
Numerical study of quasiholes at ν = 5
2 and the Majorana

Fermion: more reasons to be hopeful

Seminar at NORDITA, Stockholm September 16, 2010

Rudolf Morf, Paul Scherrer Institute, Switzerland

Collaborators

Maurizio Storni, PSI+ETH

Acknowledgments

N. d’Ambrumenil, Warwick

J. Fröhlich, ETH Zürich

F.D.M. Haldane, Princeton (last week)

B.I. Halperin, Harvard

Sankar Das Sarma, Maryland

Swiss National Science Foundation and ETH Zürich

– Typeset by FoilTEX –



• what is known about spin-polarization at ν = 5/2: very old and most recent results
• adiabatic continuity between Coulomb GS and Pfaffian for systems with N ≤ 18 electrons
• phase diagram in pseudopotential plane: Gapped phase coincides with Pfaffian phase
• how to localize quasiholes
• adiabatic continuity between Coulomb “GS” and Pfaffian for 2 quasihole system
• adiabatic continuity between Coulomb “GS” and Pfaffian for 4 quasihole system
• conclusions
• open questions



a short overview of the early history of ν = 5/2

See references concerning ν = 5/2 in Nayak, Simon, Stern, Freedman and Das Sarma, RMP 80, 1083 (2008)

First observation of FQH state at ν = 5/2: Willett et al. PRL 59, 1776 (1987)



Collapse of ν = 5/2 state in tilted field:
Eisenstein et al. PRL 61, 997 (1988)



Activation energy of ρxx in a tilted field: Eisenstein et al., Surf. Sci. 229, 31 (1990)



Conclusions from Experiment

FQH-plateau at ν = 5/2

Gap decreases in tilted field – gap reduction ∝ Btot

Transition to compressible state for Btot ≥ Bc
tot

Simplest scenario - generally believed for 10 years until 1998

• FQH state at most partially polarized or fully unpolarized (cf. ν = 8/5)
• lowest energy excitations involve spin flip - gain in Zeeman energy
• Transition to gapless fully polarized state at B = Bc induced by Zeeman energy



FQH states in half-filled Landau levels

Theoretical ideas

Halperin (1983): generalization of Laughlin wf (bilayers or spin)

•

Ψmmn =

N/2Y

i<k

(zi − zk)
m(wi − wk)

m ×
N/2Y

i,k

(zi − wk)
n × Gaussian

Fill Factor ν =
2

m + n

• ν = 2/5 : spin-singlet state Ψ332 (observed by Eisenstein et al. 1988)
• ν = 1/2 : for bilayer systems Ψ331: zi electrons in layer 1, wi electrons in layer 2

Haldane and Rezayi (1988) spin-singlet state (s-wave paired state).
Let zi = z↑i and wi = z↓i

ΨHR = Ψ331 × permanent
1

zi − wk
≡ Ψ2 × det

1

(z↑i − z↓k)
2



Moore and Read (1991) cf. also Greiter, Wen and Wilczek (1991): spin polarized p-wave paired
wave function

ΨMR = A (Ψ331) = Ψ2 × Pf
1

zi − zk

Pfaffian (antisymmetric function of all variables) defined by

Pf
1

zi − zk
=

X

P∈SN

(−1)σP

N/2Y

i=1

1

zP [i] − zP [i+N/2]

is exact ground state (zero-energy state) for special 3-body interaction

V3body =
NY

i<k<m

Sikm ( ∇2
k∇

4
mδ(zi − zk)δ(zi − zm) )

Note ΨMR ≡ AΨ331 on disk and sphere, A is the antisymmetrizer. More complicated on torus.



2 quasihole excitation:

ΨMR+2qh = Ψ2 × Pf
(zi − w)(zk − u) + (u ←→ w)

zi − zk

4 quasihole excitation:

ΨMR+4qh = Ψ2 × Pf
(zi − w1)(zi − u1)(zk − w2)(zk − u2) + (u� ←→ w�)

zi − zk

Note: There exists a second, linearly independent wf with 4 quasiholes at positions w1, u1, w2, u2: interchanging
u1 ↔ w2

Ψ
�
MR+4qh = Ψ2 × Pf

(zi − w1)(zi − w2)(zk − u1)(zk − u2) + (u� ←→ w�)

zi − zk

Nayak and Wilczek (1996), Milovanovic and Read (1996):

2n-quasiholes: 2n−1 fold degeneracy for Pfaff-interaction =⇒ non-abelian statistics

Moore Read Pfaffian: ΨMR characterized by non-abelian statistics (q = 1/4)



Numerical investigation Polarized vs. Spin-singlet

Unbiased numerical study (except fully polarized vs unpolarized): RM Phys. Rev. Lett. 80, 1505 (1998)
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Unpolarized system Spin = 0

• very large finite size effects
• spin-singlet is GS only at N = 6, NΦ = 10 (for vanishing Zeeman energy, g = 0)

• no consistent energy gap values
• no local singlet: pair correlation function resembles that of polarized state with long-wavelength spinwave

excitation to establish Spin = 0. Real GS would be polarized.

