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Introduction and Motivation

Fast heavy quarks: important probes of deconfined phase at RHIC.
This talk: Holographic description ofLangevin Diffusionof a heavy
quark. In particular,transverse momentum broadening:

p⊥(t0) = 0; 〈p2
⊥(t)〉 ≃ 2κ⊥ (t − t0)

κ⊥ is a diffusion coefficient:
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Introduction and Motivation

Fast heavy quarks: important probes of deconfined phase at RHIC.
This talk: Holographic description ofLangevin Diffusionof a heavy
quark. In particular,transverse momentum broadening:

p⊥(t0) = 0; 〈p2
⊥(t)〉 ≃ 2κ⊥ (t − t0)

κ⊥ is a diffusion coefficient:

• it enters a Langevin equation that can be extracted from a
gravity dual

• it is constrained by RHIC data via thejet quenching parameter
q̂ ≡ 2κ⊥/v

Goal: Langevin diffusion from a holographic prespective.
Setup:generic 5D theory admitting asymptotically AdS back holes.
(Along the lines of earlier work in theAdS ↔ N = 4 SYM case, byGubser ’06,

Casalderrey-Solana and Teaney ’06, Son and Teaney ’09, Iancu-Giecold-Mueller ’09)
Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 2



Outline

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 3



Outline

• Generalized Langevin dynamics: 4D perspective

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 3



Outline

• Generalized Langevin dynamics: 4D perspective

• Holographic description of a probe heavy quark

• Trailing string solution

• Fluctuations along the string

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 3



Outline

• Generalized Langevin dynamics: 4D perspective

• Holographic description of a probe heavy quark

• Trailing string solution

• Fluctuations along the string

• Holographic computation of Langevin correlators

• AdS/CFT prescription for real-time correlators

• Langevin coefficients

• An explicit model: comparison with RHIC analysis

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 3



The Langevin Equation for a Heavy quark

Langevin equation:dissipative stochastic process.
For a single particle with momentum~p(t):

d~p

dt
= −ηD ~p(t) + ~ξ(t)
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For a single particle with momentum~p(t):

d~p
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= −ηD ~p(t) + ~ξ(t)

Two forces on the r.h.s:

• ηD: “average” viscousfriction force

• ξ(t): Stochastic forcewith white noise

〈ξi(t)〉 = 0, 〈ξi(t)ξj(t′)〉 = κijδ(t − t′)
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The Langevin Equation for a Heavy quark

Langevin equation:dissipative stochastic process.
For a single particle with momentum~p(t):

d~p

dt
= −ηD ~p(t) + ~ξ(t)

Two forces on the r.h.s:

• ηD: “average” viscousfriction force

• ξ(t): Stochastic forcewith white noise

〈ξi(t)〉 = 0, 〈ξi(t)ξj(t′)〉 = κijδ(t − t′)

Physically, both forces have the same origin: the integrated effect of
stochastic interactions with a medium.We will have in mind the
motion of a probe quark through the QGP.
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Solution of the Langevin equation

Go to 1D for simplicity. AssumeηD p−independent

ṗ = −ηD p(t) + ξ(t), 〈ξ(t)ξ(t′)〉 = κδ(t − t′)
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Solution of the Langevin equation

Go to 1D for simplicity. AssumeηD p−independent
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• Long times( t ≫ 1/ηD): 〈p〉 → 0, 〈(∆p)2〉 → κ/2ηD
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Solution of the Langevin equation
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∫ t

0
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=
κ

2ηD

(

1 − e−2ηDt
)

• Long times( t ≫ 1/ηD): 〈p〉 → 0, 〈(∆p)2〉 → κ/2ηD

• Short times( t ≪ 1/ηD): 〈p〉 ∼ p0, 〈(∆p)2〉 ∼ κ t

In caseηD = ηD(p), the short-time analysis still holds.
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Transverse Momentum Broadening

Take a relativistic quark moving with initial velocity~v through the
plasma.

~p = p‖ + p⊥, ~v · p⊥ = 0

The transverse momentum obeys a Langevin process with
〈p⊥〉 = 0, but with an increasing dispersion ofp⊥:

〈(p⊥)2〉 ∼ 2κ⊥ t p0 Dp
¦

2
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Transverse Momentum Broadening

Take a relativistic quark moving with initial velocity~v through the
plasma.

~p = p‖ + p⊥, ~v · p⊥ = 0

The transverse momentum obeys a Langevin process with
〈p⊥〉 = 0, but with an increasing dispersion ofp⊥:

〈(p⊥)2〉 ∼ 2κ⊥ t p0 Dp
¦

2

Define thejet quenching parameter

q̂ ≡ 〈(p⊥)2〉
mean free path

=
(p⊥)2

v t
= 2

κ⊥

v
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RHIC Analysis

From the analysis of the RHIC data for hard probes production, the
preferred values of̂q are in the range:

q̂ = 5 ∼ 15Gev2/fm for |p0| ∼ 10GeV, T ∼ 200MeV

Nuclear modification factor for light meson suppression.
analysis from Eskolaet al., ’05
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Langevin coefficients and Holography

The diffusion coefficients are obtained as thezero-frequency limit of
correlation functionsof certain field theory operators, that can be
computed holographically.

One way to see this is by deriving the Langevin equation
“microscopically,”via theDouble Field Formalism.
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Double Field Formalism

Take a system described by some d.o.f.{Q}
with density matrixρ(Q, Q′; t).
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Double Field Formalism

Take a system described by some d.o.f.{Q}
with density matrixρ(Q, Q′; t).

ρ(Qf , Q′
f , t) = U(Qf , Q0, t, t0) ρ(Q0, Q

′
0, t0) U †(Q′

f , Q′
0, t, t0)

the evolution operator is the path integral:

U(Q, Q0, t, t0) =

∫

DQ eiS[Q] =

∫

DQ ei
R tf

t0
L(Q,Q̇) Q(t0) = Q0

Q(t) = Qf
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Double Field Formalism

Take a system described by some d.o.f.{Q}
with density matrixρ(Q, Q′; t).

