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Outline

 Can BEC occur in a solid? 

 A brief history of ―supersolids‖

 How would we know?

 Some curious experimental results

 Torsional oscillator

 Shear modulus anomalies

 Specific heat

 Supersolidity – or quantum metallurgy? The 
role of dislocations and other defects. 
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Superfluidity in 4He

 Discovered in 1937 by 
Kapitsa, and by Allen 
& Misener.

 Properties:

 Zero viscosity-flow 
through narrow pores

 Fountain effect

 Creep along (up) 
surfaces

 Second sound 
(―thermal waves‖)

 Related to BEC (but 
strong interactions!)
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BEC in dilute atomic gases

 Discovered in 1995 by 
Wieman & Cornell (87Rb) 
and Ketterle (23Na).

 Temperature of 170 nK!

 Weak interactions 
(unlike 4He). 

 Fermionic condensates 
also possible—40K in a 
magnetic field (D. Jin, 
2003).  
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Can BEC occur in a solid?

 BEC occurs in the gas and liquid phases; 
can it also occur in a solid? 

 Can off-diagonal long range order (Bose 
condensation) coexist simultaneously with 
shear rigidity (a solid)? 

 No: BEC requires extended wavefunctions, 
solids have localized wavefunctions. 

 Yes: why not?

 What do the theorists say? Are 
―supersolids‖ possible?
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Penrose & Onsager (1956): no
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Chester (1970): well, maybe
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Vacancies and interstitials

 Local density changes 
arise from either lattice 
fluctuations (with a 
displacement field u) or 
vacancies and interstitials. 

 In classical solids the 
density of vacancies is 
small at low temperatures.

 Does 4He have zero point 
vacancies?     
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Supersolidity in JastrowniumTM

 Jastrow variational wavefunction for N bosons:

 Probability distribution is identical to the 
classical Gibbs distribution for N particles 
interacting through a potential V(rij)=Teff u(rij)

 Expect a solid phase for some sufficiently low 
Teff , with a defect density of 

 Proof of principle: Jastrownium can have both 
ODLRO and crystalline order. What about 4He?

 Andreev and Lifshitz (1969): defects Bose 
condense, producing a condensate that lives 
within the solid phase. 
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Andreev & Lifshitz: here’s one way
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Leggett (1970): look for NCRI!
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That’s entertainment!
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Phase diagram of 4He

 Solid 4He is soft: shear 
modulus of 20 MPa (Al is 
26 GPa, butter is 5 MPa). 

 Solid 4He is light:density 
of 0.2 g/cm3 (like cork or 
balsa wood).

 qDebye =25 K. 

 de Boer parameter

Solid Ar has L=0.019. 
Quantum effects are 
important. http://ltl.tkk.fi/research/theory/helium.html

 a=3.53 A, c=5.93 A (at 
2 K, 26 atm).

 c/a=1.68 [ideal HCP has 
c/a=p(8/3)=1.632]. 

 1 atm=1.013£105 Pa

Lambda transition
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Penn State experiments


4He in vycor glass: Nature 427, 225 (2004). 

 Bulk 4He: Science 305, 1941 (2004). 

 Now reproduced by several groups: PSU, Cornell, 
Rutgers, Keio, Tokyo, Seoul, … 

(New York Times, 21 September 2004)
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Data from PSU (Science 2004)

 Pressures from 26 to 66 bars. 

 Amplitude of about 1 nm, maximum 
velocities of about 10 m m/s.

 Frequency: 1 kHz (period of 106 ns). 
Period shifts of order 40 ns. Q of 
order 106.

 Barrier inserted: no effect. 
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Effects of 3He impurities
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Shear stiffening
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 Day and Beamish (Nature 
2007): shear modulus 
increases by 10-20% at low 
temperature

 Onset temperature of 
stiffening for pure samples 
at 80 mK, similar to 
torsional oscillator.

 Shape of stiffening similar 
to period shift. 

 Sensitive to 3He impurities.

 See ATD and DA Huse
(Nature 2007).
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Summary so far…

 Effect observed by several 
different groups.

 Sample preparation is 
important: annealing reduces 
effect (Rittner & Reppy).  

 Small quantities of 3He affect 
the magnitude of NCRI.

 No pressure driven flow (Day 
& Beamish), but chemical 
potential driven flow (Ray and 
Hallock)?

 Mechanical changes with 
reduced temperature: shear 
stiffening. 

