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D(Z,) topological phase “Toric code”

B A e

Hye =-J Zp Qp [0, 0] =0 [Hy Q] =0
0, R0,1> =0, {Q,3> where QO ==+1

Ground state: 0 [{Q }> =[{0,}> onplane

ontorus Q,[{0,}. L, [> =10,},L, 1> @
[,I =1 => Degeneracy(T?) =4

Particle set Fusion rules
- trivial topological charge 1 eXxe=mxXm=exe=1
* electric charge e eXm=¢
* magnetic charge m eXe=m
« fermion € mXxe=e
o bosons bosons Abelian anyons fermions
Braiding e m 3
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Particle set

Degeneracy of torus

Ising topological phase

Fusion rules

Braidings

- trivial topological charge 1
* non-Abelian (Ising) anyon ©
« fermion €

Deg(T?) =3
exe=1
EXC=0

OXo=1+¢

non-Abelian anyons

- ()

n— [€XP {1(} ;() e
0 exp {—t3

Ye°) = (T)

Realizations of non-Abelian anyons 6

» Ising lattice models - Kitaev honeycomb model, Yao-Kivelson model
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* ¢/4 charge quasiparticle in fractional quantum Hall state at the filling v=5/2
* (half-)vortices in p-wave superconductors
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Kitaev honeycomb lattice model

Hy=-2,J,2,;,0%0% = -2,J,2 K% o-link: X-lin.k/' I e

A.Y Kitaev, Ann. Phys. 321, 2 (2006). ¢ / / / /
Phase diagram: ./. ./. ./. /. ®

* phase A
- can be mapped perturbatively onto the toric code: e’

a:,

R U \ - \ . :[' T Y 2 z
‘ leff = ‘ [rr’ | -l';’eff - | -Lvr’ HE — ].El..-ir |3 z fﬂ.pﬁ Qp - Gleftl;pjgrightl;pjgupl;j?jngWHI;P,'I

with the ground state stabilized by the plaquette operators.
0, 19,1> =119,1> V= =4, =0

 phase B - gapless.

In the presence of magnetic field:

H H +H H +22axyzBaGaz A B A
* parity and time-reversal symmetry are broken =1 ) gy =_10
* phase B acquires a gap and becomes Jy=1= J.=1.=

non-abelian topological phase of the Ising type

The leading P and T breaking term in perturbation theory occurs at the third order:

. yi L)
H, K E E f[q’l ‘ § :p Vi — g2 Todol + oio30] + olo50; + olos0i + o5050Y + ojoiog

q 1=1



Vortex operators in the honeycomb model

H
Wp — K, 5 K5 ¢ — N
= 0%,6%,0%,0%, 0750% 0
. e :
The vortex operators commute with H,, ‘ x -link
[H()’ Wp] = 0 0 = - ZOCJOC ZI,J KOCIJ .

B o —_Ko
K k+1,k+2 K kk+1 K k,k+1KBk+1,k+2

and they also commute with the perturbative magnetic field term in the Hamiltonian:

G
. 6
Hy=-rY Y Plg)" 3 P(q)") = oialo} + aialat 4 olotai +alota; +ofaial + aYoios
g 1=1 I=1
so for each energy eigenstate, we either have no vortex (+1) or a vortex (-1) at a plaquette p

W, [E> =1 [E>

The Hilbert space splits into vortex sectors, i.e. subspaces with particular vortex configurations

L= ® L,

.........

Products of the vortex operators are loops.
a) g o2) aM-1) g o(M)
Kl,] I<j,k ...prq Kq,l

And all loop symmetries on torus II; W, =1 can be written as
Coy =G (W, Wy ooy Wyy).