ρ(Qf , Q′
f , t) = U(Qf , Q0, t, t0) ρ(Q0, Q

′
0, t0) U †(Q′

f , Q′
0, t, t0)

the evolution operator is the path integral:

U(Q, Q0, t, t0) =

∫

DQ eiS[Q] =

∫

DQ ei
R tf

t0
L(Q,Q̇) Q(t0) = Q0

Q(t) = Qf

The density matrix at timet is a double path-integral:

ρ(Qf , Q′
f , t) =

∫

DQ

∫

DQ′ e(iS[Q]−iS[Q′]) ρ(Q0, Q
′
0, t0)
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Double Field Formalism

It is natural to “double” the fields in the path integral:

ρ(Q+, Q−, t) =

∫

DQ+

∫

DQ−ei(S[Q+]−S[Q−])ρ(Q0, Q
′
0, t0)

think of Q+ ≡ Q, Q− ≡ Q′ as independent field variables, or as a
single field defined on the contour:

Q+

Q-

Ret

Im t
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Particle coupled to a bath

Now consider a system formed by:

• a single particleX(t) (the probe quark)

• a QFT in a statistical ensemble (the QGP) with d.o.f.Φ(x)

S = S0[X(t)] + SQGP [Φ(x, t)] + Sint[X, Φ(x)]
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dt X(t)F(t)

F(t): some QFT operator built with theΦ(x)’s

• Suppose the particle starts at positionxi at ti = −∞, then

ρi = δ(X − xi)δ(X
′ − xi) ⊗ ρbath

i (Φ,Φ′)
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Particle coupled to a bath

Now consider a system formed by:

• a single particleX(t) (the probe quark)

• a QFT in a statistical ensemble (the QGP) with d.o.f.Φ(x)

S = S0[X(t)] + SQGP [Φ(x, t)] + Sint[X, Φ(x)]

• assume a linear coupling:Sint =
∫

dt X(t)F(t)

F(t): some QFT operator built with theΦ(x)’s

• Suppose the particle starts at positionxi at ti = −∞, then

ρi = δ(X − xi)δ(X
′ − xi) ⊗ ρbath

i (Φ,Φ′)

We are interested in thereduced density matrixat timet:

ρ(X, X ′, t) = TrΦ(x)

[

ρ(X, X ′; Φ,Φ′; t)
]
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Reduced density matrix

ρ(X, X ′, t) =

∫

DX+

∫

DX−e(iS0[X+]−iS0[X−]) ×
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Reduced density matrix

ρ(X, X ′, t) =

∫

DX+

∫

DX−e(iS0[X+]−iS0[X−]) ×
∫

Φ+f=Φ−f

D [Φ±(x)]ei
(

S[Φ+]−S[Φ−]+
R

dt X+(t)F+(t)−
R

dt X−(t)F−(t)
)

ρbath
i
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Reduced density matrix

ρ(X, X ′, t) =

∫

DX+

∫

DX−e(iS0[X+]−iS0[X−]) ×
∫

Φ+f=Φ−f

D [Φ±(x)]ei
(

S[Φ+]−S[Φ−]+
R

dt X+(t)F+(t)−
R

dt X−(t)F−(t)
)

ρbath
i

The reduced density matrix evolves according to the effective
action:

Seff [X+, X−] = S0[X+] − S0[X−] + SIF [X+, X−]

eiSIF [X+,X−] =
〈

ei
R

dt X+(t)F+(t)−i
R

dt X−(t)F−(t)
〉

bath

Feynman and Vernon, ’63

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 12



Effective Action (Influence Functional)

Expand the exponential to quadratic order inXF .

〈

ei
R

dt X+(t)F+(t)−i
R

dt X−(t)F−(t)
〉

bath
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〉

bath ≃ 1
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Effective Action (Influence Functional)

Expand the exponential to quadratic order inXF .

〈

ei
R

dt X+(t)F+(t)−i
R

dt X−(t)F−(t)
〉

bath ≃ 1 + i

∫

dt 〈F(t)〉(X+ − X−)
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Effective Action (Influence Functional)

Expand the exponential to quadratic order inXF .

〈

ei
R

dt X+(t)F+(t)−i
R

dt X−(t)F−(t)
〉

bath ≃ 1 + i

∫

dt 〈F(t)〉(X+ − X−)

− i

2

∫

dtdt′
[

− X+(t)i〈F+(t)F+(t′)〉X+(t′) + X−(t)i〈F−(t)F+(t′)〉X+(t′)

+X+(t)i〈F+(t)F−(t′)〉X−(t′) − X−(t)i〈F−(t)F−(t′)〉X−(t′)
]
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Effective Action (Influence Functional)

Expand the exponential to quadratic order inXF .

〈

ei
R

dt X+(t)F+(t)−i
R

dt X−(t)F−(t)
〉

bath ≃ 1 + i

∫

dt 〈F(t)〉(X+ − X−)

− i

2

∫

dtdt′
[

− X+(t)i〈F+(t)F+(t′)〉X+(t′) + X−(t)i〈F−(t)F+(t′)〉X+(t′)

+X+(t)i〈F+(t)F−(t′)〉X−(t′) − X−(t)i〈F−(t)F−(t′)〉X−(t′)
]

≃ exp
[

i

∫

dt 〈F〉(X+ − X−) − i

2
Xa(t)Gab(t, t

′)Xb(t
′)
]

Gab(t, t
′) =

〈

PFa(t)Fb(t
′)
〉

a, b = +,−

P: Path Orderingalong the Keldysh contour.
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Path Ordering

• +-operators are time-ordered,−-operators anti-time-ordered.

• −-operators are always to the future of+-operators;

H L H L H L

HtL

Ht'L

H L

Ht'L HtL
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Path Ordering

• +-operators are time-ordered,−-operators anti-time-ordered.