 Monte Carlo: perfect crystal is 
insulating. Vacancy creation 
energy about 13K. 

 Are the mechanical changes 
and NCRI related? 

 What is the role of defects—
dislocations or grain 
boundaries?

 Why is 3He important?

 What is the origin of the low 
critical velocity?

 For non-superfluid 
explanations, what about 
the c-shaped sample cells? 
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Torsional oscillator: rigid body

 Equation of motion for a rigid solid:

 Resonant period:

 What happens if the solid 4He 

is not rigid?
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 Equation of motion for a TO containing an 
elastic solid [Nussinov et al. (2007)]:

 Back action: moment that the solid 4He exerts 
on the walls of the cell (linear response):

 Oscillator response function:

 The complex poles of the response function 
determine the resonant frequency and 

dissipation of the system.

Torsional oscillator: elastic solid
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 All of the information about the solid 4He is 
contained in       . It has the following 

properties:

 analytic in upper half frequency plane;

 real and imaginary parts obey Kramers-Kronig
relations;

 low frequency behavior must be a rigid solid:

 To calculate        we need to solve the equation 
of motion for an elastic solid:

 Hooke’s Law (nonlocal in time):

Elastic response of the solid
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Viscoelasticity

 Isotropic elasticity:

 Shear motion of an elastic solid: 

 Navier-Stokes for a viscous fluid:

 Combining (in ―parallel‖):

 Kelvin-Voigt model (internal friction):

m
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 Cylindrical geometry, no slip boundary 
conditions (assume long cylinder):

 Equation of motion: 

 Solution:

 Shear stress exerted by the solid on the cell:

Boundary value problem
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Properties of results

 TO is a probe of the shear modulus. The period 
shift and the dissipation are related!

 Corrections vanish for a rigid solid.

 The peak value of D Q-1 is independent of t :  

 At the peak,

 For no dissipation,  changing the shear modulus 
changes the period (inertial overshoot):
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Data fits (Yoo & ATD, PRB 2009)

 Dissipation peak identifies long relaxation time on the order of 
1ms t=t0 exp(E0/T) . Dislocations? 

 Model seems to only account for 10% of the period shift. 
Suitable distributions of relaxation times allow a fit of both the 
period shift and dissipation peak (Su et al., PRL 2010).  

 Can dislocations be superfluid?
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Landau theory for a superfluid

 Symmetry of order parameter 

 Broken U(1) symmetry for T<Tc. 

 Coarse-grained free energy:

 Average over configurations:

 Fluctuations shift T0! TC, produce 
singularities as a function of the 
reduced temperature t=|(T-Tc)/Tc| .

 Universal exponents and amplitude 
ratios. 
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Coupling superfluidity & elasticity

 ATD, Goldbart & Toner (PRL 2006): Landau 
model with coupling between superfluidity and 
elasticity (strain dependent Tc):

 Predictions

 XY anomaly in specific heat (lambda transition)

 Anomalies in elastic constants; shows up as a dip in 
the sound speed at the transition:
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Supersolidity from dislocations?

 Dislocations: topological defects in a 
crystal (a string). Orowan, Polanyi 
and Taylor (1934) proposed that 
plastic deformation of solids can be 
described by dislocations. 

 Dislocations can promote 
superfluidity.  Recall model:

 Quenched dislocations produce large, 
long-ranged strains. For an edge 
dislocation (isotropic elasticity)

 Even if t0>0 (PIMC), can have t<0 
near the dislocation! Solve linearized
Landau equation.

Edge dislocation

Screw dislocation
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Details: 2d quantum dipole

Schrodinger equation for edge 

dislocation:

 Numerical methods (see K. Dasbiswas et al., 
PRB 2010)

 What about screw dislocations? Need nonlinear 
strains,                . See recent Corboz et al., 
PRL 2008; binding energy                   .
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Reduction to a 1D model 

 Integrate out gapped transverse 
degrees of freedom in time-dependent 
Landau theory

 Threshold Ansatz:

 Amplitude equation:

NORDITA  August 2010
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Network model 

 1D superfluid order along a single 
dislocation, can overlap with 
neighboring dislocations

 Network of dislocations in solid 4He 
bulk superfluid order (Shevchenko 
1988, Toner 2008)

NORDITA  August 2010
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Derivation of the network model

NORDITA  August 2010

 Superfluid coupling between sites i, j

 Integrate over fluctuations along 1D 

 Effective coupling between neighboring 
sites obtained from a  ―propagator‖:

 Effective XY model:

 Exponential dependence of coupling on 
separation between nodes. 
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Where were we…

 A dislocation in a Bose solid may have a 
superfluid core (Landau theory, PIMC). 

