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In this talk 2

‣ Alkaline earth atoms can be thought of as having SU(N) 
spins, generalization of the usual SU(2) spins. 

‣New world of the SU(N) physics opens up for 
experimental exploration.

‣ “Heisenberg antiferromagnets” of the SU(N) spins can 
be Chiral Spin Liquids, spins counterparts of quantum 
Hall effect, states of matter having excitations with 
fractional and non-Abelian statistics. Those, as is 
well known, can be used for quantum computation.
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Alkaline earth atoms: SU(N) spins 5

two electrons in the outer shell
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This (sometimes large) nuclear spin can play the role of the SU(N) spin.
For example, 87Sr: I=9/2, N= 2I+1=10.

M. Cazallila, A. Ho, M. Ueda 
(2009)
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two electrons in the outer shell

Ground state Excited state

J=0, so the nuclear spin is decoupled from the electronic spin.

Interesting twist: only fermionic atoms have N>1
(bosons have even-even nuclei, whose I=0)
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Mott insulators of the alkaline earth atoms 6

87Sr atoms

Creates an atom on a site i, 
with nuclear spin α. 

SU(N) spins

} }
nuclear spins

SU(N) symmetry

Bottom line: these are SU(N) spin antiferromagnets
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Degenerate Fermi Gas of 87Sr

B. J. DeSalvo, M. Yan, P. G. Mickelson, Y. N. Martinez de Escobar, and T. C. Killian
Rice University, Department of Physics and Astronomy, Houston, Texas, 77251

(Dated: May 6, 2010)

We report quantum degeneracy in a gas of ultra-cold fermionic 87Sr atoms. By evaporatively
cooling a mixture of spin states in an optical dipole trap for 10.5 s, we obtain samples well into
the degenerate regime with T/TF = 0.26+.05

−.06. The main signature of degeneracy is a change in the
momentum distribution as measured by time-of-flight imaging, and we also observe a decrease in
evaporation efficiency below T/TF ∼ 0.5.

Quantum degeneracy of fermions in dilute atomic gases
[1] is currently one of the most active areas of physics
research. Tunable interactions [2] have allowed an explo-
ration of the BEC-BCS crossover [3] as well as study of
phenomena in the unitary regime such as superfluidity
in systems with [4, 5] and without [6–8] spin imbalance.
Research on Fermi gases in optical lattices [9] can make
direct connections to the properties of electrons in solids
and realize important models like the Hubbard Hamilto-
nian [10], but with new capabilities for controlling sys-
tem parameters such as density, interaction strength, and
dimensionality. Current searches are underway for ana-
logues of high temperature superconductivity [11] and
spontaneous Néel magnetism [12].

Here we report quantum degeneracy of the fermionic
isotope of strontium, 87Sr. Five other species of fermions
have been brought into the quantum degenerate regime
(40K [13], 6Li [14], 3He [15], 171Yb and 173Yb [16]), but
87Sr has several properties which make quantum degener-
ate samples of this type particularly interesting. 87Sr has
a very large nuclear spin, I=9/2, which may allow stud-
ies of novel magnetic phenomena due to enlarged SU(N)
symmetry of the interaction Hamiltonian for N = 2I +1
[17–19]. High resolution spectroscopy technologies are
the most advanced in strontium because of the use of
narrow intercombination transitions in 87Sr for optical
frequency standards [20], and these tools have motivated
proposals for applications in quantum information [21–
23] and quantum simulation of many-body phenomena
[17, 24]. Strontium also has a number of stable bosons
which have recently been brought into the quantum de-
generate regime [25–27], which makes Fermi-Bose mix-
tures with relatively small mass differences available [28].
There is also the potential for manipulating interactions
on small spatial and temporal scales with low-loss optical
Feshbach resonances [29, 30].

Details about our apparatus can be found in [26,
31, 32]. Atoms are trapped from a Zeeman slowed
beam in a magneto-optical trap (MOT) operating on the
(5s2)1S0 − (5s5p)1P1 transition at 461nm. Since this
transition is not closed, approximately 1 in 105 excita-
tions results in an atom decaying through the (5s5d)1D2

state to the (5s5p)3P2 state, which has an 9 minute life-
time [33] and can be trapped in the quadrupole mag-

FIG. 1. (color online) Partial level diagram for 88Sr (- -) and
87Sr (—) including hyperfine structure and isotope shifts. For
87Sr, total quantum number F is indicated.

netic field of the MOT [34–37]. The magnetic trap has
a lifetime of about 25 s, which is limited by background
pressure and blackbody radiation [36]. This allows us to
accumulate atoms over a period of 30 s and trap a sig-
nificant number in spite of the low natural abundance of
87Sr (7%).