• −-operators are always to the future of+-operators;

G++(t, t′) = −i
〈

T F+(t)F+(t′)
〉

G−+(t, t′) = −i
〈

F−(t)F+(t′)
〉

F+Ht'L F+HtL
t

F+Ht'L

F-HtL

t

G+−(t, t′) = −i
〈

F−(t′)F+(t)
〉

G−−(t, t′) = −i
〈

T F−(t)F−(t′)
〉

F-Ht'L

F+HtL
t

F-Ht'L F-HtL

t
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Keldysh Propagators

In operator formalism:

GR(t) = −iθ(t)
〈 [

F(t),F(0)
] 〉

, GA(t) = iθ(−t)
〈 [

F(t),F(0)
] 〉
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Keldysh Propagators

In operator formalism:

GR(t) = −iθ(t)
〈 [

F(t),F(0)
] 〉

, GA(t) = iθ(−t)
〈 [

F(t),F(0)
] 〉

Gsym(t) = − i
2

〈 {

F(t),F(0)
} 〉

, Gasym(t) = − i
2

〈 [

F(t),F(0)
] 〉
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Keldysh Propagators

In operator formalism:

GR(t) = −iθ(t)
〈 [

F(t),F(0)
] 〉

, GA(t) = iθ(−t)
〈 [

F(t),F(0)
] 〉

Gsym(t) = − i
2

〈 {

F(t),F(0)
} 〉

, Gasym(t) = − i
2

〈 [

F(t),F(0)
] 〉

Gasym(t) = GR(t) − GA(t), GR(−t) = GA(t)

〈TF(t)F(0)〉 = θ(t)〈F(t)F(0)〉+θ(−t)〈F(0)F(t)〉 = Gsym +
1

2
(GR + GA)
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〈TF(t)F(0)〉 = θ(t)〈F(t)F(0)〉+θ(−t)〈F(0)F(t)〉 = Gsym +
1

2
(GR + GA)

G++ = Gsym +
1

2
(GR + GA), G−− = Gsym − 1

2
(GR + GA)

G+− = Gsym +
1

2
(−GR + GA) G−+ = Gsym +

1

2
(GR − GA)
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Keldysh Propagators

In operator formalism:

GR(t) = −iθ(t)
〈 [

F(t),F(0)
] 〉

, GA(t) = iθ(−t)
〈 [

F(t),F(0)
] 〉

Gsym(t) = − i
2

〈 {

F(t),F(0)
} 〉

, Gasym(t) = − i
2

〈 [

F(t),F(0)
] 〉

Gasym(t) = GR(t) − GA(t), GR(−t) = GA(t)

〈TF(t)F(0)〉 = θ(t)〈F(t)F(0)〉+θ(−t)〈F(0)F(t)〉 = Gsym +
1

2
(GR + GA)

G++ = Gsym +
1

2
(GR + GA), G−− = Gsym − 1

2
(GR + GA)

G+− = Gsym +
1

2
(−GR + GA) G−+ = Gsym +

1

2
(GR − GA)

G++ + G−− − G+− − G−+ = 0
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Effective Action

Putting it all together:

Seff = S0[X+] − S0[X−]

+

∫

(X+ − X−)GR(X+ + X−) +
1

2

∫

(X+ − X−)Gsym(X+ − X−)
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Effective Action

Putting it all together:

Seff = S0[X+] − S0[X−]

+

∫

(X+ − X−)GR(X+ + X−) +
1

2

∫

(X+ − X−)Gsym(X+ − X−)

DefineXcl = (X+ + X−)/2, y ≡ X+ − X− .
In the semiclassical limit,y ≪ Xcl, and we can expand:

S0[X+] − S0[X−] ≃
∫

dt
δS0

δXcl(t)
y(t)
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Effective Action

Putting it all together:

Seff = S0[X+] − S0[X−]

+

∫

(X+ − X−)GR(X+ + X−) +
1

2

∫

(X+ − X−)Gsym(X+ − X−)

DefineXcl = (X+ + X−)/2, y ≡ X+ − X− .
In the semiclassical limit,y ≪ Xcl, and we can expand:

S0[X+] − S0[X−] ≃
∫

dt
δS0

δXcl(t)
y(t)

Seff [Xcl, y] ≃
∫

dt y(t)

(

δS0

δXcl(t)
+

∫

dt′ GR(t, t′)Xcl(t
′)

)

+
1

2

∫

dtdt′ y(t)Gsym(t, t′)y(t′)
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Enter the Noise

The path integral forX has become:

Z =

∫

DXcl

∫

Dy exp

[

i

∫

dt y(t)

(

δS0

δXcl(t)
+

∫

dt′ GR(t, t′)Xcl(t
′)

)

+
1

2

∫

dtdt′ y(t)Gsym(t, t′)y(t′)

]
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Enter the Noise

The path integral forX has become:

Z =

∫

DXcl

∫

Dy exp

[

i

∫

dt y(t)

(

δS0

δXcl(t)
+

∫

dt′ GR(t, t′)Xcl(t
′)

)

+
1

2

∫

dtdt′ y(t)Gsym(t, t′)y(t′)

]

“Integrate in” a Gaussian variableξ(t) with varianceGsym(t, t′):

Z =

∫

Dξ

∫

DXcl

∫

Dy exp

[

i

∫

dt y

(

δS0

δXcl
+ GRXcl−ξ

)

− 1

2

∫

ξG−1
symξ

]
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Enter the Noise

The path integral forX has become:

Z =

∫

DXcl

∫

Dy exp

[

i

∫

dt y(t)

(

δS0

δXcl(t)
+

∫

dt′ GR(t, t′)Xcl(t
′)

)

+
1

2

∫

dtdt′ y(t)Gsym(t, t′)y(t′)

]

“Integrate in” a Gaussian variableξ(t) with varianceGsym(t, t′):

Z =

∫

Dξ

∫

DXcl

∫

Dy exp

[

i

∫

dt y

(

δS0

δXcl
+ GRXcl−ξ

)

− 1

2

∫

ξG−1
symξ

]

Now integrate overy to get aδ-functional inXcl

Z =

∫

Dξ

∫

DXclδ

(

δS0

δXcl
+ GRXcl − ξ

)

e−
1

2
ξG−1

symξ
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Generalized Langevin Equation