Outline

Topological phases and lattice models
* Toric code
« Kitaev honeycomb lattice model

Novel exact solution of the Kitaev model

Exact solution on torus and topological phase transition
* topological degeneracy on torus

Other applications

e vortex and edge modes

* non-Abelian statistics

e novel solution of Yao-Kivelson model

References

Phys. Rev. B (2010), arXiv:1009.4951
Phys. Rev. B 81, 104429 (2010)
Phys. Rev. B 80, 125415 (2009)
Phys. Rev. Lett. 101, 240404 (2008)



Effective spins and hardcore bosons

New perspective:

spin-hardcore boson representation " -
DAL}
A

|T.‘L:> — |TT:|1:):I |‘LIT:>:| Jl:-”

:. 4 4 T8
Schmidt, Dusuel, and Vidal (2008) /{t‘.\ -~ | 1
1 ' {8——k] My
Pauli operators: ik _
* M yeling z-link I — ylink z-link
of =T?Z{b§+bq} , ;}';Ei":: =bé;bq= A
1 . T
o4.m =Talbg +bg) . 0§, =175(bg _E"q}'-
Z = = =
“g.m = Tq » 04, = 14T — 2biby), In the A,-phase, J, >>J,, J,, the bosons are
energetically suppressed, thus at low energy
Vortex and plaquette operators:
{Wy, 0>=[{0,}>
Woq=(I—2N g)(I—2N g.n,)Qq4 the low-energy perturbative Hamiltonian
. equals to toric code Hyc Joit Z Q, 1
z u ] =
Nﬂ:babu Qq =75 Tgen.Tqin,Tgen q

This allows to write down an orthonormal basis of the full system in terms of the toric code operators:

{O), N>

where {Q,} lists all honeycomb plaquette operators and {N} lists the position vectors of any occupied

bosonic modes. On a torus, the homologically nontrivial symmetries must be added

G. Kells, J.K. Slingerland, J. Vala,
{0} Lo £y {N > Phys. Rev. B 80, 125415 (2009)



Jordan-Wigner transformation

Bosonic and effective spin Hamiltonian H = —J: Z{ﬁ'a + bg)Tqen. {E-'l; tn, + bgen,)

can be written in terms of fermions and L

vortices by applying - Jy Z iTg {b,II — bg)Tgn . (g o T bqun :'
q

a Jordan-Wigner transformation

— J. Y (I —2bjby).
4

(el + €q) = Sq = Sg (bl +bgy)
- LJIJE
- |:i':| -|—|L-‘_:| _I—iu'
& —
[ ] .
2474 r%‘_r_—:zbim 15
- L= '11-'_”
— . t
H = J,. E X glch —egdegan, +€q4n, where on a plane "
q —
I \r nf — .1' Y aq - I x E.I':.:E-I'!.' - H w E.I':.:E-I';!
T dJy E ‘ El{"-'q Eq]("—'q-n_.,_k":q-ny} ¢, =0
q
+ J; Zl:zﬂaﬂq - I}z G. Kells, J K. Slingerland, J. Vala,

1] Phys. Rev. B 80, 125415 (2009)



Magnetic field

* breaks parity invariance and time-reversal symmetry
* opens a gap in phase B and turns it into non-abelian topological phase of Ising type

G
6
. 1 ) . N . g .
Hy = —k E E Pl[q;l[} ZP(qJ[” = ololaol + alojol + olojos + ooiof + o5050) + oloiog
q =1

=1

« H, commutes with the plaquette operators, so stabilizer formalism can still be used

: i , i _ ; i o Vit _ : § L t _ \
_")i’:-'j.--f.r..--||:‘rr;a+'.n..J +{q+n,,]|:fq+n +‘rq—n:| FY*.’.-—l-fﬂ:r{(qln_.. fq-ﬂ,_-;”-fq-n f rqlﬂ-:l fxz’.'.--fr:.-"r-rrqr|1'1!,. tq'-'|-'t,_.,jl"{rr11r|w.. +':q-n,.a|

G. Kells, J K. Slingerland, J. Vala,
Phys. Rev. B 80, 125415 (2009)



Vortex-free sector and the ground state

Transformation to the momentum representation
_ —1/2 ik
cq = M E cpe'td

. 1 .
H = Z l{kc}c{:k | E{ﬂ{th':Lk FAYe_pep)| —MJ,
k

The effect of the magnetic field is contained fully in the o, term.

The Hamiltonian can be diagonalized by Bogoliubov transformation:

— ' g8 ' |I
Vi UpCy, VpC_ ).

resulting in the BCS Hamiltonian

M
H =Y E.(vlv, —1/2)

=1

€ = Ex— M
Ap = o+ 10
o= =2.J,

ek = 2J;cos(k;) + 2.J, cos(ky)
ap = 4dk(sin(k;) — sin(k,) — sin(k; — ky))
O = 2Jesin(kz) + 20, sin(ky).