Polarized system

• L = 0 GS at NΦ = 2N − 3, S = 3 for all even tested (N ≤ 18)
• For all other values of the shift S we obtain GS with L = O(N0) = O(1), consistent with charged excitations

in an incompressible background (2 or 4 quasiparticle states).

Quantized state at ν = 5/2 is spin polarized!

Recent References: Spin Polarization

Ivailo Dimov, Bertrand I. Halperin, Chetan Nayak, arXiv:0710.1921

A.E. Feiguin, E. Rezayi, Kun Yang, C. Nayak, S. Das Sarma, Phys.Rev.B79, 115322 (2009)

A. Wojs, G. Möller, S.H. Simon, N.R. Cooper, PRL 104, 086801 (2010)



Test system by varying V1
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The Haldane pseudopotential

2 electrons in lowest Landau level with relative angular momentum L

φL,n(z1, z2) = (z1 − z2)
L(z1 + z2)

ne−(|z1|
2+|z2|

2)/4

Haldane pseudoptential: energy of two-electron state

VL =
< φL,n|V |φL,n >
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• Paired state stable in the window 0.95 � V1/V Coulomb
1 � 1.2

• Gap ∆5/2 ≈ 0.025e2/��0 at V1 = V Coulomb
1

• Gap is maximum for V1 which maximizes overlap of GS with ΨMR or pair wave function ΨHM

• For V1 � 1.2 transition to Composite Fermion liquid state (like in the lowest half-filled Landau level)
• For V1 < 0.9 transition to symmetry broken state (at L = 2). Charge density wave state à la Fogler

and Shklovskii.



Experimental results possibly confirming the spin-polarized nature of ν = 5/2

W. Pan et al. Sol. St. Comm. 119, 641 (2001): ν = 5/2 vs. ν = 8/5 (unpolarized at low density)

Smooth dependence of gap on magnetic field, no break in slope or sign of discontinuity, indicates that
neither ground- nor excited state at ν = 5/2 is changing its character, while Zeeman energy changes by
≈ 2K.

Thus, no phase transition in the spin sector appears to occur in this large range of fields. At the largest
field, the system is likely polarized, implying that it should be spin-polarized in the whole range of
magnetic field shown.



Largest density sample

! ¼ 5=2 Fractional Quantum Hall Effect at 10 T: Implications for the Pfaffian State

Chi Zhang,1,2 T. Knuuttila,1 Yanhua Dai,1 R. R. Du,1,2,* L. N. Pfeiffer,3,4 and K.W. West3,4

1Department of Physics and Astronomy, Rice University, Houston, Texas 77251, USA
2Rice Quantum Institute, Rice University, Houston, Texas 77005, USA

3Bell Laboratories, Alcatel-Lucent, 600 Mountain Avenue, Murray Hill, New Jersey 79074, USA
4Department of Electrical Engineering, Princeton University, Princeton, New Jersey 08544, USA

(Received 8 September 2009; published 21 April 2010)

We report on the magnetotransport (including tilt fields) around Landau level filling factor ! ¼ 5=2 in a
high-purity modulation-doped GaAs=AlGaAs quantum well with twice the electron density of standard

samples. A quantized 5=2 Hall plateau is observed at B " 10 T, with an activation gap #125 mK; the
plateau can persist up to#25$ tilt field. This finding is discussed in the context of a proposed Moore-Read

Pfaffian (or anti-Pfaffian) wave function being a possible ground state at 5=2. The tilt fields induce a

background resistance at 5=2 that could be either isotropic or anisotropic, depending simply on the in-

plane magnetic field direction with respect to the GaAs crystalline axis. Such data indicate a substantial

coupling between the 5=2 collective phases and the GaAs crystal.

DOI: 10.1103/PhysRevLett.104.166801 PACS numbers: 73.43.%f, 73.21.%b

Magnetotransport at a high Landau level (N > 0) in a
high-mobility two-dimensional electron system is distinct
from that in the lowest Landau level (LL) [1]. In low
temperatures, at the half fillings of the spin-split N ¼ 1
LL (! ¼ 5=2, 7=2, where ! ¼ hne=eB is the filling factor,
ne is the electron sheet density, andB is the magnetic field),
the even-denominator fractional quantum Hall effect
(FQHE) is observed [2–4], showing a quantized Hall pla-
teau and zero longitudinal resistance. As proposed by
theories, the 5=2 FQHE is described by the Moore-Read
Pfaffian (Pf) wave function [5–10], or its particle-hole
symmetry conjugate, the anti-Pfaffian (APf) [11,12].
Either Pf or APf supports quarter-charged quasiparticles
that obey non-Abelian statistics, and nontrivial braiding of
these entities forms the bases for fault-tolerant topological
quantum computation [13,14].

