Extreme statistics of vicious walkers : from random

matrices to Yang-Mills theory on the sphere

G. Schehr

Laboratoire de Physique Théorique
CNRS-Université Paris Sud-XI, Orsay

e G.S., S.N. Majumdar, A. Comtet, J. Randon-Furling, Phys. Rev. Lett. 101, 150601 (2008)

e PJ. Forrester, S.N. Majumdar, G.S., arXiv:1009.2362, to appear in Nuclear Physics B

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 1/48



Non-intersecting Brownian motions in 1d

@ N Brownian motions in one-dimension

xi(t) = Gi(t) , (Gi(HG(T))

= 6;j0(t — t')
x1(0) < x2(0) < ... < xn(0)

@ Non-intersecting condition

x;(t)
24(0) \_/—_\/
x1(f) < xo(t) < ...<xn(t), 0] N
21(0) /—\/_\
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Non-intersecting Brownian motions in 1d

@ N Brownian motions in one-dimension

Xi(t) = Gi(t) , (Gi(B)¢(t))

= dio(t— 1))
x1(0) < x2(0) < ... < xn(0)

@ Non-intersecting condition

xi(t) < xo(t) <...<xn(t), m

0 \/\//1 t
vt >0 B

watermelons
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Non-intersecting Brownian motions in 1d

@ N Brownian motions in one-dimension

xi(t) = Gi(t) , {Ci(HG(T))

= 6;jo(t — t)
x1(0) < x2(0) < ... < xn(0)

@ Non-intersecting condition
;i(t)

xi(t) < xo(t) <..<xn(t), . @

vt >0 g '

t

watermelons "with a wall"
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Vicious walkers in physics

THE JOURNAL OF CHEMICAL PHYSICS VOLUME 48, NUMBER 5§ 1 MARCH 1908

Soluble Model for Fibrous Structures with Steric Constraints

P.-G. pE GENNES

L

Fic. 1. Model for a two-dimensional fiber structure. The
component chains are assumed to be attached to two plates T and
T and placed under tension, The chains are bent by thermal
fluctuations, Different chains cannot intersect each other.
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Vicious walkers in physics
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Extreme statistics of vicious walkers

Maximal height of watermelons

X1(t) < Xg(t) K o0 K XN(t)
Hy = mgx[xN(r),O <7 <A1]

(Hn) =7
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Extreme statistics of Brownian motion

@ Brownian bridge

Hy = max[x(7),0 < 7 < 1]

=13

Hy = max[x(7),0 < 7 < 1]

=3

de Bruijn, Knuth, Rice '72

@ Brownian excursion
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Numerical computation of (Hp) N. Bonichon, M. Mosbah (2003)

Watermelon uniform random generation with
applications

Nicolas Bonichon®, Mohamed Mosbah

Theoretical Computer Science 307 (2003) 241-256
LaBRI-Université Bordeaux I, 351 Cours de la Libération, 33405 Talence, France

Hn = max;[xn(7),0 < 7 < 1] J

(H\)num ~ V0.82 N |

(Hn)oum ~ VI67TN |
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Main results

1 Connection between watermelons and random matrices

— exact asymptotic results for (Hy) for N > 1

e\ e
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Main results

2 Connect® btw. watermelons with a wall and Yang-Mills theory on
the sphere

— exact results for the full distribution of Hy, N — oo

Cumulative distribution

Fn(M) = Proba[H, < M|

Fn(M) — F (2”/6N”6‘M—\/WD » N — oo
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Main results

2 Connect® btw. watermelons with a wall and Yang-Mills theory on
the sphere

— exact results for the full distribution of Hy, N — oo

Cumulative distribution

Fn(M) = Proba[H, < M|

Fn(M) — F (2”/6N”6‘M—\/WD » N — oo

Fi(t) = exp ( - %/too <(s — 1) g3(s) — q(s)) ds)
q'(t) = 2¢°(t) + tq(t) , q(t) ~ Ai(t), t — oo
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Main results

