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Overview of unconventional superconductors
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7. Recent symmetry-based developments in superconductivity

Topics:

SO -

Special thanks to Manfred Sigrist for providing many powerpoint slides



Superconductivity

Field expulsion (1933)
Meissner-Ochsenfeld effect

0

[ temperature > Tc T< Tc

Electrical resistance (1911)

resistivity

e

Meissner effect not a consequence of perfect conductivity

Inside a perfect conductor: E=0 a B

—=VXxE =0
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Symmetry Breaking and Ginzburg-Landau theory

Phase transition with spontaneously broken symmetry : macroscopic wavefunction
=0 T>T, [‘P=‘P(7,T)=|‘P| eia}
0 T<T,

Order parameter. ¥ {

Free energy functional: F[\P] — j‘d%ﬂL’(T)‘\P‘z +b‘\P‘4J

uniform phase: a(T)=a'(T-T,) a',b>0

F1 mr1, D = a (T, —T) .
2b R4
/ " \
q > ‘
[ fixed phase T r

broken U(1) gauge symmetry

Magnetic fields: K‘B‘P‘z +$ (ﬁxﬁ)z Minimal coupling: D=V +i—A



Spin Singlet Cooper Pair and Energy Gap
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Y and A are proportional to each other
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Josephson Effect and Tunneling

Insulating barrier —

superconductor

superconductor

-

Ic is suppressed by a magnetic field in the junction:

normal electron

tunnehng
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Unconventional behavior in new superconductors
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The novel superconductors

Heavy Fermion superconductors:
CeCu,Si, Steglich etal. (1979)

U,.Th.Be,; Ottetal. (1983)
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normal
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UPt, Stewartetal. (1984)

magnetic field
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Mathur et al. (1998

10 Fermi liquid

temperature (K)

antiferromagnetic superconductivity
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The novel superconductors

High-temperature superconductors

Layered perovskite cooper-oxides
Muller & Bednorz (1986)

Laz_xs FXCUO4 7;=45K

Organic superconductors
Jerome, Bechtgard et al (1980)

(TMTSF),M (M=PF,, SbFg, ReO,,...) T~ 1K

(BEDT-TTF),M ... T,~ 10K

(TI'..i'ITTF)2
As FG PF‘5 Br

(TMTSF),
PF, ClO,
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The novel superconductors

Ferromagnetic superconductors:

UG92 Saxena et a. (2000)

Ln
(]

paramagnetism

1=
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temperature {K)
Lt
o]
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0 s 20 some similarities with
Pressure (kban high-T, superconductors,

L)
[

ZrZn, Pfleiderer et al. (2001) but T.=15K
c - .

Superconductivity within

the ferromagnetic phase spin-triplet superconductor



140

Y. Maeno, J.G. Bednorz et al. (1994)

de Haas-van Alphen

RuO, plane Bergemann et al. (2000)

Three metallic
electron bands

Two-dimensional

L Fermi liquid
Superconductivity

T.=15K



The novel superconductors - under extreme conditions
Iron under pressure Hydrated Na,CoQ,
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Layered structure: triangular

Superconductivity in a T ~5K
frustrated electron system ~ °©

Shimizu et al. Nature 412, 316 (2001)
Takada et al., Nature 422, 53 (2003)



The novel superconductors
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PuCoGay T =18K

Thompson et al. (Los Alamos)

Skutterudite

PrOs,Sb,, T.=18K
Bauer et al. PRB 65, R100506 (2002)
Multiple phases
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The novel superconductors - no inversion symmetry

No paramagnetic limiting Ferromagnetic quantum phase transition

" Ur ez | T=0.15 K
SRR Ul
10 Fve 1
Tsex 20 |
0 P, 2 P, 3
P (GPa)

Akazawa et al. J.Phys. Condens.
Matter 16, L29 (2004)

. | | Li,Pt,B Li,Pd;B

CePt,Si  ~08K
H,, exceeds drastically
the paramagnetic limit

WY,

Yuan et al.
PRL 97, 017006 (2006)

Bauer et al. PRL 92, 027003 (2004)

Interface superconductors (LaAlO3 on SrTiO3) Caviglia et al ; lonic liquid/ solid interface SC (ZrNCl) Ye et al



The novel superconductors — FeAs

LaOFeAs

BaFe2As2

a 1000

: : A
8OO~ LaFePQ i Pt
sample #1, Y ,._.
point 1 L
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Most materials likely to have +/- gap
Some materials appear to have nodes



Landau Theory and Group Theory




Basis of order parameters

order parameters belong to irreducible representations
of the normal state symmetry group

V(];): an . (];) {Wl (1;)% @)} basis set of irred. rep.