After accumulation, atoms in the 3P2 state are
returned to the ground state via excitation to the
(5s4d)3D2 state [32]. This repumping is achieved by ap-
plying 3W/cm2 of 3.012 µm light for 60ms. The tran-
sition has hyperfine structure due to the nuclear spin of
I = 9/2, which spreads the transition over ∼3GHz. In-
dividual hyperfine transitions are not resolved in the re-
pumping efficiency curve because of the high intensity of
the repump laser and length of time over which the re-
pumping laser is applied [38]. The 3µm laser is tuned
1GHz blue of the 87Sr centroid, which effectively re-
pumps transitions from the F = 11/2 and F = 13/2 3P2

levels. During the repumping stage, the 461nm MOT is
left on so that atoms returned to the ground state are
recaptured and cooled. We typically recapture 3 × 107

atoms at temperatures of a few milliKelvin. It should
be possible to improve this number by modulating the
repumping laser frequency to excite atoms in all of the
F levels.
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Double-degenerate Bose-Fermi mixture of strontium

Meng Khoon Tey,1 Simon Stellmer,1, 2 Rudolf Grimm,1, 2 and Florian Schreck1

1Institut für Quantenoptik und Quanteninformation (IQOQI),
Österreichische Akademie der Wissenschaften, 6020 Innsbruck, Austria

2Institut für Experimentalphysik und Zentrum für Quantenphysik, Universität Innsbruck, 6020 Innsbruck, Austria
(Dated: June 8, 2010)

We report on the attainment of a spin-polarized Fermi sea of 87Sr in thermal contact with a
Bose-Einstein condensate (BEC) of 84Sr. Interisotope collisions thermalize the fermions with the
bosons during evaporative cooling. A degeneracy of T/TF = 0.30(5) is reached with 2 × 104 87Sr
atoms together with an almost pure 84Sr BEC of 105 atoms.

PACS numbers: 37.10.De, 67.85.-d, 67.85.Hj, 03.75.Ss

Ground-breaking experiments with ultracold Fermi
gases [1, 2] have opened possibilities to study fascinating
phenomena, as the BEC-BCS crossover, with a high de-
gree of control. Most experiments have been performed
with the two alkali fermions 40K and 6Li. Fermions with
two valence electrons, like 43Ca, 87Sr, 171Yb, and 173Yb,
have a much richer internal state structure, which is at
the heart of recent proposals for quantum computation
and simulation [3–9]. Unlike bosonic isotopes of these el-
ements, the fermions have a nuclear spin, which decou-
ples from the electronic state in the 1S0 ground state.
This gives rise to a SU(N) spin symmetry, where N is
the number of nuclear spin states, which is 10 for 87Sr.
This symmetry can lead to new quantum phases in opti-
cal lattices [3–6], like the chiral spin liquid. Non-Abelian
gauge potentials can be realized by engineering state de-
pendent lattices [7]. In addition, the nuclear spin can
be used to robustly store quantum information, which
can be manipulated using the electronic structure [8, 9].
Double-degenerate Bose-Fermi mixtures extend the pos-
sibilities even further, allowing to study phase-separation
and the effects of mediated interactions.
Evaporative cooling of ultracold atoms to quantum

degeneracy relies on elastic collisions to thermalize the
sample. Identical fermions do not collide at low tem-
peratures, therefore mixtures of spins [10–14], isotopes
[15–17], or elements [18–20] are used for evaporation.
87Sr has a large nuclear spin of I = 9/2, which leads to a
tenfold degenerate ground state. Recently, 87Sr in a mix-
ture of these states was cooled to quantum degeneracy
[13]. In this rapid communication, we report on the at-
tainment of a spin-polarized quantum degenerate Fermi
gas of 87Sr together with a BEC of 84Sr. Interisotope
collisions are used to thermalize the fermions with the
bosons. The system provides a clean starting point for
the exploration of alkaline-earth Bose-Fermi mixtures.
Our scheme to generate a BEC of 84Sr is described in