The 5=2 quantum Hall liquid is protected by an energy
gap, !5=2, which measures the creation energy for a pair of
quasiparticles and quasiholes from the ground state [2–
10,15–17]. Exact diagonalization in small systems and
numerical calculations in various system sizes [7–10,18–
20] have confirmed a substantial overlap between the
ground state at 5=2 and the Pf. More recently, the issue
of particle-hole symmetry in the 5=2 state has been con-
sidered and the APf is proposed as a possible state for the
5=2; Pf and APf are degenerate in energy for Coulomb
interaction and if LL mixing could be ignored [11,12]. The
role of three-body interactions [6,19,20] in 5=2 has been
emphasized, which can be influenced by LL mixing or
other material factors [18–21]. Recent numerical calcula-
tions show that the ground state of the FQH Hamiltonian at
5=2 is fully spin polarized even in the limit of zero Zeeman
energy [22]. However, the predicted properties of the Pf
and APf have yet to be experimentally confirmed for 5=2
FQHE observed in real systems.

We study experimentally the quantum phases at ! ¼
5=2 and 7=2 in the limit of increasing electron den-
sity ne, which are observed at a proportionally higher B,
since for a given filling factor !, B / ne. Studies of a
high-B version of 5=2 have direct implication for the
spin polarization of ground state. Moreover, it is pro-
posed that LL mixing has a significant effect in stabil-
izing the APf as the ground state at 5=2 [21]. Increasing
the ne, hence decreasing the LL mixing, may have op-
posite effect. Because of these intriguing properties, it is
desirable to study experimentally the transport at 5=2 as a
function of ne, especially in the high-ne limit. Pan et al.
first reported the observation of a ! ¼ 5=2 FQHE at 12.6 T
[15]. The signatures of a true energy gap, namely, the
quantization of Hall plateau and the activated resistance,
have yet to be observed. In this Letter we present sys-
tematic magnetotransport data in a modulation-doped,
high-ne quantum well (QW), in which a 5=2 quan-
tized plateau is observed at a high magnetic field B#
10 T with a measured activation gap !5=2 # 125 mK.
Observation of the FQHE in B# 10 T and its evolution
under a small-angle tilt field lends support for a spin-
polarized ground state at 5=2. The resistances at ! ¼ 5=2
show complex response to the tilted field, which we inter-
pret as a result from a competition between the quantum
Hall liquid and the insulating phase [4] in the vicinity of
5=2. The ! ¼ 5=2 Hall plateau can persist to #25$ tilt
field, but the background diagonal resistances can either be
isotropic or become anisotropic, depending on the in-plane
component Bk direction (with respect to the GaAs crystal-
line axis).
The energetics relevant for the quantum Hall (QH)

system are cyclotron energy E! ¼ @eB=m& / B, where
m& # 0:067me is the electron effective mass; Zeeman en-
ergy EZ ¼ g"BB / B, where g is the effective g factor in
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observed for Rxx. The systematic evolution of Ryy at 5=2,
7=3, and 8=3 indicates a general trend for this QW: all three
states tend to diminish with increasing !. In the meantime,
the resistance peaks around 5=2, as well as those around
7=3 and 8=3, tend to strengthen. This can be seen clearly in
small tilt angles [Fig. 4(a)], where in 7.3!, the Ryyð5=2Þ and
Ryyð8=3Þ become essentially temperature independent,
whereas the peaks around the 5=2 are strongly temperature
dependent. We interpret that the tilted field favors the
insulating phases [4] and, to a certain degree, the diminish-
ing of 5=2, 7=3, and 8=3 FQHE states has to include the
influence of nearby insulating phases. For small ! (! ¼
0!; 4:4!; 7:3!), we determine the activation gap as shown in
Fig. 4(b). For !> 10! we determined the quasigap from
the amplitude S of the resistance peak-valley structure as a
function of temperature [15]. Here S ¼ Rmin

ðP1þP2Þ=2 .

Following these procedures we found that all three
FQHE states, 5=2, 7=3, and 8=3, tend to weaken in the
tilted magnetic field. This conclusion is in contrast to that
from a low-density QW [17], where 5=2 and 7=3 show
contrasting responses to a tilted magnetic field.