G. Kells, J.K. Slingerland, J. Vala,
Phys. Rev. B 80, 125415 (2009)

|-uk|2 f |1*';,;|:2 = 1

f o 3
Ep = v"fj’i { |ﬁk|”
up = \/J_;IZ{J. { (Ek,-"ﬁEk:_]
v = i 1/2(1 = &/ Ex)

the ground state 1s BCS state with the vacuum given here explicitly in terms of toric code stabilizers

gs)yue = | | (UH + kg h)

{Qa}, {w}>}4b| (L1}, {0}
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Other vortex sectors on torus

To address an arbitrary vortex configuration we rewrite the general Hamiltonian

1 - - ir _& ¢ O
1 b qq qq q
H_EZ-EH Lq_{&fl _qu*][ﬂt}

aq’ ag’ a’

To specify a particular vortex sector, the operators X, and ¥ are replaced by their eigenvalues in that
sector; for example for H, we obtain
Eaq’ 2J:0q,q + JoXq(dg.q'—m. + 9g-n..q')
b JyY q(dq.q'—ny + 0g—n,.q)

qq’ J.r:Xq[dq-q’—m dq m-q]
} ’I'.é.-'Y"-.'[x"ri'E'-q*_'”'n f‘;‘?_“fr"ff}'

On torus, these terms include periodicity, i.e. the terms connecting the sites (0, q,) and (N, - 1, q,),
and (qy, 0) and (qy, N - 1), and thus the homologically nontrivial symmetries

X,y = 110 20 W, (gy #0and gy # N, — 1) Y, . =1 (qy # Ny — 1)
Xoegw =1 | (g, = 0and ¢, # N, — 1) Yy, .0, frErU} (g, = Ny — 1)
Xy, .a, ‘F-{[:'r:'.J H:j?:_tl} Wie. . (gy # Oand gz = N — 1)

Xq_u-qr.a- ‘i!{[:'r:'.J | [:ff.u Oandg, = N, — 1) “TE;W W Hq, {; Hq e rf Ay

In order to include the magnetic field H; we have to add also

(u) T 1% ) y—1 r .
JYqJ._q.,+l Er;:—l [*’Ir # Ny — 1) Xr,r:, Ay 'F““ Hq 0 Hr,r 4, (gz # Nz — 1)

(x)(w) AT T 3 )
Xgpgy+1 =1y Iy (gz = No — 1), Xoae vy “Tflj}“rnw”m Gy (gz = Ng — 1).



Role of symmetries

On a torus, the system has N/2+1 loop symmetry generators from which all other loop symmetries can
be obtained. We can specify a particular sector of the Hamiltonian by specifying the eigenvalues
of the N/2-1 plaquette symmetries and 2 homologically nontrivial symmetries.

: o qlw) _ =) .
Yony-1) = =" Kooy = —lo Xi2,3) = szu Wiz g,
o} P P! P 4 - o =y

(2 (%)
=L L= =Lk

{ ] ] ]

i
e - S—E— E—m—-]
T
'

=L n ] =
x:.". 1.4
- i - L} Lk =L} i} -
X = —1 E}H Yia nr — _f{‘-f.]]i[ H’""'r.r
(N, _1.2) [y r;{,.—[]l {n" e "T.r.] {:z:lr\':.__,._ i =1 gy =0 {h‘; dy)
L} £} N = . - w =
() () [
=i L = » | {
Er._:..x N
-0 =L L { -
X, I
- - i - o> i -
-y =43 ! L I { -
_— e e am ———— =L} " s i
=L} - w_} i} - .I L L) {k