Ref. [21]. We have extended this scheme to the prepara-
tion of Bose-Fermi mixtures. In the following, we briefly
summarize the basic preparation steps, while technical
details will be presented elsewhere [22]. We take ad-
vantage of atoms in the metastable 5s5p 3P2 state that
can be trapped in the quadrupole magnetic field of the
magneto-optical trap (MOT). These atoms are automat-
ically produced when operating a “blue MOT” on the

withwithout

optical pumping

optical 
pumping

levitation

mF = 9/2

mF’ = 11/2

F = 9/2

F’ = 11/2

F’ = 9/2

σ+ σ+

3P1

a) b)

m
F

=
9
/2

o
th

e
r 

m
F

 s
ta

te
s

1S0

Figure 1: (Color online) Optical pumping and state detection
of 87Sr. a) Internal states and transitions of 87Sr used for op-
tical pumping and detection of spin polarization. The optical
pumping beam (dashed arrow) is scanned in frequency to ad-
dress all mF states. Internal state detection is performed by
levitating only the mF = 9/2-state atoms against gravity us-
ing a σ+-polarized laser beam on a cycling transition (solid
arrow). b) Levitated mF = 9/2-state atoms and atoms in all
other mF states, 15ms after switching off the dipole trap.

5s2 1S0 − 5s5p 1P1 transition at a wavelength of 461 nm.
The 461-nm laser system is initially tuned to the 84Sr
line and metastable-state bosons are accumulated in the
magnetic trap. After 5 s, the laser frequency is shifted by
210MHz to the 87Sr line and metastable-state fermions
are added to the magnetic trap for another 6 s [23].
Further cooling and density increase of the mixture

is achieved by operating “red MOTs” for each isotope
simultaneously on the 7.4 kHz linewidth 1S0 − 3P1 in-
tercombination lines at 689nm. Since 87Sr has a nuclear
spin, its 3P1 state is split into three hyperfine states with
F ′ =11/2, 9/2, and 7/2. The 87Sr MOT uses the tran-
sitions to the F ′ = 9/2 and F ′ = 11/2 states simulta-
neously [24]. To increase the capture velocity of the red
MOTs, we frequency modulate the light, producing side-
bands, which cover a detuning range from a few ten kHz
to a few MHz to the red of the transition. To load the
red MOTs, the metastable-state atoms in the magnetic
trap are optically pumped to the 1S0 ground state us-
ing the 5s5p 3P2 − 5s5d 3D2 transition at 497 nm. The
nuclear spin of 87Sr leads to a splitting of the 3P2 and
3D2 states into five hyperfine states each. We use two
of the 13 transitions between these states for repumping
[22]. After loading, the MOT is compressed by reducing
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Realization of SU(2)×SU(6) Fermi System

Shintaro Taie,1, ∗ Yosuke Takasu,1 Seiji Sugawa,1 Rekishu Yamazaki,1, 2

Takuya Tsujimoto,1 Ryo Murakami,1 and Yoshiro Takahashi1, 2

1Department of Physics, Graduate School of Science, Kyoto University, Japan 606-8502
2CREST, JST, 4-1-8 Honcho Kawaguchi, Saitama 332-0012, Japan

(Dated: May 21, 2010)

We report the realization of a novel degenerate Fermi mixture with an SU(2)×SU(6) symmetry
in a cold atomic gas. We successfully cool the mixture of the two fermionic isotopes of ytterbium
171Yb with the nuclear spin I = 1/2 and 173Yb with I = 5/2 below the Fermi temperature TF as
0.46TF for 171Yb and 0.54TF for 173Yb. The same scattering lengths for different spin components
make this mixture featured with the novel SU(2)×SU(6) symmetry. The nuclear spin components
are separately imaged by exploiting an optical Stern-Gerlach effect. In addition, the mixture is
loaded into a 3D optical lattice to implement the SU(2)×SU(6) Hubbard model. This mixture will
open the door to the study of novel quantum phases such as a spinor Bardeen-Cooper-Schrieffer-like
fermionic superfluid.

