoms !n2ðzÞ; Green (light gray): dif-
ference !nd ¼ !n1 & !n2. In this latter case, the flat-top feature
signals a cancellation of the density difference at the center of
the trap, characteristic of the existence of a fully paired super-
fluid core. The superfluid (resp. minority) radius RS (resp. R2)
are marked by vertical dashed lines. The solid color lines
correspond to the prediction of Monte Carlo theories [20], the
only fit parameters being the number of atoms in each spin state,
N1 ¼ 8:0' 104, N2 ¼ 2:4' 104 for this image. The axial (ra-
dial) trap frequency is 18.6 Hz (420 Hz).
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For a partially superfluid imbalanced mixture, a shell
structure was observed in the in situ phase-contrast image
(Fig. 2). Since the image shows the column density differ-
ence (the 3D density difference integrated along the y
direction of the imaging beam), the observed depletion in
the center indicates a 3D shell structure with even stronger
depletion in the central region. The size of this inner core
decreases for increasing imbalance, and the core shows a
distinctive boundary until it disappears for large imbal-
ance. We observe this shell structure even for very small
imbalances, down to 5!3"%, which excludes a homogene-
ous superfluid state at this low imbalance, contrary to the
conclusions in Ref. [6].

The reconstructed 3D profile of the density difference
shows that the two components in the core region have
equal densities. We reconstruct 3D profiles from the 2D
distributions ~nd!x; z" of the column density difference us-
ing the inverse Abel transformation (Fig. 3) [20]. The
reconstruction does not depend on the validity of the local
density approximation (LDA) or a harmonic approxima-

tion for the trapping potential [12,21,22] and assumes only
cylindrical symmetry of the trap. The two transverse trap
frequencies are equal to better than 2% [15]. A 1D profile
obtained by integrating ~nd along the axial direction
[Fig. 3(d)] shows a flattop distribution, which is the ex-
pected outcome for a shell structure with an empty inner
region in a harmonic trap and assuming LDA.

The presence of a core region with equal densities for
the two components was correlated with the presence of a
pair condensate. The density difference at the center nd0
along with the condensate fraction is shown as a function
of the imbalance ! in Fig. 4. As shown, there is a critical
imbalance !c where superfluidity breaks down due to large
imbalance [5,7]. In the superfluid region, i.e., !< !c, nd0
vanishes, and for !> !c, nd0 rapidly increases with a
sudden jump around ! # !c. We observe a similar behav-
ior throughout the strongly interacting regime near the
Feshbach resonance, $0:4< 1=kFa < 0:6. This observa-
tion clearly demonstrates that for this range of interactions
a paired superfluid is spatially separated from a normal
component of unequal densities.

The shell structure is characterized by the radius of the
majority component, the radial position Rp of the peak in
nd! ~r", the size Rc of the region where nd is depleted, and
the ‘‘visibility’’ " of the core region (Fig. 5). The sudden
drop of " around ! # !c results from the sudden jump of
nd0. The comparison between Rp and Rc shows that the
boundary layer between the superfluid and the normal
region is rather thin. It has been suggested that the detailed
shape of profiles in the intermediate region could be used
to identify exotic states such as the Fulde-Ferrell-Larkin-
Ovchinnikov state [23–25]. This will be a subject of future
research.

FIG. 2. In situ direct imaging of trapped Fermi gases for
various population imbalance !. The integrated 2D distributions
of the density difference ~nd!x; z" %

R
nd!~r"dy were measured

using phase-contrast imaging at B & 834 G for total atom num-
ber Nt # 1' 107. For ! ( 75%, a distinctive core was observed
showing the shell structure of the cloud. The field of view for
each image is 160 #m' 800 #m. The three leftmost images are
displayed with different contrast levels for clarity. The image
with ! & 5!3"% was taken for Nt # 1:7' 107.

FIG. 3. Reconstruction of 3D distributions from their inte-
grated 2D distributions. (a) An integrated 2D distribution ~nd
with ! & 58% at B & 834 G. (b) A less noisy distribution was
obtained by averaging four quadrants with respect to the central
dashed lines in (a). (d) The 1D profile obtained by integrating the
averaged distribution along the z direction shows the ‘‘flattop’’
feature. (c) The 2D cut nd!x; y & 0; z" of the 3D distribution
nd!~r" was reconstructed by applying the inverse Abel trans-
formation to (b). (e) The radial profile of the central section of
the reconstructed 3D distribution in the xy plane. The dashed
lines in (d) and (e) are fits to the profiles’ wings using a TF
distribution.