In conclusion, we have systematically studied the quan-
tized 5=2 Hall plateau at a high B& 10 T and determined
its transport energy gap from temperature activated resist-
ance. The plateau behavior in a small tilt-angle range is
inconsistent with a spin-unpolarized ground state at 5=2 if
a Zeeman mechanism with a GaAs bulk g factor is as-
sumed. Observation of a higher magnetic-field version of

the 5=2 fractional quantum Hall effect reported here could
be of importance in clarifying Pfaffian versus anti-Pfaffian
as the relevant ground state.
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FIG. 4 (color). Magnetoresistance Ryy (sample B) is shown as
a function of in-plane magnetic field applied along the [110] axis
(tilt angles: 0!, 4.4!, 7.3!, 10!, 13!, 16!, 20!, 25!, 30!).
Panel (a) shows Ryy as a function of temperature (between 20
and 300 mK) for small tilt angles 4.4! and 7.3!, respectively.
Panel (b) shows representative plots of Ryy and S (defined in the
text) versus 1=T. Panel (c) shows, respectively, the quasigap and
activation gap as a function of in-plane field for 8=3, 5=2, and
7=3.
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Decrease of gap on magnetic field cannot be explained by Zeeman effect with a reasonable g-factor

Thus, system is spin-polarized in the whole range of magnetic field shown.



But.....

Optical Probing of the Spin Polarization of the ! ¼ 5=2 Quantum Hall State

M. Stern,1,* P. Plochocka,2 V. Umansky,1 D. K. Maude,2 M. Potemski,2 and I. Bar-Joseph1

1Department of Condensed Matter Physics, The Weizmann Institute of Science, Rehovot, Israel
2Laboratoire National des Champs Magnétiques Intenses, CNRS-UJF-UPS-INSA, Grenoble, France

(Received 17 May 2010; published 23 August 2010)

We apply polarization resolved photoluminescence spectroscopy to measure the spin polarization of a

two dimensional electron gas in perpendicular magnetic field. We find that the splitting between the !þ

and !# polarizations exhibits a sharp drop at " ¼ 5=2 and is equal to the bare Zeeman energy, which

resembles the behavior at even filling factors. We show that this behavior is consistent with filling factor

" ¼ 5=2 being unpolarized.

DOI: 10.1103/PhysRevLett.105.096801 PACS numbers: 73.21.Fg, 72.25.Fe, 73.43.Lp

Since its discovery more than two decades ago [1], the
fractional quantum Hall (FQH) state at filling factor " ¼
5=2 has been raising fundamental questions that challenge
our understanding of strongly correlated two dimensional
electron systems (2DES). One of the intriguing theories to
describe this even denominator state was suggested by
Moore and Read [2,3]. The unique feature in this theory
is that its elementary excitations exhibit non-Abelian sta-
tistics [4]. It was shown that such a non-Abelian state could
be a good candidate for the realization of a topological
quantum computer [5], which triggered considerable ex-
perimental and theoretical interest. Recent measurements
of the e=4 quasiparticle charge at " ¼ 5=2 [6], as well as
the tunneling spectra [7], are consistent with the Moore-
Read theory. However, an unambiguous and direct experi-
mental evidence for non-Abelian statistics is still missing,
and other less-exotic Abelian wave functions—such as the
Halperin (3,3,1) state [8]—could also fit with the current
experimental data.

A key feature of the " ¼ 5=2 state that could help in
constructing the appropriate wave function and test the
relevance of the Moore-Read theory is the electron spin
polarization. The Moore-Read theory explicitly assumes a
spin polarized state and this property has been confirmed
by an exact numerical diagonalization performed by Morf
[9] which finds a fully polarized ground state. However, the
current experimental evidence gathered from tilted field
measurements seems to be inconsistent with this assump-
tion and points to a spin-unpolarized state [10–12]. The
importance of this issue for the understanding of the " ¼
5=2 state calls for further experimental investigations,
based on different techniques and points of view.

In this work we apply polarization resolved photolumi-
nescence (PL) spectroscopy to measure the spin polariza-
tion of the 2DES. The " ¼ 5=2 state is clearly observed in
the PL data as a sharp discontinuity in the energy of the
zero Landau level (LL0) emission line. We find that the
energy splitting between the !þ and !# emission lines
exhibits a drop at " ¼ 5=2 and is equal to the bare Zeeman
splitting, which resembles the behavior at even filling

factors. We show that this behavior is consistent with the
" ¼ 5=2 being a spin-unpolarized state.
An essential ingredient in our measurement is the qual-

ity of the GaAs=AlGaAs heterostructure. The sample con-
sists of a single 30-nm-wide GaAs=Al0:25Ga0:75As
quantum well (QW) located 160 nm below the surface
and doped on both sides with Si delta doping. The two
delta doping were placed in narrow quantum wells, sepa-
rated from the QW by an undoped Al0:25Ga0:75As layer of
80 nm thickness [13]. The sample was optimized for
transport measurements in darkness, and it was clear that
light illumination would change its properties. Hence,
gating of the sample was essential in order to restore the
electron density, and more importantly, the mobility. This
was achieved by depositing a 4-nm PdAu semitransparent
gate on the surface of the sample. The measurements were
performed in a dilution fridge at a base temperature of
45 mK with a magnetic field applied along the growth axis
of the wafer. The light source was a Ti:sapphire laser at
720 nm and the sample was illuminated through a thick op-
tical fiber at extremely low power densities $3 #W=cm2.
The PL signal was collected by the same optical fiber
through a circular polarizer. The wafer was processed
into a Hall bar such that transport measurements could
be performed simultaneously using a standard lock-in
technique at 10.66 Hz and excitation current of 2 nA.
To characterize the sample we first performed conduc-