Landau:

transform according
Set up a free energy functional as a scalar function of 77, { to the representation

Fln,1= | @rad|n, + D b Tl T T T,

my,...my

Each representation has a different Tc!

invariant under all symmetry operations of rotations, time reversal and U(1)-gauge

a=a(T—T.), b,imomsms realconstant



Overview of Group Theory:

A group is a set of elements {a,b,c,..} with a
multiplication rule that assigns to each ordered pair
a,b of G, another element ab.

G1:a,b,cin G then a(bc)=(ab)c (composition)
G2: ae=ea=a (identity)
G3:aa'=a'a=e (inverse)



Specific example:

Superconductor with
tetragonal crystal structure
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Example of a tetragonal crystal with spin orbit coupling

Point group: D, 4 one-dim., 1 two-dim. representation

Character table for D,

r\lE ¢ 20, 20, 2

AL Al 1 1 1 1
Al 1 1 1 g
Bl 1 1 a1

D, contains inversion

== even and odd
representations E | 2 ) 0 0 0
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Ginzburg-Landau free energy functionals:

1-dimensional representations:

like

F[¥]=| dﬂa(T)\\Pf +b\\11\4] conventional SC

2-dimensional representations:

2 ‘2

1| |7y

. e 4 by, '
Flil=[dr|alif" +b|i'+= i+, 4



Possible homogeneous superconducting phases

Higher-dimensional order parameters are interesting: 7 = (%, )

Flil=|d’r

a\fﬂ +b|7f +2 {77,3772 IR b,

) 2
A

]y
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Degeneracy: 2

domain formation possible

phase | broken symmetry

A (1, 1) ORS
. (1 ,1 ) U(1), Dap, — Doy

C ( 1 R 0 ) U(1), Dy, — Doy,

K —— magnetism

D, — D, —— crystal deformation



Generalized BCS theory:
Microscopic calculation of symmetry

properties and gap functions
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Generalized formulation of the BCS mean field theory

BCS Hamiltonian:

— . . oAt - e
H= Zgﬁ:c Cka + 5 Z Z Ic,k’;awzaauﬂgmc—gﬂzc—k’ﬂack’ﬂd
k.

k F81,82,83,84

Mean field Hamiltonian:

-4 — — 1- * - — ]
mf - Z&-kck Cka Z [ ,-51-52 kﬂlc—kaﬂ+Ak,ﬂ]ﬂgckﬂlc_kﬂﬂ

k , 81,82

 n Z Z Vk k’,ﬂ1326354<ck31 _ﬁﬂg)(c—g"aacfﬁ"u)

-

k .i'ﬂl y32,83,84

Self-consistence gap: 2x2-matrix

equationS' &E’”' - _\Z VE,E";H"EEM (CE’BEC—E?M)
k',8384 A ( ™M A%Ti]
AL A
* . L t 1_
‘&-‘-ﬂ.,.ﬂ-'ﬁ"r - Z Vfﬁ’,k;alaga* (EE 5q ) kLT kdd

ot
k'pL82
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Structure of the gap function

&E,sa’ = = _'Z Vg k';s8' 5334((:&’536—?5‘54}
. . . k',
Gap function:  2x2 matrix in spin space e
_ o oo
ﬁ}:‘,sa’ - Z Vk",k;alsgs's(cgrﬂlc_ﬂrm)

nr
k'p1 82

Even parity spin singlet

A ﬂE,n‘ ﬂE*u)=( 'D_‘ "J"){E))=a T
A (ﬂE,n Azl —p{k) 0 k)

represented by scalar function W(E) = ;y(-l_{) even

Odd parity spin triplet

Ao _ [ —dlB)rid (k) ddR) N\ _.r7Ey. s
O G S P B CORL

represented by vector function ( )= -d(-k) odd




Classification of gap functions

_ ot 1 IR . o
Hmf _ ngci;'ﬂcka D _‘Z &k,machslc—gag +Ak,a1agckﬂ1c—kaz
k,s

k .81,82

NS |t

t A
Z Z VE,E’;Elﬂgﬂgﬂq, <EE31 E_En)(c—g’ﬂgcfﬁ"u)

E EJ‘ 4]1,82,83.84
1

For a symmetry g of H: Hmf — g+Hmfg

We know how the operators ¢ transform under g and thus can deduce how the gap function transforms
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Symmetry operations

