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Reduced descriptions
QFT

Kinetic theory

Diffusion theory
Hydrodynamics

Thermodynamics

G(x1t1, x2t2) = G(x, t, p, ω)

f(x, t, p)

n(x, t)
E(x, t)
v(x, t)

P (t), n(t), T (t)
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Conductivity in graphene

Text

Novoselov et al., 
Nature 2005

Universal  
conductivity 
minimum?

Vg
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Residual conductivity

Text

Chen et al., 
Nat. Phys. 4, 377 (2008)

Chen et al., 
Solid State Comm. 149, 1080 (2009)

Electron-hole coherent effects? Weak localization?
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Bipartite lattice gives 
pseudospin
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Graphene band structure

! 10
5
K

vF ≈
c

300

Wallace 1947
Semenoff 1984

Two inequivalent Dirac cones in 
the first Brillouin zone

Electrons

Holes

p ≈ 0

E+ = +vFp

E− = −vFp

H = −t
∑

〈i,j〉

c†i cj =⇒ HK = vF

(
0 px − ipy

px + ipy 0

)

2x2 matrix 
index = 

= pseudospin 
index=

=sublattice 
index
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Multilayer graphene

HK ∼
(

0 (px − ipy)N

(px + ipy)N 0

)

Single-layer graphene

N-layer graphene, low energy bands

HK = vF

(
0 px − ipy

px + ipy 0

)
= vF !p · !σ
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Boltzmann equation

∂tfk + v · ∂xfk + e(E + v ×B) · ∂kfk = J [f ]

Collision integral

J [f ] = −
∫

k′
δ(εk − εk′)Wkk′(fk − fk′) ∼ −δf

τ

σ0 = e2nτ/m

Drude conductivity
Relaxation-time 
approximation
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Drude conductivity

Point-like
impurities U = const σ0 = const

Screened 
charged
impurities 
(RPA) σ0 ∝ n

Ukk′ =
e2/κ

|k − k′| + e2

κ D(εF)
→ 1

kF

σ0 ∝ τvFkF ∼
vFkF

nimp|U |2D(εF)

Thomas-Fermi 
momentum
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Boltzmann regime

!kF = τvFkF ! 1
Boltzmann regime

σ0 =
e2

2h
"kF

Drude conducitivity

E · ∂kf eq
k = −

∫

k′
δ(εk − εk′)Wkk′ cos2

θk − θk′

2
(f (E)

k − f (E)
k′ )

One-band Boltzmann equation

σ = σ0 + c0("kF)0 + c1("kF)−1 + . . .

Quantum corrections

δσ σm

?
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Kubo formula

σ = − ie2

L2

∑

n,n′

f0
En

− f0
En′

En − En′

〈n|vx|n′〉〈n′|vx|n〉
En − En′ + iη

Applicable also to the Dirac regime.
However, less intuition than with Boltzmann 
calculations.
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Boltzmann vs Kubo  in 
clean bilayer graphene

Clean graphene = no charged impurities. Remaining impurities point-like?

Principal value terms vanish for point-like impurities in bilayers. 
Quantum corrections then easier to sum up to all orders.
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Trushin, Kailasvuori, 
Schliemann & MacDonald, 
arxiv:1002.4481
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Residual conductivity
• Weak anti-localization (incoherent bands)?

• Electron-hole coherence originated quantum correction? 
Only for monolayer graphene! Due to principal value 
terms! Approach sensitive! 

δσ/ 2e2

πh

G1 GKBA − log kΛ
kF
− π2

8

QL & G1 AA − log kΛ
kF

+ π2

8

G1 SKBA − log kΛ
kF

G2 GKBA −π2

8

G2 AA +π2

8
G2 SKBA 0

For point-like impurities

1
ω + iη − ε

=
P

ω − ε
− iπδ(ω − ε)
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Deriving a band-coherent 
kinetic equation

∂tρ
I = −i[V I(t), ρI(t0)]−

∫ t

t0

dt′[V I(t), [V (t′), ρI(t′)]]

Iterating the quantum Liouville equation (interaction picture)

Kinetic equation ∂tρ(t)− i[H0, ρ(t)] = J [ρ]

Collision integral J [ρ] = −
∫

dω

2π
[V, [G0RV G0A, ρ]],

∫
dω

2π
G0R

k Vkk′G0A
k′ = Vkk′

∑

ss′

1 + sk̂ · σ
2

1 + s′k̂′ · σ
2

(
δ(εs

k − εs′

k′)− iP
(

1
εs
k − εs′

k′

))

For Boltzmann eq., gradient expand i[H0, ρ(t)]

Delta function terms and principal value terms
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Green’s function derivation
G< = GRΣ<GAGeneralized Kadanoff-Baym eq.

two alternative kinetic equations
(‘G1’)

(‘G2’)

[i∂t −H0, G
<] = ΣRG< −G<ΣA + Σ<GA −GRΣ<

[i∂t −H0 − Re ΣR, G<]− [Σ<,Re GR] = i{Im ΣR, G<}− i{Σ<, Im GR}

The problem of Ansatz (from double-time to single-time) 
G<(x1, t1, x2, t2) −→ G<|t2=t1 = ρ(x1, x2, t)

G<(x, p, t, ω) = ρ(x, p, t)A(x, p, t, ω) Kadanoff & Baym (1962)

G<(t1, t2) = iGR(t1, t2)ρ(t2)− iρ(t1)GA(t1, t2)
G<(t1, t2) = iρ(t1)GR(t1, t2)− iGA(t1, t2)ρ(t2)
G<(t1, t2) = 1

2A(t1, t2)ρ(t2) + 1
2ρ(t1)A(t1, t2)

Lipavsky et al. (1986)

Kailasvuori et al. (2009)

(GKBA)

(‘AA’)

(‘SKBA’)
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Collision integrals with 
different structure

G1 GKBA [V,G0R[V, ρ]G0A]
QL & G1 AA [V, [G0RV G0A, ρ]]

G1 SKBA 1
2 [V,G0R[V, ρ]G0A] + 1

2 [V, [G0RV G0A, ρ]]
G2 GKBA 1

2 [V,G0R[V, ρ]G0A] + 1
2 [V, [G0AV G0R, ρ]]

G2 AA 1
2 [V,G0A[V, ρ]G0R] + 1

2 [V, [G0RV G0A, ρ]]
G2 SKBA 1

2 (G2GKBA + G2AA)

J [ρ] = −
∫

dω

2π
(. . .)
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• Semiclassical kinetic approach with coherent 
bands.  

• Role of principal value terms.  One mechanism for 
a residual conductivity.

• Sensitivity to choice of approach. Related density 
matrix and Green’s function approaches.

Results

Kailasvuori & Lüffe, JSTAT P06024 (2010)
Kailasvuori, JSTAT P08004 (2009)

Related work: Auslender & Katsnelson, PRB76, 235425 (2007)
Trushin & Schliemann, PRL99, 216602 (2007)  +...
Culcer & Winkler, PRB78, 235417 (2007)   +... 

Trushin, Kailasvuori, Schliemann & MacDonald, arxiv:1002.4481

• Input to the conductivity minimum problem.
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