2 Connect® btw. watermelons with a wall and Yang-Mills theory on
the sphere

— exact results for the full distribution of Hy, N — oo

Cumulative distribution

Fn(M) = Proba[H, < M|

Fn(M) — F (2”/6N”6‘M—\/WD » N — oo

Fi(t) = exp ( - %/too <(s — 1) g3(s) — q(s)) ds)
q'(t) = 2¢°(t) + tq(t) , q(t) ~ Ai(t), t — oo

F; is the Tracy-Widom distribution of the largest eigenvalue of
GOE random matrices
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@ Vicious walkers and random matrices

9 Path integral approach to vicious walkers problem
@ Transition probability
@ A regularization procedure for watermelons
@ Joint probability distribution for watermelons

e Distribution of the maximal height
@ Watermelons without wall
@ Watermelons with a wall

0 Connection with Yang-Mills theory on the sphere
@ Partition function of 2d Yang-Mills theory
@ Large N limit and Tracy-Widom distribution

e Conclusion
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@ Vicious walkers and random matrices
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Non intersecting Brownian motions and RMT

@ Joint probability of x1(7), x2(7), - - , Xp(7) at fixed time 7
Pjoint(XhXZa“ s XNs T =it H (X, o2 T) S f
i<j=1

o(t)=+v2r(1—1)

@ The rescaled positions ( y are distributed like the eigenvalues of
random matrices of Gaussian Unitary Ensemble (GUE, 3 = 2)
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Asymptotic behavior of (Hy)

@ The rescaled positions af%) are distributed like the eigenvalues of

random matrices of Gaussian Unitary Ensemble (GUE, g = 2)

@ Mean density p()) of eigenvalues A1, Ao, - - - , Ay for GUE

P
WIGNER SEMI-CIRCLE
TRACY-WIDOM
p(A) = 5 2_00(A = Aa)) s%
a=1 /. Y
_N)2 0 A— (2N)”Z
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Asymptotic behavior of (Hy)

@ Consequences for watermelons without wall for large N

Cowm) e N

Var(t=7) va

m Proba[x, < &] = F2(&),

‘ Tracy-Widom distribution for § = 2

@ The maximal height is reached for + = 1/2

Hy = max[xp(7),0 < 7 < 1]

(Hn) = (xn(r = %)) ~VN vs. (Hy)oum ~ V0.82N
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Joint probability for watermelons with a wall

@ At fixed time 7

x2

Pioini(X, 7) o< o(7) 2"’*‘)Hx H (2 — xP)e 0

o(t)=+v2r(1—1)
°y = #'2(7) are distributed like the eigenvalues of Wishart matrices,
with 3=2and M — N = J,
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Asymptotic behavior of (Hy)

@ Consequences for watermelons without wall for large N

() oy N

Va7 AT
Proba[xz < &] = F2(8),

Tracy-Widom distribution for § = 2

@ The maximal height is reached for r = 1/2

Hy = max[xn(7),0 < 7 < 1]

(Hy) = (xn(r = %)> ~ V2N vs. (Hn)um ~ V1.67N
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@ Connection between watermelons and random matrices

— exact asymptotic results for (Hy) for N > 1

e\ e

==\
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@ Connection between watermelons and random matrices

— exact asymptotic results for (Hy) for N > 1

e\ o

(Hn) ~ V2N J

What about the fluctuations of Hy ?
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9 Path integral approach to vicious walkers problem
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9 Path integral approach to vicious walkers problem
@ Transition probability
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Transition probability

Z; t)

@ \_/—\
Vg

us \_/\/ U3
@ \/\/\ Vs

PN(V‘IaVZv"' ,VN,t2|U1,U2,"' ,UN,t‘]) :?
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Transition probability