FIG. 1. Phase-contrast imaging of the density difference of
two spin states. (a) The probe beam is tuned to the red for the
j1i ! jei transition and to the blue for the j2i ! jei transition.
The resulting optical signal in the phase-contrast image is
proportional to the density difference nd % n1 $ n2, where n1
and n2 are the densities of the states j1i and j2i, respectively.
(b) Phase-contrast images of trapped atomic clouds in state j1i
(left) and state j2i (right) and of an equal mixture of the two
states (middle).
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agrees with LDA

LDA breaks down

We want to go beyond local density approximation.

We want to go beyond just mean-field theory.

What would happen in optical lattices?

µ�
σ(r) = µσ − V (r)

Local Density Approximation (LDA)

We want to see things in 
strongly interacting regime.

We need to deal with 
anisotropic traps explicitly.

Dynamical mean-field theory



H = −J
�

�ij�

sisj + h
�

i

si

Dynamical mean field theory: the basic idea

Quantum analog of Weiss Mean Field Theory

Ising model

�s� so

�s�

�s�

�s�

Heff ≡ heffso = (zJ�s�+ h)so

Eeff = ±(zJ�s�+ h)

�s� = tanh(βzJ�s�+ βh)

self-consistency condition



H = −J
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sisj + h
�

i
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Dynamical mean field theory: the basic idea

Ising model

�s� = tanh(βzJ�s�+ βh)

Heff ≡ heffso = (zJ�s�+ h)so

�s� so

�s�

�s�

�s�

self-consistency condition

H = −
�

�ij�σ

tij(c
†
iσcjσ + h.c.) + U

�

i

ni↑ni↓

Hubbard model

Seff =−
� β

0
dτ

� β

0
dτ �

�

σ

c†oσ(τ)G
−1
0 (τ − τ �)coσ(τ

�)

+ U

� β

0
dτ no↑(τ)no↓(τ)

o

effective bath

-> Anderson impurity model

Weiss MF

Quantum analog of Weiss Mean Field Theory

G0(iωn)
−1 = iωn + µ+G(iωn)

−1 −R[G(iωn)]

Review: RMP 68, 13 (1996).



Dynamical mean field theory: the basic idea

Quantum analog of Weiss Mean Field Theory

But, there are similarities and differences.

Basic idea: It neglects (some) fluctuations.

(Unfortunate) Similarities

Limitation: It is exact only in the infinite dimension.

Differences

The impurity model is still a nontrivial quantum problem.

where “dynamic” in DMFT comes from. 

DMFT still has full local quantum fluctuations.



G(k, iωn) =
1

iωn + µ− �k − Σ(k, iωn)

Σ(iωn) = G −1
0 (iωn)−G−1(iωn)

G(iωn) =
�

k

G(k, iωn)

Seff

DMFT in practice

o

effective bath

It works as an approximation in D<!.

homogeneous lattice system

local

Dyson equation

Solve an impurity problem !

No k-dependence in SELF ENERGY!

Weiss mean-field
Exact Diagonalization

Quantum Monte Carlo
Numerical 
Renormalization Group

...

non-interacting



Our problem setup with DMFT

Superfluidity of polarized Fermi gases in optical lattices

with harmonic trapping potentials. 

Broken symmetry phase:
Spin-dependent formulationanomalous Green’s function

Go beyond LDA: “Real-space” DMFT

Self-energy is local but site-dependent.



Ψ† ≡ (c†↑, c↓)

�G −1
0 = [ �Gii]

−1 − �Σi

H = −t
�

�ij�σ

c†iσcjσ −
�

iσ

[µσ − V (ri)]ni + U
�

i

ni↑ni↓

Real-space DMFT for polarized superfluid phase

Nambu formalism

G̃−1
ij (iωn) = iωnI+

�
µ↑ − V (ri) 0

0 −µ↓ + V (ri)

�
δij −

�
−tij 0
0 tij

�
− Σ̃i(iωn)δij

Lattice Green’s Function

Attractive Hubbard Model with trapping potentials

site-dependent self-energy : approx.Dyson Equation (local)

Weiss mean-field:
(matrix propagator)

G → G̃ =

�
G↑ F
F G↓

�
G0 → G̃0

Σ → Σ̃



Seff = −
� β

0
dτ

� β

0
dτ �Ψ†(τ) �G −1

0 (τ − τ �)Ψ(τ �) + U

� β

0
dτn↑(τ)n↓(τ)

Real-space DMFT for polarized superfluid phase

Generalized Anderson Impurity Model

o

effective bath superconducting bath

Converting into the impurity problem

HAIM =
�

pσ

�pσc
†
pσcpσ +

�

pσ

Vpσ(d
†
σcpσ + h.c.)