Fermionization on torus

The general Hamiltonian for an arbitrary vortex configuration

1 - - gr &.- [T
_ t qq aq q
=32 14 ”'-[ﬂ* —asae”cf}

ag’ aq’ g’

presents the Bogoliubov-de Gennes eigenvalue problem

E A ] [Uv vv][E © U v
A T T v oo B —E Vv Ut

with quasiparticle excitations

t ¥ 1 ¥ 1 ] U V*
[ ":r'11 rll!rjrl."l._f-: WLy oaeny UM | = [ I:'.l.-"”'!{:ﬁrf‘- Ol enng CAF | 'L_.,r Ui
and the system thus reduces to free fermion Hamiltonian Valid for
M - all vortex sectors
H = Z E. (v —1/2) - all homology sectors on torus
n=1

with the ground state (in momentum representation)

gshmc =TT (e + veckel Qa1 Lo o1y 101 b {111} Lol 101>

k




Topological phase transition: change of degeneracy on torus
The allowed values of momentum £, in the various homology sectors on torus are given as

k,=0,+ 2mn,/N, 0, = (I,+1)12N, n,=0,1,..,N,-1

So thus only one of the four configurations, (/= -1, [;=-1), permits the momentum to be exactly (x, 7):
— . — — N\1/2 —
An,n =0, tif,=0 andthus E_ = (éw 2+ | An,n [4)Ve = |§7r,7r |

oy, = 4K(sin(k,)-sin(k )-sin(k -k )) = 0 and By = 2J (sin(k,) + 2J (sin(k,) = 0
At the phase transition, where J, = J_ +J |

éf,m =&, - W=2J cos(k)+2J cos(k)-(-2J.)=[-2(J,+.J,)]+2J. changes the sign, giving

gn,n/En,n: gn,zr/| 57;,” | = -1 and thus Upn = [1/2 (1 + gﬂ,ﬂ/En,n )]1/2 =0

+

C T, C+—7t,—7t: (C+TC,71: )2 =0

\/
jg5.> =TI B+ v K1) O, LO0, {0}>

One of the four BCS states on torus vanishes at transition to Ising phase

Non-Abelian phase

3-fold degenerate Abelian phases

4 <
\
ground state on torus AN 4-fold degenerate
4 3 4 ground state on torus
G. Kells, J K. Slingerland, J. Vala,
Phys. Rev. B 80, 125415 (2009)
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Vortices and zero energy modes

p2 iK X gr(chy + e 0)(ch 1 +e, »)

I_[r II[] | E E _F‘::l'!l ) Hy r}:uZXq({.‘.‘} (‘qJ(t':['I_, o) p e X lob—e el i)
q
q l

{ J! Y [ | . [ .‘_ Fe . s o q. q.
.:Zq: q(Cq — ¢q)(Cqp + Cgy) PO = 1KY (el - eg)(chy — cqr)
- J Z[:?cgl,-(.‘q I), Bed FIKY g (cg +¢4-5)(cg n + €4 1)
where on a plane . .
w—1
Yo=1 X g0, = H W G+,
gl =0
A ST & 5. 2@ e e
52.L% S| Al T o
qq’ qq’ 99 q'

=1




Edges and their modes

The non-Abelian phase of Kitaev models is topological insulator of the Bogoliubov-de Gennes class
1.e. it is bulk insulator with conducting edges

i r Cor oy \oFikex( —i8/2 1 | _+i0/2
urlt =M E fly —wyo)e (e cgte Cq)
q

Vortex zero mode Edge zero mode Chiral edge low energy mode

chiral edge low energy mode

edge zero mode phase dependence

around the domain
™ of 100x100 plaquettes

from bulk vortex

100 0



Non-Abelian fractional statistics: Berry phase

P exp 3 A[kf}d}kf = lim e LA A1 }ﬂkﬂizﬂ.[}n_‘lf—i*:'-'ﬁ}“ e [:'-".fjl[«:"-r.l:l-ﬂ}n A = A1 =X0)
j M—nc AN - [Anr — A1l
' M
d (P (A) @2 (A + AX)) = (e®(N)|o% (A — AN))

AP (AM)AX = PN =" (W)AN =

E}/v :

Overlap calculations

|d(1)> and |¢p(0)> are the fermionic ground states with vortex at the positions i and 0 (reference) resp.