Symmetries of normal phase: G= G, x G, x K x U1
A —A \N —A N f \

r . AN , .
orbital rotation spin rotation  time reversal  gauge

symmetry operation
: : + _ .t A : :
orbital rotation 2c P T C R ks Ro orbital rotation
spin rotation + + A 0.4
8¢ ZDss'C;gsv D=0/
¢
time reversal (antiunita o — i
( W) Kclgs - Z( ZO-Y)SS'C—ES'
U(1) gauge det =2t
ks ks

presence of strong spin-orbit coupling — spin and lattice rotation go together
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Symmetry operations

. G= G, x G, x K x U7
Symmetries of normal phase:

A
o \rJ \fJ N —

orbital rotation  spin rotation time reversal ~ gauge

Parity: w(E):w(— k) j(— E):— 5(12)

symmetry operation spin singlet spin triplet

orbital rotation g, (k)= w(R.K) g, d(k)= d(R,k)
spin rotation g, v(k)= v(k) g d(k)=R.d(k)
iy vE) | R iE

U(1) gauge P w@)z e"¢w(l€) @ d(k)=e“d(k)

presence of strong spin-orbit coupling ——  spin and lattice rotation go together

A

- AN =g o R,
Spin triplet pairing: gd@): de(ROk ) identical 3D rotations{ I/é

A)



Example of a tetragonal crystal with spin orbit coupling

Point group: D,

4 one-dim., 1 two-dim. representation

even (g) / odd (u) parity
B 49 i (k)
Ay, 1 a0 xk, + Yk,
AZ_CI kxky (kf - k;) A2U f}kx - .%ky
Big s By, xk, — 5\}ky
By, k.k, B,, vk, + Xk
E, Tk bk | E, | {ak}  {% 5k}
Conventional: Ay, Unconventional: everything else

only one representation is relevant for the superconducting phase transition
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Generalized BCS theory:
Microscopic calculation of the

Landau Energy
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Generalized formulation of the BCS mean field theory

BCS Hamiltonian:

— . . oAt - e
H= Zgﬁ:c Cka + 5 Z Z Ic,k’;awzaauﬂgmc—gﬂzc—k’ﬂack’ﬂd
k.

k F81,82,83,84

Mean field Hamiltonian:

-4 — — 1- * - — ]
mf - Z&-kck Cka Z [ ,-51-52 kﬂlc—kaﬂ+Ak,ﬂ]ﬂgckﬂlc_kﬂﬂ

k , 81,82

 n Z Z Vk k’,ﬂ1326354<ck31 _ﬁﬂg)(c—g"aacfﬁ"u)

-

k .i'ﬂl y32,83,84

Self-consistence gap: 2x2-matrix

equationS' &E’”' - _\Z VE,E";H"EEM (CE’BEC—E?M)
k',8384 A ( ™M A%Ti]
AL A
* . L t 1_
‘&-‘-ﬂ.,.ﬂ-'ﬁ"r - Z Vfﬁ’,k;alaga* (EE 5q ) kLT kdd

ot
k'pL82



Generalized BCS theory

a Bogolyubov transformation:
| o B 3 . (10
Mean field Hamiltonian: Hmf = ZC,;X,;C,; +K 00‘£0 IJ
k
Cir X
Cr A .6, A - _ , NTEEA A
with  C: = Cj; and X: =%{§£ ~ g;AJ assumption: unitary ~ AA-=]A-| Oy
'a
o O v 2 e A =DC
Show: Unitary Bogolyubov transformation Uy = ST L VU, =1 mp A =U:Cp
—k —k
Hmf - ZAIEEIEAIE tK /A (E,g + é:,g)a-o A _AIE \
k u. = 2 Vi T 1/2
RE (B +6p)} RE (B +¢p)}
. 1| E;0, 0
F=ol o -Es 2 1A

)

N
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Self-consistent gap equation

Bogolyubov transformation Quasiparticle spectrum

E; = /&2 +|Ag|? |Ag]* = %131' (ALA;)

~ (A A
Note: quasiparticle gap is k-dependent ~ A. :[ k1 Am]
A AN

Self-consistence equation:

&E,sa’ = = _'Z Vg,is";su"ssm (Ejﬁ'rﬂsﬂ_ﬁru)

k' a3s4
_ Y 1 )

&},sa’ - Z V’ﬁ’:’ﬁiﬂlﬂﬂﬂ’ﬂ(cg’mc—ﬁ’sn}

k5152
& — — Z [ &Eriaiaﬂ t&nh ( EE )
—_ r.
& ,3182 k,k ;831828382 QE-. ZkET

kf.B3a4 k
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Transition temperature