tivity measurement in darkness after illumination. In
Fig. 1(a) we show the transverse and longitudinal resistiv-
ity, $xy and $xx, as a function of magnetic field at gate
voltage Vg ¼ #0:2 V. The density of the 2DES ne at this
gate is found by Hall measurement and Shubnikov–
de Haas (SdH) oscillations to be ne ¼ 2:6% 1011 cm#2

with a mobility of # ¼ 20% 106 cm2 V#1 s#1. We ob-
serve five significant fractions between " ¼ 2 and
3: 11=5, 7=3, 5=2, 8=3, and 14=5. The " ¼ 5=2 fraction
is very well resolved, and one can clearly see a sharp
minimum of the longitudinal resistivity $xx and a plateau
at $xy ¼ 0:4h=e2. The solid lines in Figs. 1(b) and 1(c)
show the behavior of the mobility and density as a function
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vanishes and the PL spin splitting is equal to the bare
Zeeman splitting.

We interpret this finding as an indication that the ! ¼
5=2 state is unpolarized, n" " n# ¼ 0. It is instructive to
compare!" at 5=2 to that of the adjacent fraction, 7=3, the
first exhibiting a minimum while the other—a maximum.
This difference suggests that the spin polarization of the
two fractions is different, 5=2 unpolarized and 7=3 polar-
ized. This analysis also indicates that 8=3 is unpolarized
[inset of Fig. 4(c)].

A valid question is related to the effect of the illumina-
tion on the 2DES, primarily the creation of a steady state
density of valence band holes and of quasiholes in the
electron gas. At the low illumination levels used in our
experiment (#3 "W=cm2) the estimated steady state va-
lence band hole density is extremely small; assuming a
recombination time of 1 ns we should obtain a density of
$3% 102 cm"2, which can safely be neglected. To esti-
mate the steady state density of the quasiholes one needs
the relaxation time of the 2DES to the ground state after
recombination. Taking this relaxation time to be $10"7

seconds [24], one gets a steady state quasihole density of
$3% 105 cm"2, which is 6 orders of magnitude lower
than the electron density. This small density corresponds

to a net increase of the 2DES temperature by 0.2 mK, and
one can therefore safely neglect this effect as well.
In conclusion, the PL data suggests that the 5=2 state is

spin-unpolarized. This observation puts a tight constraint
on the type of wave function that could describe this state.
Our data is inconsistent with the Moore-Read theory [2],
which assumes a spin polarized state, and with the results
of numerical calculations [9]. An intriguing question is
whether one can construct a non-Abelian theory assuming
a spin-unpolarized ground state.
We thank Ady Stern, N. Read, M. Dolev, R. Ilan, and

B. Piot for fruitful discussions. This research was sup-
ported by the Israeli Science Foundation and by the
Minerva Foundation. P. P. is financially supported by the
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Note added in proof.—After the submission of this

manuscript we learned that recent Raman measurements
have found evidence for loss of spin polarization at filling
factors 8=3 and 5=2 [25], in agreement with our findings.
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Adiabatic continuity between Pfaffian and Coulomb GS?

Fractional Quantum Hall State at ! ¼ 5
2 and the Moore-Read Pfaffian
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Using exact diagonalization we show that the spin-polarized Coulomb ground state at ! ¼ 5
2 is

adiabatically connected with the Moore-Read wave function for systems with up to 18 electrons on the

surface of a sphere. The ground state is protected by a large gap for all system sizes studied. Furthermore,

varying the Haldane pseudopotentials v1 and v3, keeping all others at their value for the Coulomb

interaction, energy gap and overlap between ground- and Moore-Read state form hills whose positions and

extent in the ðv1; v3Þ plane coincide. We conclude that the physics of the Coulomb ground state at ! ¼ 5
2 is

captured by the Moore-Read state. Such an adiabatic connection is not found at ! ¼ 1
2 , unless the width of

the interface wave function or Landau level mixing effects are large enough. Yet, a Moore-Read-phase at

! ¼ 1
2 appears unlikely in the thermodynamic limit.