Z =

∫

Dξ

∫

DXcl δ

(

δS0

δXcl
+ GRXcl − ξ

)

e−
1

2
ξG−1

symξ

The path integral is concentrated on the solution of the classical
equation with a stochastic force:

δS0

δXcl(t)
+

∫ t

−∞
dt′ GR(t − t′)Xcl(t

′) = ξ(t) 〈ξ(t)ξ(t′)〉 = Gsym(t − t′)

Generalized Langevin Equation
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Generalized Langevin Equation

Z =

∫

Dξ

∫

DXcl δ

(

δS0

δXcl
+ GRXcl − ξ

)

e−
1

2
ξG−1

symξ

The path integral is concentrated on the solution of the classical
equation with a stochastic force:

δS0

δXcl(t)
+

∫ t

−∞
dt′ GR(t − t′)Xcl(t

′) = ξ(t) 〈ξ(t)ξ(t′)〉 = Gsym(t − t′)

Generalized Langevin Equation

For a free particle,δS0/δXcl = Ṗ . Integrate second term by parts:

Ṗ +

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) = ξ(t′)

d

dt
γ(t) = Gasym(t)

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 18



Recovering Local Langevin Equation

Ṗ +

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) = ξ(t′) 〈ξ(t)ξ(t′)〉 = Gsym(t, t′)

Supposet ≫ τc (autocorrelation time of the force)
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Recovering Local Langevin Equation

Ṗ +

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) = ξ(t′) 〈ξ(t)ξ(t′)〉 = Gsym(t, t′)

Supposet ≫ τc (autocorrelation time of the force)

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) ⇒ η Ẋ(t) η ≡

(∫ +∞

0
dt′ γ(t′)

)

Gsym(t − t′) ⇒ κ δ(t − t′), κ ≡
∫ +∞

−∞
dt Gsym(t)
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Recovering Local Langevin Equation

Ṗ +

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) = ξ(t′) 〈ξ(t)ξ(t′)〉 = Gsym(t, t′)

Supposet ≫ τc (autocorrelation time of the force)

∫ +∞

0
dt′ γ(t′)Ẋ(t − t′) ⇒ η Ẋ(t) η ≡

(∫ +∞

0
dt′ γ(t′)

)

Gsym(t − t′) ⇒ κ δ(t − t′), κ ≡
∫ +∞

−∞
dt Gsym(t)

Ṗ = −ηDP (t)+ξ(t) ηD ≡ Ẋ

P
η

(

=
η

γM
for a relativistic particle

)

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 19



Fourier Space
Go to Fourier space:

Gsym(ω) =

∫ +∞

−∞
dt eiωtGsym(t),

Gasym(ω) =

∫ +∞

−∞
dt eiωt (GR(t) − GA(t)) = 2iIm GR(ω)
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Fourier Space
Go to Fourier space:

Gsym(ω) =

∫ +∞

−∞
dt eiωtGsym(t),

Gasym(ω) =

∫ +∞

−∞
dt eiωt (GR(t) − GA(t)) = 2iIm GR(ω)

κ =

∫ +∞

−∞
Gsym(t)= Gsym(ω)

∣

∣

∣

ω=0
η = −ImGR(ω)

ω

∣

∣

∣

ω=0
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Fourier Space
Go to Fourier space:

Gsym(ω) =

∫ +∞

−∞
dt eiωtGsym(t),

Gasym(ω) =

∫ +∞

−∞
dt eiωt (GR(t) − GA(t)) = 2iIm GR(ω)

κ =

∫ +∞

−∞
Gsym(t)= Gsym(ω)

∣

∣

∣

ω=0
η = −ImGR(ω)

ω

∣

∣

∣

ω=0

• Relation betweenGsym(ω) andGR(ω) is ensemble-dependent.
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Fourier Space
Go to Fourier space:

Gsym(ω) =

∫ +∞

−∞
dt eiωtGsym(t),

Gasym(ω) =

∫ +∞

−∞
dt eiωt (GR(t) − GA(t)) = 2iIm GR(ω)

κ =

∫ +∞

−∞
Gsym(t)= Gsym(ω)

∣

∣

∣

ω=0
η = −ImGR(ω)

ω

∣

∣

∣

ω=0

• Relation betweenGsym(ω) andGR(ω) is ensemble-dependent.

• For an equilibrium ensemble at temperatureT :

Gsym(ω) = − coth
( ω

2T

)

ImGR(ω) ⇒ κ = 2Tη = 2MTηD

Einstein’s Relation for a non relativistic particle
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Holographic correlators

• The functions entering the generalized langevin equationsfor a
point particle are given in terms ofcorrelation functionsof the
QFT operatorF that seesX(t) as an external source

eiSIF =
〈

ei
R

dt X(t)F(t)
〉

QFT
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Holographic correlators

• The functions entering the generalized langevin equationsfor a
point particle are given in terms ofcorrelation functionsof the
QFT operatorF that seesX(t) as an external source

eiSIF =
〈

ei
R

dt X(t)F(t)
〉

QFT

• These are precisely the objects we can calculate viaAdS/CFT:
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Holographic correlators

• The functions entering the generalized langevin equationsfor a
point particle are given in terms ofcorrelation functionsof the
QFT operatorF that seesX(t) as an external source

eiSIF =
〈

ei
R

dt X(t)F(t)
〉

QFT

• These are precisely the objects we can calculate viaAdS/CFT:

1. Find the bulk field dual to F
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Holographic correlators

• The functions entering the generalized langevin equationsfor a
point particle are given in terms ofcorrelation functionsof the
QFT operatorF that seesX(t) as an external source

eiSIF =
〈

ei
R

dt X(t)F(t)
〉

QFT

• These are precisely the objects we can calculate viaAdS/CFT:

1. Find the bulk field dual to F

2. Solve its classical equations of motion
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Holographic correlators

• The functions entering the generalized langevin equationsfor a
point particle are given in terms ofcorrelation functionsof the
QFT operatorF that seesX(t) as an external source

eiSIF =
〈

ei
R

dt X(t)F(t)
〉

QFT

• These are precisely the objects we can calculate viaAdS/CFT:

1. Find the bulk field dual to F

2. Solve its classical equations of motion

3. Find the correlators from the boundary on-shell action,
following the Son-Starinets prescription for real-time
Green’s functions
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5D Holographic setup

We consider a 5D black hole background (in the string frame)

ds2 = b2(r)

[

dr2

f(r)
− f(r)dt2 + dxidxi

]
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5D Holographic setup

We consider a 5D black hole background (in the string frame)

ds2 = b2(r)

[

dr2

f(r)
− f(r)dt2 + dxidxi

]

• Boundary:

r → 0, f(r) → 1 log b(r) ∼ log ℓ/r + sub.,
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5D Holographic setup

We consider a 5D black hole background (in the string frame)

ds2 = b2(r)

[

dr2

f(r)
− f(r)dt2 + dxidxi

]

• Boundary:

r → 0, f(r) → 1 log b(r) ∼ log ℓ/r + sub.,

• Horizon:

r → rh, f(rh) = 0, 4πT = ḟ(rh)
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5D Holographic setup

We consider a 5D black hole background (in the string frame)

ds2 = b2(r)

[

dr2

f(r)
− f(r)dt2 + dxidxi

]

• Boundary:

r → 0, f(r) → 1 log b(r) ∼ log ℓ/r + sub.,

• Horizon:

r → rh, f(rh) = 0, 4πT = ḟ(rh)

The dual gauge theory is in a deconfined phase.
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Trailing string

Probe quark moving at velocityv on the boundary
m

Classical string attached at the boundary and extending in the
interior.

v

worldsheet horizon

BH horizon

boundary
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Trailing string profile

SNG = − 1

2πℓ2
s

∫

dtdr
√

det ĝαβ , ĝαβ = gµν∂αXµ∂βXν , α, β = t, r
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Trailing string profile

SNG = − 1

2πℓ2
s

∫

dtdr
√

det ĝαβ , ĝαβ = gµν∂αXµ∂βXν , α, β = t, r

Look for solutions:X‖(t, r) = vt + ξ(r) , ξ(0) = 0.
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Trailing string profile

SNG = − 1

2πℓ2
s

∫

dtdr
√

det ĝαβ , ĝαβ = gµν∂αXµ∂βXν , α, β = t, r

Look for solutions:X‖(t, r) = vt + ξ(r) , ξ(0) = 0.

Induced worldsheet metric:

gαβ = b2(r)

(

v2 − f(r) vξ′(r)

vξ′(r) f(r)−1 + ξ
′2

)

,
Horizon@ f(rs) = v2

0 < rs < rh
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Trailing string profile

SNG = − 1

2πℓ2
s

∫

dtdr
√

det ĝαβ , ĝαβ = gµν∂αXµ∂βXν , α, β = t, r

Look for solutions:X‖(t, r) = vt + ξ(r) , ξ(0) = 0.

Induced worldsheet metric:

gαβ = b2(r)

(

v2 − f(r) vξ′(r)

vξ′(r) f(r)−1 + ξ
′2

)

,
Horizon@ f(rs) = v2

0 < rs < rh

Drag frocein the longitudinal direction:

dp‖

dt
= −b2(rs)

2πℓ2
s

v ≡ −ηclass
D p‖ ηclass

D =
1

Mγ

b2(rs)

2πℓ2
s

Gürsoy, Kiritsis, Michalogeorgakis, FN, ’09
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The Worldsheet Black Hole

The 2D metric can be diagonalized by a diffeomorphism:

t = τ + ζ(r), ζ ′ =
vξ′

f − v2

and it becomes that of a 2D black hole, (bs ≡ b(rs), etc)

ds2 = b2

[

−(f − v2)dτ2 +
b4

(b4f − C4)
dr2

]

, C = vb2
s

with horizonr = rs wheref(rs) = v2. rs < rh.
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The Worldsheet Black Hole

The 2D metric can be diagonalized by a diffeomorphism:

t = τ + ζ(r), ζ ′ =
vξ′

f − v2

and it becomes that of a 2D black hole, (bs ≡ b(rs), etc)

ds2 = b2

[

−(f − v2)dτ2 +
b4

(b4f − C4)
dr2

]

, C = vb2
s

with horizonr = rs wheref(rs) = v2. rs < rh.

Hawking temperature:

Ts =
1

4π

√

fsf ′
s

[

4b′s
bs

+
f ′

s

fs

]

{

∼ T v ≪ 1

∼ T/
√

γ v ∼ 1
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Traling string fluctuations

Now we consider fluctuations around the trailing string solution:

~X(t, r) =
(

vt + ξ(r)
)~v

v
+ δ ~X(r, t)
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Traling string fluctuations

Now we consider fluctuations around the trailing string solution:

~X(t, r) =
(

vt + ξ(r)
)~v

v
+ δ ~X(r, t)

Recall the boundary coupling:

Sbdr =

∫

dtX i(t)Fi(t) ≃ S0
bdr +

∫

δXi(0, t)Fi(t)
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Traling string fluctuations

Now we consider fluctuations around the trailing string solution:

~X(t, r) =
(

vt + ξ(r)
)~v

v
+ δ ~X(r, t)

Recall the boundary coupling:

Sbdr =

∫

dtX i(t)Fi(t) ≃ S0
bdr +

∫

δXi(0, t)Fi(t)

δ ~X(r, t) is the bulk field dual to the boundary operator~F

⇒ According to the AdS/CFT prescriptioncorrelators of~F are
obtained from the solutions of the wave equation forδ ~X(r, t)
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Quadratic action

To obtain the linear equations forδ ~X , expand the string NG action
to quadratic order around the traling string.
In the diagonal WS frame:

S
(2)
NG = − 1

2πℓ2
s

∫

dτdr
1

2
Hαβ

[

1

Z2
∂αδX‖∂βδX‖ +

3
∑

i=2

∂αδX⊥
i ∂βδX⊥

i

]
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Quadratic action

To obtain the linear equations forδ ~X , expand the string NG action
to quadratic order around the traling string.
In the diagonal WS frame:

S
(2)
NG = − 1

2πℓ2
s

∫

dτdr
1

2
Hαβ

[

1

Z2
∂αδX‖∂βδX‖ +

3
∑

i=2

∂αδX⊥
i ∂βδX⊥

i

]

⇒ ∂α Hαβ ∂β δX⊥ = 0 ∂α Z−2Hαβ ∂β δX‖ = 0
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Quadratic action

To obtain the linear equations forδ ~X , expand the string NG action
to quadratic order around the traling string.
In the diagonal WS frame:

S
(2)
NG = − 1

2πℓ2
s

∫

dτdr
1

2
Hαβ

[

1

Z2
∂αδX‖∂βδX‖ +

3
∑

i=2

∂αδX⊥
i ∂βδX⊥

i

]

⇒ ∂α Hαβ ∂β δX⊥ = 0 ∂α Z−2Hαβ ∂β δX‖ = 0

Hαβ =





− b4√
(f−v2)(b4f−C2)

0

0
√

(f − v2)(b4f − C2)



 ,

Z ≡ b2
√

(f − v2)/(b4f − C2)
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Asymptotic solutions

Look for harmonic solutions:δ ~X(r, τ) = e−iωτδ ~X(r, ω)
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Asymptotic solutions

Look for harmonic solutions:δ ~X(r, τ) = e−iωτδ ~X(r, ω)

• Near the boundaryr → 0 :

∂2
rΨ(r, ω) − 2

r
∂rΨ(r, ω) + γ2ω2Ψ(r, ω) = 0, Ψ ≡ δX‖,⊥

Solutions are linear combinations of a normalizable and a
non-normaliable mode,Ψ(r, ω) ∼ Cs + Cvr

3
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Asymptotic solutions

Look for harmonic solutions:δ ~X(r, τ) = e−iωτδ ~X(r, ω)

• Near the boundaryr → 0 :

∂2
rΨ(r, ω) − 2

r
∂rΨ(r, ω) + γ2ω2Ψ(r, ω) = 0, Ψ ≡ δX‖,⊥

Solutions are linear combinations of a normalizable and a
non-normaliable mode,Ψ(r, ω) ∼ Cs + Cvr

3

• Near the worldsheet horizonrs:

∂2
rΨ +

1

(rs − r)
∂rΨ +

(

ω

4πTs(rs − r)

)2

Ψ = 0

Solutions are infalling and outgoing waves:

Ψ(r, ω) ∼ Cout(rs − r)+
iω

4πTs + Cin(rs − r)−
iω

4πTs
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Retaded Correlator

S =

∫

drdtHαβ∂α Ψ∂β Ψ Hαβ =

{

1
2πℓ2s

Hαβ ⊥
1

2πℓ2s
Hαβ/Z2 ‖
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Retaded Correlator

S =

∫

drdtHαβ∂α Ψ∂β Ψ Hαβ =

{

1
2πℓ2s

Hαβ ⊥
1

2πℓ2s
Hαβ/Z2 ‖

Son + Starinets prescription for the retarded propagator:

GR(ω) = Hrα Ψ∗
R(r, ω) ∂α ΨR(r, ω)

∣

∣

∣

Boundary

ΨR is the solution with boundary conditions:

ΨR(0, ω) = 1, ΨR(r, ω) ∼ (rs − r)−
iω

4πTs r ∼ rs

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 29



Retaded Correlator

S =

∫

drdtHαβ∂α Ψ∂β Ψ Hαβ =

{

1
2πℓ2s

Hαβ ⊥
1

2πℓ2s
Hαβ/Z2 ‖

Son + Starinets prescription for the retarded propagator:

GR(ω) = Hrα Ψ∗
R(r, ω) ∂α ΨR(r, ω)

∣

∣

∣

Boundary

ΨR is the solution with boundary conditions:

ΨR(0, ω) = 1, ΨR(r, ω) ∼ (rs − r)−
iω

4πTs r ∼ rs

G⊥
R =

1

2πℓ2
s

Hrr δX⊥∗
R ∂r δX⊥

R

∣

∣

∣

Bdr
, G

‖
R =

1

2πℓ2
s

Hrr

Z2
δX

‖∗
R ∂r δX

‖
R

∣

∣

∣

Bdr
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Symmetric Correlator

Worldsheet fluctuations are WS satisfy a wave equation for scalar
fields propagating in 2D black hole metric.

⇒ they have athermal equilibriumdistribution with temperatureTs.
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Symmetric Correlator

Worldsheet fluctuations are WS satisfy a wave equation for scalar
fields propagating in 2D black hole metric.

⇒ they have athermal equilibriumdistribution with temperatureTs.

This argument can be made more rigorous using the holographic equivalent of the Keldysh

contour: impose analiticity through the horizon in the extended Kruskal diagram of the WS black

hole (Son + Herzog, ’02).
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Symmetric Correlator

Worldsheet fluctuations are WS satisfy a wave equation for scalar
fields propagating in 2D black hole metric.

⇒ they have athermal equilibriumdistribution with temperatureTs.

This argument can be made more rigorous using the holographic equivalent of the Keldysh

contour: impose analiticity through the horizon in the extended Kruskal diagram of the WS black

hole (Son + Herzog, ’02).

⇒ we can extract the symmetric correlator from the retarded one:

G‖,⊥
sym(ω) = − coth

(

ω

2Ts

)

Im G
‖,⊥
R (ω)
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Symmetric Correlator

Worldsheet fluctuations are WS satisfy a wave equation for scalar
fields propagating in 2D black hole metric.

⇒ they have athermal equilibriumdistribution with temperatureTs.

This argument can be made more rigorous using the holographic equivalent of the Keldysh

contour: impose analiticity through the horizon in the extended Kruskal diagram of the WS black

hole (Son + Herzog, ’02).