 Dislocation motion leads to shear 
softening, dislocation pinning to 
stiffening. 

 Dislocations bind solute atoms (e.g., 3He 
impurities)—could lead to specific heat 
anomalies. 

 Perhaps the NCRI and shear stiffening 
are correlated—superfluid dislocations?
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Summary

 New experiments have revealed a novel 
phenomena in solid 4He that is likely 
connected to the superfluid behavior of 
extended defects (low dimensional 
superfluidity). 

 This superfluidity is coupled to changes 
in the elastic properties, due to defect 
motion. Impurities can pin the defects 
and enhance the superfluid response.

 Dislocation motion + BEC = ―quantum 
metallurgy‖?
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The three amigos

Debajit, Kinjal and Chi-Deuk
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Torsional oscillator: rigid body

 Equation of motion for a rigid solid:

 Resonant period:

 What happens if the solid 4He 

is not rigid?
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Specific heat near the l transition

Lipa et al., Phys. Rev. B (2003).

 The singular part of the specific heat is a 
correlation function:

 For the l transition, a= -0.0127.

Barmatz & Rudnick, Phys. Rev. (1968)
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Specific heat I

J.A. Lipa et al., 
Phys. Rev. B 68, 174518 (2003).

High resolution specific heat 
measurements of the lambda
transition in zero gravity. 

Specific heat near the putative 
supersolid transition in solid 4He.

Lin, Clark, and Chan, 
Nature (2007)
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An alternative: lattice gas model

 Edge dislocations in 4He provide 
an attractive potential for 3He 
impurities. 

 Bound 3He impurities ―evaporate‖ 
from the dislocations, increasing 
entropy and producing a bump in 
the specific heat.

 Divide the impurities into bound 
and free; two systems are in 
chemical equilibrium. 

 Treat both  systems classically.

 See T. N. Antsygina et al., Low 
Temp. Phys. 21, 453 (1995). 
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 Hydrostatic pressure due to an 
edge dislocation (continuum 
theory):

 Effective potential due to a 
volume defect       (Cottrell 
―atmosphere‖):

 Breaks down in the core due to 
diverging strains; need a cut off. 
The cut off will reduce the 
binding energy. 

Binding of 3He to dislocations
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Specific heat II: some details

 N 3He impurities, M defect sites that bind the 
impurities with energy e . 

 The defect sites have 0 or 1 3He impurities (two 
level system). Ignore correlations among sites 
and quantum statistics. 

 Assume particles that have evaporated form a 
noninteracting gas.

 Equate chemical potentials of the gas and the 
adsorbed particles:
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Properties

 Calculate the molar specific heat at constant N; 
complicated expression. Roughly, there is a 
background piece (from the gas particles) and a 
bump (Schottky anomaly) from the adsorbates.

 Two limits:

 N>M (―saturated‖ case): size of the bump 
scales as M. 

 N<M (―unsaturated‖ case): size of bump 
scales with N. 

 Peak appears at a temperature T* such that  

.  The peak position depends on the 
3He concentration (weakly). 
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Sample comparison with data

Lin et al., Nature 449, 1025 (2007)
ε=0.6K ; defect site concentration= 0.3 
ppm
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Hydrodynamics I: simple fluid

 Conservation laws and broken symmetries lead to long-lived 
―hydrodynamic‖ modes (lifetime diverges at long wavelengths). 

 Simple fluid: 

 Conserved quantities are r, gi, e. 

 No broken symmetries.

 5 conserved densities) 5 hydrodynamic modes. 

 2 transverse momentum diffusion modes

.  

 1 longitudinal thermal diffusion mode 

.

 2 longitudinal sound modes                   . 
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Light scattering from a simple fluid

 Intensity of scattered light:

 Longitudinal modes couple to density fluctuations.
 Sound produces the Brillouin peaks.

 Thermal diffusion produces the Rayleigh peak (coupling of 
thermal fluctuations to the density through thermal 
expansion). 

Rayleigh peak (thermal diffusion)

P. A. Fleury and J. P. Boon, Phys. Rev. 186, 244 (1969)

Brillouin peak (adiabatic sound)
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Hydrodynamics II: superfluid

 Conserved densities r, gi, e . 