PACS numbers: 03.75.Ss, 67.85.Lm, 37.10.Jk

While an SU(2) symmetry is ubiquitous in nature, re-
alization of an SU(N) symmetry with N > 2 in con-
densed matter physics is a rather special case. A system
with higher symmetry is expected to show novel behav-
iors in both qualitative and quantitative ways. One re-
markable example is the Kondo effect in quantum dots,
in which the SU(4) symmetry due to orbital degener-
acy considerably increases the Kondo temperature, com-
pared to the SU(2) case [1]. The SU(4) symmetry is
also approximately realized in graphene, and relevant
quantum Hall magnetism is discussed [2]. Ultracold
atomic gases seem to be good candidates for exploring
the physics of SU(N) because of their variety of spin de-
grees of freedom and high controllability. However, it
is difficult to realize enlarged spin symmetries with al-
kali atoms because of their complicated hyperfine struc-
tures. This difficulty can be overcome by using fermionic

FIG. 1. (Color online) Optical Stern-Gerlach separation of nuclear spins. (a) Time-of-flight image of a degenerate Fermi gas of
173Yb without the OSG separation. The image is taken after 12 ms ballistic expansion. The azimuthally averaged distribution
is also shown on the right hand side. The temperature of 0.14TF is determined from the Thomas-Fermi fit (red line). The
observed distribution clearly deviates from the classical Gaussian shape, indicated by the gray line. (b) Schematic view of an
OSG effect. The OSG beam has the waist of about 100 µm, the pulse duration of 2.5 ms and the beam power of 4 mW. The
atoms in the mF = +5/2 state is pushed downward in the figure, whereas the mF = −5/2 upward. (c) Optical Stern-Gerlach
separation of spin components in the Fermi gas of 173Yb. The expansion time is 8 ms. Integration of the images along the
horizontal axis are also shown on the right hand side. (d) The simulated distribution under the current experimental condition
is shown.

isotopes of alkaline-earth-metal-like atoms in which the
absence of electronic spin in the ground states decou-
ples their nuclear spin from collision processes. In this
case, the scattering lengths for any combination of spin
components are the same, resulting in an SU(2I + 1)
symmetry for nuclear spin I. Recently, multicomponent
fermions with higher symmetry attract much attention
and the presence of rich quantum phases are predicted
[3, 4]. In particular, a system of two-orbit SU(N) sym-
metry is intensively discussed in Ref. [4].

In this Letter, we report the realization of a two-
species Fermi-Fermi degenerate gas mixture with a novel
SU(2)×SU(6) spin symmetry. This is attained by ap-
plying an all-optical evaporative cooling method to two
ytterbium (Yb) fermionic isotopes of 171Yb with the nu-
clear spin I = 1/2 and 173Yb with I = 5/2. We suc-
cessfully cool down both isotopes with full spin degrees
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Takuya Tsujimoto,1 Ryo Murakami,1 and Yoshiro Takahashi1, 2

1Department of Physics, Graduate School of Science, Kyoto University, Japan 606-8502
2CREST, JST, 4-1-8 Honcho Kawaguchi, Saitama 332-0012, Japan

(Dated: May 21, 2010)
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171Yb with the nuclear spin I = 1/2 and 173Yb with I = 5/2 below the Fermi temperature TF as
0.46TF for 171Yb and 0.54TF for 173Yb. The same scattering lengths for different spin components
make this mixture featured with the novel SU(2)×SU(6) symmetry. The nuclear spin components
are separately imaged by exploiting an optical Stern-Gerlach effect. In addition, the mixture is
loaded into a 3D optical lattice to implement the SU(2)×SU(6) Hubbard model. This mixture will
open the door to the study of novel quantum phases such as a spinor Bardeen-Cooper-Schrieffer-like
fermionic superfluid.
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While an SU(2) symmetry is ubiquitous in nature, re-
alization of an SU(N) symmetry with N > 2 in con-
densed matter physics is a rather special case. A system
with higher symmetry is expected to show novel behav-
iors in both qualitative and quantitative ways. One re-
markable example is the Kondo effect in quantum dots,
in which the SU(4) symmetry due to orbital degener-
acy considerably increases the Kondo temperature, com-
pared to the SU(2) case [1]. The SU(4) symmetry is
also approximately realized in graphene, and relevant
quantum Hall magnetism is discussed [2]. Ultracold
atomic gases seem to be good candidates for exploring
the physics of SU(N) because of their variety of spin de-
grees of freedom and high controllability. However, it
is difficult to realize enlarged spin symmetries with al-
kali atoms because of their complicated hyperfine struc-
tures. This difficulty can be overcome by using fermionic