⇒ we can extract the symmetric correlator from the retarded one:

G‖,⊥
sym(ω) = − coth

(

ω

2Ts

)

Im G
‖,⊥
R (ω)

This isnot the thermal equilibrium relation for fluctuations in the
plasma, sinceTs 6= T .
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 31



Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs

r ∼ rs, Ψ ≃ Ch(rs−r)−
iω

4πTs Im GR =
Hrr(r)

4πTs(rs − r)

∣

∣

∣

rs

|Ch|2ω
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs

r ∼ rs, Ψ ≃ Ch(rs−r)−
iω

4πTs Im GR =
Hrr(r)

4πTs(rs − r)

∣

∣

∣

rs

|Ch|2ω

On the other hand we can computeΨ(r) exactly in theω → 0 limit,

Ψ =≃ 1 + C2(ω)

∫ r

0
Hrr(r′)dr′ C2(ω) ∼ ω
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs

r ∼ rs, Ψ ≃ Ch(rs−r)−
iω

4πTs Im GR =
Hrr(r)

4πTs(rs − r)

∣

∣

∣

rs

|Ch|2ω

On the other hand we can computeΨ(r) exactly in theω → 0 limit,

Ψ =≃ 1 + C2(ω)

∫ r

0
Hrr(r′)dr′ C2(ω) ∼ ω

⇒ Ch = 1
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs

r ∼ rs, Ψ ≃ Ch(rs−r)−
iω

4πTs Im GR =
Hrr(r)

4πTs(rs − r)

∣

∣

∣

rs

|Ch|2ω

On the other hand we can computeΨ(r) exactly in theω → 0 limit,

Ψ =≃ 1 + C2(ω)

∫ r

0
Hrr(r′)dr′ C2(ω) ∼ ω

⇒ Ch = 1 κ =
H(r)

2π(rs − r)

∣

∣

∣

rs
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Langevin Diffusion constants

κ = Gsym(ω)
∣

∣

∣

ω=0
= −2Ts

Im GR(ω)

ω

∣

∣

∣

ω=0

Im GR(r, t) =
Hrr

2i
Ψ∗←→∂r Ψ= Jr(r, t), ∂rJ

r = 0

⇒ we can computeImGR(ω) anywhere. e.g. @rs

r ∼ rs, Ψ ≃ Ch(rs−r)−
iω

4πTs Im GR =
Hrr(r)

4πTs(rs − r)

∣

∣

∣

rs

|Ch|2ω

On the other hand we can computeΨ(r) exactly in theω → 0 limit,

Ψ =≃ 1 + C2(ω)

∫ r

0
Hrr(r′)dr′ C2(ω) ∼ ω

⇒ Ch = 1 κ =
H(r)

2π(rs − r)

∣

∣

∣

rs

=
1

πℓ2
s











b2
s Ts ⊥

(4π)2 b2
s T 3

s /f
′2
s ‖
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Langevin Friction terms

~̇p = −η
‖
D(p)p‖v̂ − η⊥D(p)~p⊥ + ~ξ(t).

To connect with holographic calculation we must write the
Langevin equations into equations forδX.
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Langevin Friction terms

~̇p = −η
‖
D(p)p‖v̂ − η⊥D(p)~p⊥ + ~ξ(t).

To connect with holographic calculation we must write the
Langevin equations into equations forδX.

~̇X = ~v + δ ~̇X, ~p =
M ~̇X

√

1 − ~̇X · ~̇X

= γM~v + δ~p
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Langevin Friction terms

~̇p = −η
‖
D(p)p‖v̂ − η⊥D(p)~p⊥ + ~ξ(t).

To connect with holographic calculation we must write the
Langevin equations into equations forδX.

~̇X = ~v + δ ~̇X, ~p =
M ~̇X

√

1 − ~̇X · ~̇X

= γM~v + δ~p

Expand to first order⇒ equations for position fluctuations:

γMδẌ⊥ = −η⊥δẊ⊥ + ξ⊥(t),

γ3MδẌ‖ = −η‖δẊ‖(t) + ξ‖(t)

η⊥ =
1

γM
η⊥D η‖ =

1

γ3M

[

η
‖
D + γMv

∂η
‖
D

∂p

]
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Modified Einstein Reltations

η⊥ =
1

γM
η⊥D, η‖ =

1

γ3M

[

η
‖
D + Mγv

∂η
‖
D

∂p

]

The coefficients computed holographically are

η‖,⊥ = −ImGR

ω

∣

∣

∣

ω=0
=

κ‖,⊥

2Ts
.
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Modified Einstein Reltations

η⊥ =
1

γM
η⊥D, η‖ =

1

γ3M

[

η
‖
D + Mγv

∂η
‖
D

∂p

]

The coefficients computed holographically are

η‖,⊥ = −ImGR

ω

∣

∣

∣

ω=0
=

κ‖,⊥

2Ts
.

⇒ modified Einstein relations

κ⊥ = 2γM Tsη
⊥
D, κ‖ = 2γ3MTs

[

η
‖
D + Mγv

∂η
‖
D

∂p

]

(Cfr. non-relativistic, thermal equilibrium E.R.κ = 2TMηD)
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Modified Einstein Reltations

η⊥ =
1

γM
η⊥D, η‖ =

1

γ3M

[

η
‖
D + Mγv

∂η
‖
D

∂p

]

The coefficients computed holographically are

η‖,⊥ = −ImGR

ω

∣

∣

∣

ω=0
=

κ‖,⊥

2Ts
.