DOI: 10.1103/PhysRevLett.104.076803 PACS numbers: 73.43.Cd, 71.10.Pm

One of the most intriguing strongly correlated electronic
states discovered in nature is the even-denominator frac-
tional quantum Hall effect (FQHE) at the Landau level
filling factor ! ¼ 5

2 ¼ 2þ 1
2 [1], i.e., at the half-filled sec-

ond orbital Landau level (LL) of a 2D electron system. The
5
2 FQHE cannot be understood within the canonical hier-
archical (Laughlin) theory, since the odd-denominator rule
is a necessity to preserve the Pauli principle. A particularly
interesting proposal by Moore and Read (MR) [2] extend-
ing Laughlin’s ideas to quantum Hall states at half filling is
the ‘‘Pfaffian’’ wave function (WF), characterized by qua-
siparticle excitations obeying non-Abelian braiding statis-
tics [3].

The first numerical study of this WF was carried
out by Greiter et al. [4] who considered it as a candi-
date for the observed FQHE at both ! ¼ 1

2 and 5
2 . Their

calculations done for systems on the sphere with Nel % 10
electrons did not allow a determination of the excitation
gap and the difference between ! ¼ 1

2 and 5
2 was not ex-

plored in any detail. A first hint at possible adiabatic
continuity (AC) between the MR state and the ground state
(GS) of a two-body model interaction was mentioned
briefly in a subsequent paper by Wen [5], but limited to a
single system size Nel ¼ 10.

Shortly after its discovery, the ! ¼ 5
2 state was studied in

a tilted magnetic field [6]. Examining the temperature
dependence of the longitudinal resistivity "xx &
exp'ð!=2kBTÞ, the activation gap ! was found to de-
crease with increasing tilt angle and the Hall plateau dis-
appeared beyond some critical tilt angle. These results
suggested that the quantized state is at most partially spin
polarized until at some critical tilt angle the increasing
Zeeman energy produces a phase transition to a gapless
polarized state [7].

This scenario was challenged by one of us [8]: exact
diagonalization results for small systems on a sphere for

spin-unpolarized and fully polarized states at ! ¼ 5
2 have

shown that the GS is spin polarized even for vanishing
Zeeman energy. Furthermore, the GS for Nel ¼ 8 electrons
was found to have substantial overlap with the MR state
although that state is the exact ground state of an unphysi-
cal short-range three-body interaction Hamiltonian.
Subsequent theoretical [9,10] and experimental [11] stud-
ies yielded results consistent with these ideas.
These findings led Das Sarma et al. [12] to propose the

use of the ! ¼ 5
2 FQH state for the realization of non-

Abelian topological qubits which, they argued, would per-
mit fault tolerant and robust quantum computation. Their
proposal prompted a great surge of activity [3] to further
elucidate the nature of the 5

2 FQHE both theoretically [13–
16] and experimentally [17–19]. However, whether the
FQHE at ! ¼ 5

2 observed in experiments has the properties

of the non-Abelian MR state remains an open problem,
especially since the relevance of the ‘‘Pfaffian’’ state at
! ¼ 5

2 has been questioned by [20]: in their exact diago-

nalization studies of quasiholes (QHS), they only observed
QHS with charge e=2, while the QHS in the MR state are
predicted to have charge e=4 [21].
In this Letter we provide theoretical evidence, using

state of the art exact diagonalization, that the MR WF
and the spin-polarized ! ¼ 5

2 FQH state belong to the

same universality class [22]. Following the pioneering
work by Haldane and Rezayi [23] who established that
the GS at ! ¼ 1

3 is in the universality class of the
1
3 -Laughlin state, we adiabatically change the electron

interaction by interpolating between the three-body inter-
action V3b, for which the PfaffianWF is the unique GS, and
the Coulomb interaction VC and follow the evolution of GS
and energy spectrum by exact numerical diagonalization.
For all even system sizes examined (Nel % 18) we ob-

serve AC of the GS and no indication of a decrease of the
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Following Wen (1992): study system in the presence of a hypothetical interaction

Vint = (1− x) VCoulomb + x λV3body , V3body = N−5
NY

i<k<m

Sikm ( ∇2
k∇

4
mδ(zi − zk)δ(zi − zm) )

V3body is the interaction for which the Pfaffian ist the exact zero-energy GS.
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1/N < V3body > /N vs (1/N) at ν = 1.
Vint interpolates between Coulomb and this three-body interaction when x is varied from 0 to 1.
The parameter λ sets the energy scale of the 3-body interaction such that the gap at x = 1 coincides with the
Coulomb gap in the second Landau level. It is independent of system size.



Adiabatic continuity between Pfaffian and Coulomb GS?

Study system in the presence of a hypothetical interaction

Vint = (1− x) VCoulomb + x λV3body , V3body = N−5
NY

i<k<m

Sikm ( ∇2
k∇

4
mδ(zi − zk)δ(zi − zm) )

which interpolates between Coulomb and the three-body interaction when x is varied from 0 to 1. The parameter λ
sets the energy scale of the 3-body interaction such that the gap at x = 1 coincides with the Coulomb gap in the
second Landau level.