+
�

p

∆p(c
†
p↑c

†
p↓ + h.c.)

−
�

σ

[µσ − Vtrap(�r)]ndσ + Und↑nd↓

∞

�1

�2

�3
�p

VpV1

V2

V3

.. . . . ..

matrix propagator



Σ̃ii

Flow chart

G̃−1
ij (iωn) = iωnI+

�
µ↑ − V (ri) 0

0 −µ↓ + V (ri)

�
δij −

�
−tij 0
0 tij

�
− Σ̃i(iωn)δij

HAIM =
�

pσ

�pσc
†
pσcpσ +

�

pσ

Vpσ(d
†
σcpσ + h.c.)

+
�

p

∆p(c
†
p↑c

†
p↓ + h.c.)

−
�

σ

[µσ − Vtrap(�r)]ndσ + Und↑nd↓

1. Lattice Green’s Function

2. Weiss Mean-Field (local Dyson eq.)

0. Initial guess for self-energy

3. Solve the impurity problem

�G −1
0 = [ �Gii]

−1 − �Σi

4. Iterate

: matrix inversion

: looks trivial

: but how to parametrize?
, and how to solve it?

1

2

3



G0(iw)

Impurity problem

Exact Diagonalization

Quantum Monte Carlo

Numerical Renormalization Group

HAIM =
�

pσ

�pσc
†
pσcpσ +

�

pσ

Vpσ(d
†
σcpσ + h.c.)

+
�

p

∆p(c
†
p↑c

†
p↓ + h.c.)

−
�

σ

[µσ − Vtrap(�r)]ndσ + Und↑nd↓

depends on the method details.

Choose a tool to solve it with first.

considering a finite number of bath orbitals:
p=1, ... ,ns

logarithmic discretization of spectrum

sampling a real-time Green’s function directly.

But, all has pros and cons.

etc,.

o



�ns−1

Vns−1

H
(ns)
AIM =

ns−1�

p=1,σ

�pσc
†
pσcpσ +

ns−1�

p=1,σ

Vpσ(d
†
σcpσ + h.c.)

+
ns−1�

p=1

∆p(c
†
p↑c

†
p↓ + h.c.)

−
�

σ

[µσ − Vtrap(�r)]ndσ + Und↑nd↓

�G0(iwn)

�

n

| �G −1
0 (iwn)− �G −1

0,ns
(iwn)|2

{�, V,∆}
�G0,ns(iwn)

Exact Diagonalization : parametrization

�1

�2

�3

V1

V2

V3

Weiss mean-field 
from Glatt

Minimize

: 5(ns-1) variables

Main source of an error.

multidimensional minimization: BFGS or CG.
- uncontrollable, depends on many factors.

range of matsubara frequencies and spacing

initial starting point
input Weiss mean-field



Σ̃ii

Initial guess:

Flow-chart: DMFT+ED

G̃−1
ij (iωn) = iωnI+

�
µ↑ − V (ri) 0

0 −µ↓ + V (ri)

�
δij −

�
−tij 0
0 tij

�
− Σ̃i(iωn)δij

Exact Diagonalization

H
(ns)
AIM =

ns−1�

p=1,σ

�pσc
†
pσcpσ +

ns−1�

p=1,σ

Vpσ(d
†
σcpσ + h.c.)

+
ns−1�

p=1

∆p(c
†
p↑c

†
p↓ + h.c.)

−
�

σ

[µσ − Vtrap(�r)]ndσ + Und↑nd↓

�G0,ns(iwn)

1.

2.

3.

4.

{�, V,∆}

�

n

| �G −1
0 (iwn)− �G −1

0,ns
(iwn)|2Minimize

�G0(iwn)



Vtrap(x, y, z) =
1

2
w2

0(x
2 + y2 + α−2z2)

α =
w0

wz
z

α = 1.0, 2.5, 5.0, 7.5, 10.0

System setup

 Trapping potential

Trap aspect ratio:

We have

Total particle number : 210 (roughly) - chemical potentials are controlled.