Pairing interaction: V;; Prsyagasas — JU *2134&3233 + J;;!;;; G 515, * O ag8g
density-density spin-spin
Self-consistence equation:
even parity spin singlet odd parity spin triplet
o w(k') o d(k’) E;,
W) ==X U~ W5.2) G tanh &) | |4 X+ Tre) b (355
=VE.& =*v% Py
T—T, T—T,
—Mp(k) = —NO)(v% ;. 0(kD i ps | | —Ad(R) = -N(O) 'k ¢ d (KN g ps

eigenvalue 4 == kpT. = 1.14¢.e~1/*



From self-consistent gap equation to free energy

Go from the above gap equation to aa—F with
7,

2 ‘2

. e 4 by, !
Flil=[dr|afif” +b|"+= i, +imn, b,




Sr2RuO4 example:

d(k)=2[n.f.(k)+n, f,()]
Flil=[d'r am +bw+”{ 2 b,

P! p=v
/63/:81 =2y—1

<f fS>
Y =

< fl>

y

‘ 2
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Possible homogeneous superconducting phases

Higher-dimensional order parameters are interesting: 7 = (%, )

Flil=|d’r

a\fﬂ +b|7f +2 {77,3772 IR b,

2
|,

phase | (k) d(k)

broken symmetry

A | (ko ik, Ak, +ik,)

U(1),K

(ks £ k)b, (ks £ k)

U(1), Dy, — Doy,

C | Kok bk, 2k, 3k,

U(1), Dy, — Doy,

Degeneracy: 2

domain formation possible
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Fermi surfaces of Sr,RuQ,

ARPES de Haas-van Alphen

Damascelli et al. Bergemann et al.

quasi-two-dimensional Fermi liquid

Agrees very well with bandstructure calculations  0guchi, Singh
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Electronic structure of t, -orbitals

electron-like

" S

P S

O = R
3 3 ] hole-like
jr_ electron-like




Broken Time Reversal: Sr2RuQ4

. . . 5,
Zero-field muon spin relaxation o1 g? iﬁ A

Muon spin depolarized by random
Internal field 0.05 |

Relaxation rate {its="
st
]
=

. | I
Magnetism generated P
. . 10 —
by superconductivity Bo- 7
(0.1 - 1 Gauss) . l
e ZF
0.06 i!.!_._ ———%
. J_:Iﬂu G
0.00 5 j ; ;
Temperature (K}
Bintern Luke, Uemura et al. (1998)

Also Polar Kerr effect (Xia, Kapitulnik, 2006)



Topological defects

and spatial variations




Ginzburg-Landau free energy: spatial variations:

conventional case
1-dimensional representations:

o
L

F[U,A]: jd3/|ta\77\2+b\77\4 +K‘f)7y‘2+é(§x;&)

—_— —_— —

aT)=a(T-T) d,bK>0 D=V+i“A B=VxA

hic

Ginzburg Landau equations:

{a 219\\}'\2 —KEZ}P:O

N N 47 -
VxB:TJ Jo=o - {P(DT) ‘P(D‘P)J



Conventional Superconductivity

Field expulsion (1933)
Meissner-Ochsenfeld effect

T, I<I;

Explained within GL theory by taking |y| fixed:
J =—4—62I‘P0 P k1A= v
hc 2e B

London theory (1935) density of superconducting electrons

_ _ 2
- [VzB=;ﬁB} p2 =27,

mc

- 471'—:

VXB=—1],
C

»
»

London penetrationdepth ~__ A



Standard Vortex

The free energy has a U(1) gauge invariance.

Consider a line-defect in the wave function: w(r,d)=lyr)le™

2me

- JjEitmly(Vy) -y (Vy)-——Iy* A

Far from the vortex core

2e - eA

0=ly > m[hnV¢o——A]
C
§A-dl =nd, =nh—c
2e

The flux contained by a vortex is quantized



Ginzburg-Landau free energy: spatial variations
1-dimensional representations:

F[T],A]= '[ d3{a\77\2 + bl +K123772 + é(ﬁ xA)ZJ
- = e~ o

al)=a(T-T,) d,bK>0 D=V+i=A B=V XA

hic

2-dimensional representations:
‘2

. o by :
FlpAl= ] d3r[a\77\2 bt + 2+ e pdn |,

+k o+l ko[ + o k. {on,

2
-+

2
D, 7,

A0y ) K2 On)ree}r L @Y

.
J



Anisotropy

oF

Diamagnetic screening:  supercurrents j = _CB_A'

J, =8meilK77.D.n, + K,n,D.n, +K,n.Da, + KD, —cc.]
J, =8meilK7,D,n, + K,n.D,n, +K,n,D.1, + KD, —cc.]