FIG. 1. (Color online) Optical Stern-Gerlach separation of nuclear spins. (a) Time-of-flight image of a degenerate Fermi gas of
173Yb without the OSG separation. The image is taken after 12 ms ballistic expansion. The azimuthally averaged distribution
is also shown on the right hand side. The temperature of 0.14TF is determined from the Thomas-Fermi fit (red line). The
observed distribution clearly deviates from the classical Gaussian shape, indicated by the gray line. (b) Schematic view of an
OSG effect. The OSG beam has the waist of about 100 µm, the pulse duration of 2.5 ms and the beam power of 4 mW. The
atoms in the mF = +5/2 state is pushed downward in the figure, whereas the mF = −5/2 upward. (c) Optical Stern-Gerlach
separation of spin components in the Fermi gas of 173Yb. The expansion time is 8 ms. Integration of the images along the
horizontal axis are also shown on the right hand side. (d) The simulated distribution under the current experimental condition
is shown.

isotopes of alkaline-earth-metal-like atoms in which the
absence of electronic spin in the ground states decou-
ples their nuclear spin from collision processes. In this
case, the scattering lengths for any combination of spin
components are the same, resulting in an SU(2I + 1)
symmetry for nuclear spin I. Recently, multicomponent
fermions with higher symmetry attract much attention
and the presence of rich quantum phases are predicted
[3, 4]. In particular, a system of two-orbit SU(N) sym-
metry is intensively discussed in Ref. [4].

In this Letter, we report the realization of a two-
species Fermi-Fermi degenerate gas mixture with a novel
SU(2)×SU(6) spin symmetry. This is attained by ap-
plying an all-optical evaporative cooling method to two
ytterbium (Yb) fermionic isotopes of 171Yb with the nu-
clear spin I = 1/2 and 173Yb with I = 5/2. We suc-
cessfully cool down both isotopes with full spin degrees

4

FIG. 5. (Color online) Quasimomentum distribution of (a)
171Yb and (b) 173Yb in the SU(2)×SU(6) two-species mix-
ture in an optical lattice. The density distributions integrated
along the vertical direction are also shown below. The atom
numbers are 0.4× 104 for 171Yb and 1.5× 104 for 173Yb, re-
spectively. The images are taken after linear ramping down
of the lattice in 0.5ms, followed by a ballistic expansion of
(a) 12ms and (b) 13ms. The dotted lines indicate the do-
main of the 1st Brillouin zone, which equals twice the recoil
momentum h̄k.

recoil energy and is about 200 nK in this experiment.
One can see that the momentum spreads over the entire
first Brillouin zone for both fermions, which is typical of
an insulating regime [14]. This behavior is well repro-
duced by a theoretical calculation with no interaction
taken into consideration. The strong interaction effect is
revealed by our recent observation of Bloch oscillations
in a 3D optical lattice, which is beyond the scope of this
paper and will be discussed elsewhere.

In conclusion, we demonstrate the successful real-
ization of two-species Fermi-Fermi degenerate gas mix-
ture of the fermionic isotopes of 171Yb with I = 1/2
and 173Yb with I = 5/2 with spin degrees of freedom.
The nuclear spin components for each fermion are sep-
arately imaged by exploiting an optical Stern-Gerlach
effect. The coldest temperatures achieved are 0.46TF

and 0.54TF for 171Yb for 173Yb, respectively. The mix-
ture is successfully loaded into a 3D optical lattice to
implement the SU(2)×SU(6) Hubbard model. Various
kinds of novel quantum phases could be studied by this
Fermi-Fermi mixture with the spin degrees of freedom.
Especially interesting is to investigate a spinor BCS-like
fermionic superfluid with the technique of the optical
Feshbach resonance. Due to the large negative inter-
species scattering length of −30.6nm, an efficient optical
Feshbach resonance effect is expected [15, 16]. In fact,
quite recently we find several 171Yb −

173Yb heteronu-
clear photoassociation resonances which can be used for
the optical Feshbach resonance experiments.
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their experimental help. This work was supported
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(No. 18204035, 21102005C01 (Quantum Cybernet-
ics), 21104513A03 (DYCE), 22684022), GCOE Program
“The Next Generation of Physics, Spun from Univer-
sality and Emergence” from MEXT of Japan, Funding
Program for World-Leading Innovative R&D on Science
and Technology (FIRST), and Matsuo Foundation. ST
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Iskin and C. A. R. Sá de Melo, Phys. Rev. Lett. 99,
080403 (2007).