N=10 N=12



N=14 N=16

N=18 how does this compare to ν=1/3?



N=14 N=16

N=18 ν = 1/3
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Phase diagram in the v1, v3-plane at N=16

Gapped phase coincides with (v1, v3)-domain of finite overlap between the GS(v1, v3) and the Pfaffian



Phase diagram in the v1, v3-plane at N=16

Blue (Red) curve denotes the physically accessible (v1, v3) points in lowest (second) Landau level when varying the
finite width of the wf in the z-direction. The points refer to values w/�0 = 0, 1, 2, 3, 4 starting right. The domain
coloured in light blue is compressible.

Black solid line: maximum of overlap < GS(v1, v3) |Pfaffian > is very close to maximum of gap

The red line referring to the (v1, v3)-values accessible at ν = 1/2 are so close to the compressible domain that no
definite conclusion can be reached on the existence of a Pfaffian phase at ν = 1/2.



Energy gap at ν = 5/2 in thermodynamic limit

computed from exciton with largest L = N/2
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Charge density of exciton state

To localize qp and qh at the north and south pole, respectively:

Study exciton with maximum L = N/2 and Lz = ±L
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To get a better impression, let’s look at them from “above”

Densities shown are the real ones in the second LL (not their lowest LL image).



Gaps at 5/2 from transport experiments

3

reentrant states, the Rxx minimum did not fall signif-
icantly with temperature near base. The “quasi-gap”
was therefore determined by measuring the depth of the
7
2 minima with respect to the average resistance of the
two neighbouring peaks (Rpeak)[8, 9, 13]. The resulting
Arrhenius plot, which clearly shows activated behaviour
(Fig. 2f) gives an estimate for the 7

2 gap value of∼25 mK.

In Fig. 2g, the gap values are plotted in Coulomb en-
ergy units, e2/�lB, where lB =

�
�/eB is the magnetic

length, and � = 12.9 is the dielectric constant. Results
from recent gap measurements in the SLL by Choi et
al. are also shown for comparison [17]. The excellent
agreement between our data set and that of the Choi
et al. ‘low mobility’ sample (µB = 10.5 × 106cm2/V· s)
is surprising given the factor of two difference in elec-
tron densities between our sample (1.6× 1011cm−2) and
theirs (2.8 × 1011cm−2 and 3.2 × 1011cm−2 for the “low
mobility” and “high mobility” respectively). Simple di-
mensional considerations imply that the interaction en-
ergy, and hence the FQH gap, should scale as

√
B, which

would predict a ∼40% enhancement in the gap between
the low density (ours) and the high density (Choi et al.)
samples. Our finding that the gap is almost the same
for the two samples with similar mobility (independent
of density), while significantly enhanced in samples with
higher mobility (Choi et al. “high mobility”) indicates
that disorder more strongly affects the gap than the ap-
plied magnetic field. Furthermore, the similar gap value
measured in a low magnetic field where the cyclotron
energy is reduced compared to the Coulomb interaction
suggests non-perturbative Landau level coupling may af-
fect the ν = 5

2 FQH gap in a way not yet understood
theoretically.

In Fig. 3a, we show a plot of all the 5
2 gap val-

ues found in the literature versus the inverse trans-
port lifetime, τ−1

tr , deduced from the reported mobili-
ties [4, 9, 11, 13, 14, 17, 19, 20]. In spite of the large
spread in the 5

2 data, owing to wide ranging differences
in sample parameters, i.e. dopant, well width, etc., a
clearly discernible trend (indicated by the solid curve as a
guide-to-the-eye) is observed pointing towards a disorder-
free intrinsic gap value in the range of ∆i

5/2 ∼ 0.005-
0.010 e2/�lB. This estimate is in good agreement with
a similar extrapolation reported very recently by Pan
et al. [20, 26]. Moreover, examination of the low field
Shubnikov de Haas oscillations gave the level broaden-
ing, Γ, in our sample to be Γ = 0.168 ± 0.040 K. This
gives a direct experimental estimate for the intrinsic gap,
∆i = ∆exp + Γ, of ∼0.005 e2/�lB, also in good agree-
ment with the extrapolated intrinsic gap value in Fig. 3a.
Importantly, the experimentally measured intrinsic gap
inferred from this data remains well below (by a fac-
tor of three to five) the theoretically estimated intrinsic
gap value for a Moore-Read type Pfaffian wave function,
(∼0.025 e2/�lB) [27, 28].
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FIG. 3: (a) Comparison of the measured ν = 5
2 gap energy

with values found in literature (open symbols). Solid triangles
represent our data. Solid square is the theoretically calculated
intrinsic gap energy [27, 28] and the solid circle includes cor-
rections for Landau level mixing, and finite width. (b) Same
plot as in (a), but for ν = 1

3 energy gap values reported in
the literature.