 Broken U(1) gauge symmetry

 Another equation of motion:

 6 hydrodynamic modes: 

 2 transverse momentum diffusion modes. 

 2 longitudinal (first) sound modes. 

 2 longitudinal second sound modes. 

 Central Rayleigh peak splits into two new Brillouin 
peaks. 
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Light scattering in a superfluid

Winterling, Holmes & Greytak PRL 1973 Tarvin, Vidal & Greytak 1977
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Solid ―hydrodynamics‖ 

 Conserved quantities: r, gi, e . 

 Broken translation symmetry: ui, i=1,2,3

 Mode counting: 5 conserved densities and 3 
broken symmetry variables) 8 
hydrodynamic modes. For an isotropic solid 
(two Lame constants l and m):

 2 pairs of transverse sound modes (4),

 1 pair of longitudinal sound modes (2),

 1 thermal diffusion mode (1).

 What’s missing? Martin, Parodi, and 
Pershan (1972): diffusion of vacancies and 
interstitials. 



Supersolidity or Quantum Metallurgy? NORDITA  August 2010

Supersolid hydrodynamics

 Conserved quantities: r, gi, e

 Broken symmetries: ui, gauge symmetry. 

 Mode counting: 5 conserved densities and 4 
broken symmetry variables) 9 hydrodynamic 

modes. 

 2 pairs of transverse sound modes (4). 

 1 pair of longitudinal sound modes (2). 

 1 pair of longitudinal ―fourth sound‖ modes (2). 

 1 longitudinal thermal diffusion mode. 

 Use Andreev & Lifshitz hydrodynamics to derive 
the structure function (isothermal, isotropic 
solid). New Brillouin peaks below Tc. 
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Structure function for supersolid

Second sound

First sound
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Supersolid Lagrangian

 Lagrangian

 Reversible dynamics for the phase and lattice displacement 
fields

 Lagrangian coordinates Ri, Eulerian coordinates xi, 
deformation tensor 

 Respect symmetries (conservation laws): rotational 
symmetry, Galilean invariance, gauge symmetry.

 Reproduces Andreev-Lifshitz hydrodynamics. Agrees with recent 
work by Son (2005) [disagrees with Josserand (2007), Ye 
(2007)]. 

 Good starting point for studying vortex dynamics in supersolids 
(Yoo and Dorsey, unpublished). Question: do vortices in 
supersolids behave differently than in superfluids?
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 We start from the Lagrangian density of 
non-dissipative Andreev and Lifshitz
hydrodynamics (Yoo & ATD, PRB 2010)

 For simplicity, consider 2-dim isotropic 
supersolids

 Expand up to quadratic order and integrate 
out the density fluctuations

Effective Euclidean Action I

NORDITA  August 2010
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 Incorporate vortices and edge dislocations

 Integrate out the degrees of freedom from 
the superfluid     and the lattice

Effective Euclidean Action II

NORDITA  August 2010
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Vortex Dynamics I

 Action for vortices:

 Similarly, action for edge dislocations

NORDITA  August 2010
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Vortex Dynamics II

 For small frequencies

 Similarly, for dislocations

NORDITA  August 2010
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Summary

 Dissipation peak in the TO response is well 
described by a simple viscoelastic model. A 
long time scale is identified, probably from 
dislocation physics. 

 The viscoelastic model only accounts for about 
10% period shift. Is the rest of the ―spectral 
weight‖ at zero frequency? Is there a superfluid 
response? 

 Specific heat feature appears to have a natural 
interpretation as a Schottky anomaly due to 
evaporation of 3He impurities from dislocations. 
Is the binding energy related to the Arrhenius 
behavior of the viscoelastic model?  
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Experiments (circa 1992)

Review: M. W. Meisel, Physica B 178, 121 (1992).
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Details

 Resonant period of oscillation is     

 Changes in the period can be due 
to either I or a. 

 Pressures ranged from 26 to 66 
bars. 

 Decoupling observed below 230 
mK. 

 Amplitude of about 1 nm, 
maximum velocities of about 10 m
m/s.

 Frequency: 1 kHz (period of 106

ns). Period shifts of order 40 ns. Q 
of order 106.

 Cell size: 10 mm OD, annulus 0.63 
mm width, 5 mm height. 

 Barrier inserted: no effect. 

 400 ppm of 3He quenches effect. 