[7] D. B. M. Dickerscheid, Y. Kawaguchi, and M. Ueda,
Phys. Rev. A 77, 053605 (2008)

[8] T. Fukuhara, S. Sugawa, Y. Takasu, and Y. Takahashi,
Phys. Rev. A 79, 021601(R) (2009).

[9] M. Kitagawa, K. Enomoto, K. Kasa, Y. Takahashi, R.
Ciury!lo, P. Naidon, and P. S. Julienne, Phys. Rev. A 77,
012719 (2008).

[10] T. Sleator, T. Pfau, V. Balykin, O. Carnal, and J.
Mlynek, Phys. Rev. Lett. 68, 1996 (1992).

[11] C. Cohen-Tannoudji and J Dupont-Roc, Phys. Rev. A
5, 968 (1972);

[12] T. Fukuhara, Y. Takasu, M. Kumakura, and Y. Taka-
hashi, Phys. Rev. Lett. 98, 030401 (2007).

[13] The strong attractive interaction between 171Yb and
173Yb can affect the width of the measured momentum
distribution. We estimate the increase in the trap fre-
quency due to the mean field potential to be 20 − 30%,
resulting in the reduction of the actual T/TF. On the con-
trary, the conversion of the negative interaction energy
into the kinetic energy during the expansion time causes
the underestimation of the temperature by ∼ 10%.
Therefore we can expect that the actual T/TF of the
sample is ∼ 15% lower than that reported in the text.
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New world of SU(N) physics 9

is now accessible to experiment

1. SU(N) Hubbard model

2. SU(N) metal - Mott insulator transitions

3. 1D SU(N)-symmetric integrable models

4. SU(N) (anti)ferromagnetism

5. all sorts of other things
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Late 1980’s



SU(N) antiferromagnets 10

SU(N) spins are analytically tractable in the large N limit. 
There is a long history of studying SU(N) spin 

antiferromagnets, to better understand the usual SU(2) 
spin antiferromagnets

Does this mean we can just look up the answer in 
these papers and find out all we need to know about 

SU(N) antiferromagnets and alkaline earth atoms? 

NO!



Standard SU(2) antiferromagnet: Néel state
11

A collection of spin-1/2s on a square lattice in the 
presence of the antiferromagnetic interactions at T=0 

forms a Néel state with a long range 
antiferromagnetic order (this is known numerically and 

experimentally). 

SU(2) spins
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The difference between SU(2) and SU(N) 12

SU(2) spins: two spins-1/2 
can form a singlet

SU(N) spins: at least N spins 
needed to form a singlet

singlet This is not a singlet, but an 
antisymmetric N by N tensor,
with N(N-1)/2 components.

2 spins:

antisymmetric rank 3 tensor:
N(N-1)(N-2)/3! components

3 spins:

N spins:
finally, scalar!
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Prior studies of the SU(N) magnets 13

Numerics: the ground state is 
Néel if N<4 
VBS if N>4 

m

N-m
singlets

All prior studies were designed so that one 
was able to form singlets from nearby spins

Method: Place m and N-m spins 
on even and odd sublattices 

respectively

1. Read & Sachdev, 1989: m=1
2. Marston & Afflect, 1988: m=N/2

VBS

Analytics at large N: The ground 
state is Valence Bond Solid (VBS) 

2      3     4      5     6      7
Néel   |         VBS



13

All of this is not relevant for us: we can place one, 
at most two atoms (SU(N) spins) on each site

Thus this is a new yet unexplored problem



One atom (or two) per site: 
experimentally realizable SU(N)

14

at least N (or N/2) sites are required to form a 
singlet

D. Arovas (2008) calls these N-simplexes.



15

Quasiclassical analysis
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SU(2): each spin is a 
complex unit vector

Antiferromagnetism

We’d like to imagine spins as arrows
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SU(N) quasiclassical spins 17

“Orthomagnetism”
(spins are trying to all be orthogonal)

Frustration: large number of classical 
ground states

SU(N): each spin is a 
complex vector

Counting classical ground states (Moessner & Chalker):
2N-2 real degrees of freedom

2 constraints per bond

ground state degeneracy

extensive classical ground state if



SU(N) quasiclassical spins 17

This implies that the standard methods to treat quantum 
antiferromagnets (sigma models) do not apply.

One also expects that magnetic order is unlikely.



18

Large N methods



Large N methods 19

Taking N to infinity is problematic: the number of 
spins required to form a singlet goes to infinity too. 

Proposal: Let us put                 atoms on each site.  