For comparison, a similar plot for the measured gap
values of the 1

3 Laughlin state is shown in Fig. 3b,
[21, 23, 29, 30, 31, 32]. In contrast to the ν = 5

2 FQH
state, the intrinsic gap determined at ν = 1

3 with our pro-
cedure (∆i

1/3 ∼ 0.045 e2/�lB) is in good agreement with
theory (∼ 0.055 e2/�lB) [28, 31]. Morf et al. proposed
that since the disorder-induced Landau level broadening
is expected to be roughly equal for FQH states corre-
sponding to particle-hole conjugate pairs, then plotting
the correspondig gap values as a function of Coulomb en-
ergy directly gives a measure for the intrinsic gap (slope
of a fitted line to this data) [33]. Fig. 4 shows the 5

2 and
7
2 gap values obtained in our low electron density sam-
ple (open squares) together with those from Ref. [14]
(open triangles). The dashed line shows the predicted
trend for a disorder free gap. The slope extracted from
a linear fit gives the intrinsic gap for our sample to be
∼0.018 e2/�lB, which is in remarkable agreement with
the data from ref. [14] (∼0.014) and the theoretical value
(∼0.016) corrected for the sample parameters specified in
ref. [14, 33]. This however disagrees with the intrinsic
gap estimated both from our sample, and from the ex-
trapolation towards the infinite mobility limit. Further-
more, the Landau Level broadening deduced from Fig. 4

Note: Paper on Transport Gaps: N. d’Ambrumenil, B.I. Halperin, RHM, arXiv:1008.0969



Charge density of 2 quasiholes at north and south pole

cf. Töke, Regnault and Jain, PRL 98, 036806 (2007)

Solution: Use δ-function localization potential which couples to charge and quadrupole moment of
excitations

ν = 5/2
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What about quasiholes in bigger systems?
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Use tuned pinning potential F which couples to the electron density in the second Landau level for quasiholes at
positions �Rk

F =
X

i,k

f( �|ri − �Rk|)
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Energy spectrum of system with 2 quasiholes (N=16 electrons)
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density of system of 2 pinned quasiholes
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Energy of L-Eigenstates of 2 quasiholes vs Coulomb energy of 2 pinned

quasiholes
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Adiabatic continuity of GS with 2 Quasiholes

localized at north and south pole

N=8
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Adiabatic continuity of “non-abelian doublet” in system with 4 pinned Qholes

Note: To avoid the formation of double quasiholes with charge e
2 we use scaling of pinning potential like Coulomb

interaction: (1− x)× F
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In both geometries, we observe that the lowest energy doublet (red lines) remains lowest for 0 < x < 1.

The label “Pfaffian” denotes the variational results for the splitting of the non-abelian doublet using MR-limit states
as trial states (cf. Baraban et al. PRL 103, 076801 (2009)).



Adiabatic continuity of “non-abelian doublet” in system with 4 pinned Qholes

Note: Breaking rotation invariance leads to vastly larger Hilbert space dimension D and number of 3-body interaction
matrix element

N = 14 D ≈ 4× 107 Nc ≈ 1011

N = 16 D ≈ 6× 108 Nc ≈ 3× 1012
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quasiholes on tetrahedral positions energy splittings vs. pinning strength for Coulomb interaction



How to approach MR-limit at x = 1 for finite pinning potential

Duncan Haldane: Use STM-tip with a quarter electron at position �Rk as pinning potential:

FH = c×
1
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4 quasiholes at corners of tetrahedron: N=12

Low-lying spectrum for pinning potential FH with c = 1. The energy of the state that becomes the GS at
x = 1 is the reference zero energy. The red lines depict the lowest energy doublet. It has a finite splitting in the
MR-limit because the pinning potential FH mixes in states with non-zero energy in this limit. The third state (2nd
excited state) is 3-fold degenerate and corresponds to an excitation in the pinning potential. We find that its energy
separation from the doublet depends sensitively on the strength c of FH (not shown).



Conclusions

This makes us hopeful:

• Adiabatic continuity at ν = 5/2 between Pfaffian and Coulomb GS for all sizes studied (N ≤18).
• The gapped phase at ν = 5/2 observed in the plane of pseudopontials v1, v3 coincides with the

domain of non-zero overlap between the overlap of the GS(v1, v3) with the Pfaffian state.
• Maximum overlap between GS and Pfaffian essentially coincides with gap maximum when varying v1

and keeping v3 fixed.
• Adiabatic continuity at ν = 5/2 between Pfaffian and Coulomb GS for 2 quasiholes.
• “Non-abelian doublet” in the MR-limit for 4 quasiholes remains lowest energy doublet for Coulomb

interaction.

Open questions

• Pfaffian or Antipfaffian?
• where is the strong-paired phase?
• spin- and subband-mixing effects?
• tilted fields
• correlation length induced by Majorana fermion