J. =8meiK {n.D.n, +17,D,n, —cc.}

tensorial London equation: Vzé — /A\ E Important for vortex lattice structure!
A2 0 0 A2 A0y A2 00
Aa=| 0 X2 Ae=| 52 2 o | Ae=[ 0 X? 0
0 0 A7 0 0 A2 0 0 A2
— __
——

tetragonal orthorhombic



SUI’faCe pI‘OpertIeS = spontaneous su

surface scattering detrimental interference effects:

66

percurrents for chiral phase

Eg" %(E) = kzkx / specular scattering {Zm - ;kx
- —
(k) = k,k, ‘y Y Y
— Yy — —,  destructive
w = Nz ('F‘)% T My (7:)¢y \ 7,/)y — 7,/)y constructive
1 172,] Supercurrent: j:_ca_}j 43
i R
(12> 7y) = 10(1,9) N\ 5 1%
j z vay
|7 /
X \_/——v
Pl > > «—> < >

surface ¢ coherence length
“‘extension of Cooper pairs”

»

&, A Screening length
London penetration depth



Topological defects

two degenerate phases mm)  domains and domain walls

Lx"h
Ky+ik,

4 Order parameter

n-
ky-ik,

Energy of domain wall f(a) 7, :| 7, |ei¢i

depends on
domain wall orientation

relative phase
degenerate minima _
or metastable forms o= ¢+ Q.
of a domain wall - o5 h 05 i
/T
Analog to Josephson junction




Simplified Theory: A;and A,

f=a AP +a 1A, P+B(A P +1A, 1)
1

2m

+ B3, 1A PIA,I” +— (I DA,I> +1 DA,I*)

U)xU(() symmetry

Two homogeneous solutions:

(ALA)=ALD /2
(Al’ Az) = A(L,0)



Vortices
(@) =y (r)le™ y,(r. )=y, (r)le™

Consider (1,0) vortex in a phase where both
components have unequal magnitudes:

2me

Iyl +ly DA

j=itmly,(Vy) -y, (Vy,)]-
&A-dl —p "

Oy, 12+, 12

C

(1,1) vortex is usual Abrikosov vortex with flux &,

If one of the U(1) symmetries is broken then get
confinement - Vcos[l(p,—,)] - relative phase is not free to
rotate - single fractional vortices no longer exist.



The b2 term breaks U(1)xU(1) symmetry

9) 2
7,

Flij]=[d'r a\fﬂ +bif + {nx 7+ b,

Can fractional vortices exist
with confinement?

Yes -if they appear on a domain wall. Sigrist, Ueda,
and Rice, Phys. Rev. Lett. 63,1727 (1989).



Structure of domain wall vortex

| |
| ¢ f I
A | _ 1Oy oL |
Y1, |
| |
. ' o = —_ |
k,Hk, | KKy .= 9.
: relative phase !
(04
o : stable o
2w | | - p%
: metastable
T | A T
: stable
0 i > 0
; Y
------ & ----------- - D - D



Stability of fractional vortices

decay of conventional vortex

CI) CI)1 CI)Z
O metastable
@ ® °
R
2 2 2
. 0 1 2
n n: Inxk > Ink, + Inx
ehergy gai (@4 71) Gmy ' @my
magnetic repulsion
energy cost: (emeta - 8stable ) R
string potential E ? string
1" ¥min / »
stable fractional vortex pair with R, v
. . . magnetic
Creates strong pinning of vortices




Spatially inhomogeneous BCS theory:

+

+q/2,sc—I€+q/2s'c—l€'+q/2s'cl€'+q/2s

=
o+

BCS: Ignore g dependence in V
since q will be much less than k



Conclusions and final remarks

* Superconductivity in strongly correlated electron systems often unconventional
¢ strong Coulomb repulsion favors angular momentum /> 0

* Unconventional order parameters give rise to new phenomena

¢ quasi-particle properties, tunneling and Josephson effect
+vortex matter, flux dynamics

¢ superconducting multi-phase diagrams, competing phases
¢ intrinsic magnetism and connection to competing magnetic phases

higher dimensional order parameters (Sr,RuQ,, (U,Th)Be,,, UPt,, ...) are
interesting

Many chapters on unconventional superconductivity are still
unwritten and new materials are discovered at an accelerating pace

(sample purity is mandatory!)