⇒ modified Einstein relations

κ⊥ = 2γM Tsη
⊥
D, κ‖ = 2γ3MTs

[

η
‖
D + Mγv

∂η
‖
D

∂p

]

(Cfr. non-relativistic, thermal equilibrium E.R.κ = 2TMηD)

Consistency check:η‖D = η⊥D = ηclass
D = (2πℓ2

s)
−1b(rs)

2/Mγ

satisfiies both relations!
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Validity of the local approximation

• LocalLangevin equation:long timeapproximation,

t ≫ τcorr ∼ 1/Ts
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Validity of the local approximation

• LocalLangevin equation:long timeapproximation,

t ≫ τcorr ∼ 1/Ts

• ∆p2
⊥ description in terms ofκ⊥: short timesolution oflocal

Langevin.
t ≪ τrelax ∼ 1/ηD
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Validity of the local approximation

• LocalLangevin equation:long timeapproximation,

t ≫ τcorr ∼ 1/Ts

• ∆p2
⊥ description in terms ofκ⊥: short timesolution oflocal

Langevin.
t ≪ τrelax ∼ 1/ηD

Consistency:

1/ηD ≫ 1/Ts

If this fails, need thefull non-localgeneralized Langevin dynamics
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Einstein-Dilaton gravity

A simple 5D concrete realization.

SE = −M3
p

∫

d5x
√−g

[

R − 4

3
(∂Φ)2 − V (Φ)

]
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Einstein-Dilaton gravity

A simple 5D concrete realization.

SE = −M3
p

∫

d5x
√−g

[

R − 4

3
(∂Φ)2 − V (Φ)

]

• UV AdS asymptotics

b(r) ∼ ℓ

r
λ2/3(r), λ(r) ∼ (log r)−1 r → 0
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Einstein-Dilaton gravity

A simple 5D concrete realization.

SE = −M3
p

∫

d5x
√−g

[

R − 4

3
(∂Φ)2 − V (Φ)

]

• UV AdS asymptotics

b(r) ∼ ℓ

r
λ2/3(r), λ(r) ∼ (log r)−1 r → 0

• V ∼ λ4/3(log λ)1/2 asλ → ∞

⇒ mass gap, Wilson loop confinement, Hawking-Page
deconfinement phase transition@ T = Tc 6= 0

Gursoy, Kiritsis, Mazzanti, F.N., ’07-’09
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Einstein-Dilaton gravity

A simple 5D concrete realization.

SE = −M3
p

∫

d5x
√−g

[

R − 4

3
(∂Φ)2 − V (Φ)

]

• UV AdS asymptotics

b(r) ∼ ℓ

r
λ2/3(r), λ(r) ∼ (log r)−1 r → 0

• V ∼ λ4/3(log λ)1/2 asλ → ∞

⇒ mass gap, Wilson loop confinement, Hawking-Page
deconfinement phase transition@ T = Tc 6= 0

Gursoy, Kiritsis, Mazzanti, F.N., ’07-’09

• Specific choice ofV (Φ) gives good agreeement with Lattice
thermo and spectra(cfr. L. Mazzanti’s talk)
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Qhat

We can compute the transverse momentum broadeining broadening
numerically, given the solution for the background metric

q̂ = 2
κ⊥

v
=

2b2(rs)

πℓ2
s

Ts

v
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Qhat

We can compute the transverse momentum broadeining broadening
numerically, given the solution for the background metric

q̂ = 2
κ⊥
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=

2b2(rs)

πℓ2
s

Ts

v
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Qhat

We can compute the transverse momentum broadeining broadening
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q̂ = 2
κ⊥
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=

2b2(rs)

πℓ2
s

Ts

v
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Qhat

We can compute the transverse momentum broadeining broadening
numerically, given the solution for the background metric

q̂ = 2
κ⊥

v
=

2b2(rs)

πℓ2
s

Ts

v

The order of magnitude is correct. Comparison to data is hard due to
momentum dependence.
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Validity of the local approximation, pt. 2

Parametrization in terms of̂q justified if:

1/ηD ≫ 1/Ts

This translates to a bound on quark momentum:

p ≪ 1.5Mq (Mq/T )2
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Validity of the local approximation, pt. 2

Parametrization in terms of̂q justified if:

1/ηD ≫ 1/Ts

This translates to a bound on quark momentum:

p ≪ 1.5Mq (Mq/T )2
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Final Comments and Open Questions

• I’ve discussed the computation for a quark of infinite mass; For
finite mass one has to put the boundary atrQ > 0. The low
frequency limit and̂q aremass-inedependent
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Final Comments and Open Questions

• I’ve discussed the computation for a quark of infinite mass; For
finite mass one has to put the boundary atrQ > 0. The low
frequency limit and̂q aremass-inedependent

• Is the local Langevin approx. a good one?
Look atp⊥ broadening keeping a non-trivial kernel and colored
noise.
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Final Comments and Open Questions

• I’ve discussed the computation for a quark of infinite mass; For
finite mass one has to put the boundary atrQ > 0. The low
frequency limit and̂q aremass-inedependent

• Is the local Langevin approx. a good one?
Look atp⊥ broadening keeping a non-trivial kernel and colored
noise.

• What happens for large times,> 1/ηD?

Need to extend the analysis to large momentum variations, i.e.
non-constantv.
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Final Comments and Open Questions

• I’ve discussed the computation for a quark of infinite mass; For
finite mass one has to put the boundary atrQ > 0. The low
frequency limit and̂q aremass-inedependent

• Is the local Langevin approx. a good one?
Look atp⊥ broadening keeping a non-trivial kernel and colored
noise.

• What happens for large times,> 1/ηD?

Need to extend the analysis to large momentum variations, i.e.
non-constantv.

• What kind of momentum distribution do we find at larget?
Look for stationary solution of the associated Fokker-Planck
equation. Complicated by anysotropy.

Langevin dynamics of heavy quarks in non-conformal 5D holography – p. 38



Final Comments and Open Questions

• I’ve discussed the computation for a quark of infinite mass; For
finite mass one has to put the boundary atrQ > 0. The low
frequency limit and̂q aremass-inedependent

• Is the local Langevin approx. a good one?
Look atp⊥ broadening keeping a non-trivial kernel and colored
noise.

• What happens for large times,> 1/ηD?

Need to extend the analysis to large momentum variations, i.e.
non-constantv.

• What kind of momentum distribution do we find at larget?
Look for stationary solution of the associated Fokker-Planck
equation. Complicated by anysotropy.

• Compare with direct resultsfor b/c suppression (not much
available at the moment, wait for LHC)
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