System size: α=1.0 α=2.5 α=5.0 α=7.5 α=10.0
24x24x24 16x16x40 14x14x70 14x14x80 14x14x100

364 ineqv. 720 980 1120 1400

# of matsubara frequencies = 1000

# of cpu cores used: 128 (takes ∼100 iterations to get converged.) 

U = −7.91576
(unitarity)

Interaction



n↑

n↓

∆

x

z

wxy/wz = 7.5

N ∼ 210

U = −7.91576

3-Dimensional optical lattices with traps
14x14x80 Lattices

Aspect ratio:

(unitarity)

# of atoms:

Interaction:

P =
N↑ −N↓
N↑ +N↓

P=0
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∅

P=0.8
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Pcenter =
n↑,center − n↓,center
n↑,center + n↓,center

Transition behavior : polarization at center

The superfluid requires equal central densities in the
strongly interacting regime at our coldest temperatures.
A normal imbalanced Fermi mixture will have unequal
densities. Thus, one should expect that a visible change
in the density difference occurs as the temperature is
lowered across the normal-to-superfluid phase transition
[7,9]. In situ phase-contrast images of a cloud at various
temperatures are shown in Fig. 6. The temperature T of the
cloud is controlled with the final value of the trap depth in
the evaporation process. The shell structure appears and
becomes prominent when T decreases below a certain
critical value. This shell structure gives rise to the bimodal
density profile of the minority component that we observed
after expansion from the trap in our recent work [7]. Here
we show via in situ measurements that the onset of super-
fluidity is accompanied by a pronounced change in the
spatial density difference.

The phase transition is characterized in Fig. 7. As T is
lowered, nd0 gradually decreases from its plateau value and
the condensate fraction starts to increase. From the point of

condensation (condensate fraction >1%) and deformation
of the minority clouds [!2 in Fig. 7(b)], we determine the
critical temperature Tc ! 0:13"2#TF for the imbalance of
" ! 56"3#%. TF ! 1:7 #K is the Fermi temperature of a
noninteracting equal mixture with the same total atom
number. The rise in !2, the drop in nd0, and the onset of

Population Imbalance
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FIG. 5 (color online). Characterization of the shell structure.
(a) Reconstructed 3D radial profiles at B ! 834 G. (b) Radius of
the majority component R (black circles), peak position of the
density difference Rp (red circles), and radius of the empty core
Rc (blue triangles) as a function of population imbalance ". R
was determined from the profiles’ wings using a fit to a zero-
temperature TF distribution. The solid line indicates the TF
radius of the majority component in an ideal noninteracting
case. R at " ! 0 (open circle) was measured from an image
taken with a probe frequency preferentially tuned to one com-
ponent. Rc is defined as the position of the half-peak value in the
empty core region for "< "c. (c) Visibility of the core region is
defined as $ $ "nd"Rp# % nd0#="nd"Rp# & nd0#. For low ",
nd"Rp# is small, and small fluctuations of nd0 around zero lead
to large fluctuations in $.

FIG. 6. Emergence of phase separation in an imbalanced Fermi
gas. The temperature of the cloud was controlled by varying the
final value of the trap depth Uf in the evaporation process.
Phase-contrast images were taken after adiabatically ramping
the trap depth up to kB ' 3:7 #K (fr ! 192 Hz). The whole
evaporation and imaging process was performed at B ! 834 G
(Nt ( 1:7' 107, " ( 56%). The field of view for each image is
160 #m' 940 #m. The vertical and the horizontal scale of the
images differ by a factor of 1.5.
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FIG. 4 (color online). Phase separation in a strongly interact-
ing Fermi gas. Normalized central density difference % (black
circles) and condensate fraction (red triangles) as functions of
imbalance " for various interaction strengths at our lowest
temperatures (T & 0:06TF). % $ nd0=n0, where nd0 was mea-
sured as the average over the central region of 7 #m' 40 #m
in a 2D cut of the 3D distribution [Fig. 3(c)] and n0 ! 3:3'
1012 cm%3 is the calculated central density of a fully polarized
Fermi gas with Nt ! 1' 107. The condensate fraction was
determined from the minority component (see the text). The
solid line is a fit for the condensate fraction to a threshold
function / "1% j"="cjn#. The critical imbalances "c indicated
by the vertical dashed lines were 96% (exponent n ! 21), 77%
(n ! 3:1), and 51% (n ! 3:4) for B ! 780 G, B ! 834 G, and
B ! 884 G, respectively.
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Our DMFT results

Center polarization increases continuously.
No qualitative difference between different aspect ratios.
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Transition behavior : order parameters
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The superfluid requires equal central densities in the
strongly interacting regime at our coldest temperatures.
A normal imbalanced Fermi mixture will have unequal
densities. Thus, one should expect that a visible change
in the density difference occurs as the temperature is
lowered across the normal-to-superfluid phase transition
[7,9]. In situ phase-contrast images of a cloud at various
temperatures are shown in Fig. 6. The temperature T of the
cloud is controlled with the final value of the trap depth in
the evaporation process. The shell structure appears and
becomes prominent when T decreases below a certain
critical value. This shell structure gives rise to the bimodal
density profile of the minority component that we observed
after expansion from the trap in our recent work [7]. Here
we show via in situ measurements that the onset of super-
fluidity is accompanied by a pronounced change in the
spatial density difference.