The number of sites required to form a singlet is now k and 
is N independent. Then take N to infinity. 

Carrying out this procedure results in the chiral spin 
liquid ground state if k>4.

M. Hermele, VG, A.-M. Rey (2009)
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Saddle point approximation 20

convenient for large N limit

Hubbard-Stratonovich hopping 

saddle point
fluctuations

Fermions try to arrange
their hopping dynamically 
to minimize their energy

Saddle point equations (exact in 
the large N limit)
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Saddle points for k=2, 3, 4 21

k = 2

Spins pair up to form 
2-spin singlets

This state (VBS) was 
found by Affleck & 
Marston in 1989

k = 3

Spins form 6-spin
singlets

(new result)

Nonzero hopping

k = 4

Spins form 4-spin 
singlets

(new result)



Saddle points for k>4 22

To minimize their energy, fermions attempt to organize
hoppings so that they completely fill a band

The filling fraction for fermions with one of N spin 
components is 

Fermions would like to form a closed band with         states  

Our result: the best way to do that is by arranging a 
“magnetic flux” of         per plaquette and fill the lowest 

Landau level. 

M. Hermele, VG, A.-M. Rey (2009)



23

Chiral Spin Liquid



Chiral Spin Liquid (CSL) 24

Wen, Wilczek & Zee Kalmeyer & Laughlin

A state of magnets 
without any magnetic order (spin liquid), 

but breaking parity and time reversal invariance (chiral). 

Has to be described by a Chern-Simons theory.

Proposed in 1989

(Local) Hamiltonians whose ground state would be CSL 
were unknown until now
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like quantum Hall effect

Fermions acquire fractional statistics with the angle θ: 

Level N Chern-
Simons theory

magnetic field with 1/k flux through plaquette



Who’s the carrier of the statistics? 26

The spin itself is not fractional

The fermions are fractional, but with each site 
containing exactly one atom, the fermionic atoms don’t 
have any dynamics, fractional or otherwise

Let’s create “holes” - empty atomless sites on the lattice

atom

“holon” - boson 
carrying atom number

“spinon” - fermion 
carrying spin

Both spinons and holons are fractional, but only holons 
respond to an external potential

Well known construction
from high Tc theories - only here 

justified by large N.

P.A. Lee, N. Nagaosa (1992)
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Lowering the potential at one 
site localizes a fractional 
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site potential
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Lowering the potential at one 
site localizes a fractional 
particle at that site.

site potential

localized fractional holon



Non-Abelian chiral spin liquid 28

Place two species of fermionic atoms on each site, in two 
distinct electronic states 1S0 and 3P0.

They form either antisymmetric (boring) or symmetric 
(interesting) state depending on the relative strength of 
interaction constants (10 author paper)

a, b = 1S0, 3P0  labels species

on every site of the lattice



Non-Abelian chiral spin liquid 29

Place two species of fermionic atoms on each site, in two 
distinct electronic states 1S0 and 3P0.

a, b = 1S0, 3P0  labels species

This is non-Abelian Chern-Simons SU(2)N theory!

magnetic field



Non-Abelian chiral spin liquid 29

Place two species of fermionic atoms on each site, in two 
distinct electronic states 1S0 and 3P0.

a, b = 1S0, 3P0  labels species

This is non-Abelian Chern-Simons SU(2)N theory!
Topological quantum computing with SU(2)10!

magnetic field
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Topological quantum computing 30

We wish we had an 
SU(2)2 

SU(2)2 = Pfaffian
and Majorana fermions...

But: SU(2)2 not good enough for 
a “universal” quantum computer



Topological quantum computing 30

How about SU(2)10 !
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Status of numerics 32

• Numerical methods are the only way to access the 
experimentally relevant m=1 column

• QMC - sign problem for k>2, at least in 2D

• Other 2D numerical methods?



Conclusions 33

‣ SU(N) magnets are a useful theoretical construct due to the 
existence of the large N techniques

‣ SU(N) magnets can have phases going beyond the phases of 
the SU(2) magnets

‣ Nuclear spin of the alkaline earth atoms a perfect realization of 
the SU(N) spin - so far lacking in condensed matter

‣ A version of the SU(N) magnets particularly well suited to 
realization by the alkaline earth atoms forms chiral spin liquids, a 
state of matter with fractionalized excitations

‣ Possibility of the topological quantum computing with the    
SU(N) spin magnets??



The end

34