L . . Uid) V(@) . . U(o) v*(0)
B R U T g ’ s Bl 2
LG @) = [l eo] [V{:i} U*{-s:)] A0) O] = el ) L’{jn} U*({}J]
[f\{'_‘{\.'} A_)(g)] = [";L{:{}] AH{[]}] li:ﬁ: ji ;’;:E::j;] U(,0) = [_.-"|{:[]) U(i) 4 VI'{:{]} V(i)

V(i,0) = VT(0) U@+ UT(0) V(i)

Thouless theorem

6(i)} = /|| det U (i, 0)|| exp ZZ“ (i,0), (0)~),(0) 3 |6(0))

where Z(1,0) is a skew-symmetric matrix given as

Z(i,0) = (V(5,0)U1(3,0))

and the overlap between two ground states is



Braiding non-Abelian anyons

Vortices are non-Abelian anyons that can be continuously moved between lattice plaquettes

by varying the spin interactions

creating vortices Braiding non-Abelian anyons

TE B deT ] A O

5 HERR
T Pl R | L1y |
moving Agw ,|_|__|m D

_: 4IF 4 4 d H_ il l’f I

' .
+1- — L
=1 J,=—0.5 Jp= -1 BY#» ] i *(C
hee S s = = LALEIE IR

Calculation of the braiding matrix J
basis: two states corresponding to two fusion channels R= [ [ time
of four vortices

o 1 P A B C D
Expectation

peeh p (exp{ig} 0 ~ (0.9239 + 0.3827i

(pure Ising theory) & 0 exp{-i3z}) " 0.3827 — 0.9239i
calculation (50000 steps) Frobenius norm (for d=9)

|R — Eig(B)||r = 3.7907 x 10°¢

~(0.9233 + 0.3841%
(.3833 — 0.9236:




Other models: Yao-Kivelson

H=H,+H;,+Hy+H; =-27 2 oo —J 2 oo —-K 2 oo -L E oo’
Z links J links K links L links

L-links \&ﬂ E\:;
Z-links 'Q(;T ;; a”_f;)-

T L =
5 ' %

G. Kells, D. Mehta, J.K. Slingerland, J. Vala, Hz — ZE (Ei,:, ”Cq,u - IJ
Phys. Rev. B 81, 104429 (2010) ig.n 1

J = ’IE [{Lq 1 r,r I) 9+ ":qr,f) % Dq.l.{ci,z - CQ,ZJ{E*";ﬁ,] g Eq—nlﬂ

Oq =172
=H|:| .

Hy = KE =iV, (c],+ f‘qgjl[{c;j +cy3)—i0, Ay (chy—cpch 3= cp )]}
=1l g

HL=L2 [("1},] "‘-".-,-,1}{'L +Cy3) +(c, g3 q.ﬁ)(fs;'l,l L qu.l)]
g

| gb} - H{“k-” F T'Jk-.""lﬂL.nﬂi‘—k__u” {O}‘ {?}‘ {‘l}? {E’}}

k.n




Other models: Yao-Kivelson

H=H,+H;+Hy+H; =-Z 2, -] D, o’ -K O, o -L > o'

Z links J links K links L links
Hinks .,;"; D{Tg
ke Gar e
L-links '\(:;y Eqﬂ
I g 1 ' S Bagt || o
ks Rg* o a7 H=_2 [.r_"‘ c ] ¥ i
2= SrElAF, S | [l
qq’ qq’ qq’ q'

r ® 4 =
% % %

gs) = | [ (unn + viinag 0l )1 {0} {0}, {4}, {0})

k.n

Dispersion relations:

Abelian phase transition Non-abelian phase

Phase diagram




Conclusions

Novel solution of the Kitaev honeycomb lattice model was presented which combines powerful
wavefunction descriptions:
 BCS product

» stabilizer formalism

The novel solution represents a microscopic model of non-Abelian topological phase which
» provides closed expression for the ground state with the vacuum etate xplicitely given

gs)yue = | | (UH + kg h)

{Qa}, {iﬂ}}‘

gshmc =TT (e + veeke [ {Qa 67,167, (0D

k

« yields important insighst into the relatins between the toric code and the Ising non-Abelian phase
« generalizes to other models, e.g. Yao-Kivelson model
« allows calculation of the vortex states and edge states

» allows direct calculation of the non-Abelian fractional statistics
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