The phase transition is characterized in Fig. 7. As T is
lowered, nd0 gradually decreases from its plateau value and
the condensate fraction starts to increase. From the point of

condensation (condensate fraction >1%) and deformation
of the minority clouds [!2 in Fig. 7(b)], we determine the
critical temperature Tc ! 0:13"2#TF for the imbalance of
" ! 56"3#%. TF ! 1:7 #K is the Fermi temperature of a
noninteracting equal mixture with the same total atom
number. The rise in !2, the drop in nd0, and the onset of
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FIG. 5 (color online). Characterization of the shell structure.
(a) Reconstructed 3D radial profiles at B ! 834 G. (b) Radius of
the majority component R (black circles), peak position of the
density difference Rp (red circles), and radius of the empty core
Rc (blue triangles) as a function of population imbalance ". R
was determined from the profiles’ wings using a fit to a zero-
temperature TF distribution. The solid line indicates the TF
radius of the majority component in an ideal noninteracting
case. R at " ! 0 (open circle) was measured from an image
taken with a probe frequency preferentially tuned to one com-
ponent. Rc is defined as the position of the half-peak value in the
empty core region for "< "c. (c) Visibility of the core region is
defined as $ $ "nd"Rp# % nd0#="nd"Rp# & nd0#. For low ",
nd"Rp# is small, and small fluctuations of nd0 around zero lead
to large fluctuations in $.

FIG. 6. Emergence of phase separation in an imbalanced Fermi
gas. The temperature of the cloud was controlled by varying the
final value of the trap depth Uf in the evaporation process.
Phase-contrast images were taken after adiabatically ramping
the trap depth up to kB ' 3:7 #K (fr ! 192 Hz). The whole
evaporation and imaging process was performed at B ! 834 G
(Nt ( 1:7' 107, " ( 56%). The field of view for each image is
160 #m' 940 #m. The vertical and the horizontal scale of the
images differ by a factor of 1.5.

N
orm

alized C
entral D

ensity D
ifference

C
on

de
ns

at
e 

F
ra

ct
io

n

B = 884 G
(1/kFa = -0.36)

B = 834 G
(1/kFa = 0)

B = 780 G
(1/kFa = 0.59)

0.0

0.25

0.5

0

0.5

1

0.0

0.25

0.5

0

0.5

1

0.0

0.25

0.5

1.00.80.60.40.20.0

0

0.5

1

Population Imbalance

FIG. 4 (color online). Phase separation in a strongly interact-
ing Fermi gas. Normalized central density difference % (black
circles) and condensate fraction (red triangles) as functions of
imbalance " for various interaction strengths at our lowest
temperatures (T & 0:06TF). % $ nd0=n0, where nd0 was mea-
sured as the average over the central region of 7 #m' 40 #m
in a 2D cut of the 3D distribution [Fig. 3(c)] and n0 ! 3:3'
1012 cm%3 is the calculated central density of a fully polarized
Fermi gas with Nt ! 1' 107. The condensate fraction was
determined from the minority component (see the text). The
solid line is a fit for the condensate fraction to a threshold
function / "1% j"="cjn#. The critical imbalances "c indicated
by the vertical dashed lines were 96% (exponent n ! 21), 77%
(n ! 3:1), and 51% (n ! 3:4) for B ! 780 G, B ! 834 G, and
B ! 884 G, respectively.
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Transition near 0.8!
cf. Theory (gas, LDA) : 
PC=0.77



x =
n↓
n↑

xc = 0.44

Transition : critical density ratio?
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Density Ratio:

QMC with homogenous gases

:normal state is 
unstable above xc.

Our DMFT: around 0.4
(at trap center)

Lobo, et. al., PRL 97, 200403 (2006). 
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Axial density profiles
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FFLO-like order parameter oscillations vs. polarization
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FFLO-like order parameter oscillations vs. trap anisotropy

Heavy oscillations are found only at large aspect ratios.
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Pc ∼ 0.8

36

Summary

We have implemented a real-space dynamic mean-field 
theory with  the exact diagonalization technique.

We have studied polarized fermi gases on optical lattices 
with anisotropic traps using this DMFT+ED.

We have found -

in all trap aspect ratios tested.

Partially polarized SF core at intermediate polarizations.

FFLO-type order parameter oscillations 
near transition point in larger aspect ratios.