PN(V1,V2,"',VN,t2|U1,U2,"',UN,t1) =7 J

@ N non constrained Brownian motions : path integral

X(k)=V 17}
Pr(V, tolu, ) ox / t) exp Z / (%) ot

x(t)=u
N

1 0
Pn(V, b]u, t) o (V| exp[ Fo(to — t } Z 357
i

Pn(v, tlu,ty) = > e B DUE(u)we(v)
E

Ve(u) = (U|E) , FolE) = E|E)
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Transition probability

PN(V‘|7V27"'7VN7t2|U1aU25"'7UN’t1) =7 J

@ p non constrained Brownian motions : path integral

PN(V7 t2|u7 t1) - Z eiE(tzih)wE(u)wE(v)
E

Ve(u) = (U|E) , FolE) = E|E)

N N
Ve(u) = Ve(uy, Uz, -+ ,UN) = H¢Ei(uf) , E= Z Ei
i=1

i=1
Yk, (U;) = one particle eigenfunction
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Transition probability

PN(V1,V2,"',VN7t2|U1,U2,"',UN,t1) =7 J

@ N non intersecting Brownian motions : path integral
PNV, blu, ) =) e ElE g (u)WE(v)
E

PN(V, l‘2|l.l7 t1) =0ifv; = VjV )

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22



Transition probability

PN(V1,V2,"',VN7t2|U1,U2,"',UN,t1) =7 J

@ N non intersecting Brownian motions : path integral
Pu(v, tlu, ty) = > e B Dwg(u)wi(v)
E

PV, LU, ) = 0 if v; = v V t, = FREE FERMIONS
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Transition probability

PN(V1,V2,"',VN,t2|U1,U2,"',UN,t1) =7 J

@ N non intersecting Brownian motions : path integral

PNV, olu, tr) =) e FE W (u)WE(v)
E
P(V, bolu, &) = O if v; = v; V t, — FREE FERMIONS

Ve(u) =Ve(ug, U, -+ ,UN) =

1
NI (et valu)

SLATER DETERMINANT
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9 Path integral approach to vicious walkers problem

@ A regularization procedure for watermelons
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Watermelons configurations : regularization procedure

@ Brownian motion has an infinite density of zero-crossings

Such configurations are ill-defined
for Brownian motion :

xi(0) = xi11(0)
AND x;(t = 0+) < Xip1(t = 0+)

H, -
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Watermelons configurations : regularization procedure

@ Brownian motion has an infinite density of zero-crossings

H, -

Such configurations are ill-defined
for Brownian motion :

xi(0) = xi11(0)
AND x;(t =0") < x;.1(t =01)

t

1

@ A need for regularization : introduce cut-offs ¢;’s

€4

€3

G.Schehr (LPT Orsay)

s b—— N

7
—~

~

€4

Only at the end take the limit

€3
€ — 0

€2

€1
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9 Path integral approach to vicious walkers problem

@ Joint probability distribution for watermelons
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Joint probability for watermelons without wall

82

]|

A A N
i (ele o) (xje” (T ble) 1
Pioine(X, 7) = lim E , Ho = —

(X, 7) = limy oo el b=-3
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Joint probability for watermelons without wall

_THO —(1—7')/:/0 N
Pjoint(X,T) = lim <E|e |X><X|6 |E> , HO = — %

€ei—0 <€|e—:‘:/o|€> P ;

(ele™Fo|x) = / dky - - / de( det e""‘mf")( det e”‘mX">
—o0 00 1<m,n<N 1<m,n<N

S

X exp [—%(kf Rt k,%,)r}
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Joint probability for watermelons without wall

L L N
. (ele”™0|x)(x|je=("Fhle) 4 1 02
Pioint(X, 7) = lim - , Hp=— B
o 0 (ele~Fole) 2 hor
1 2 Gl __1 ZN X2
Pioinc(X, 7) = Zy U(T)_N H (xi — x,-)ze B == D g(r) = +/27(1 — 1)
i<j=1
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Joint probability for watermelons with a wall

_h —(1-)Fh N

ele 1IX)(X|e € ©

(€ %) (x| |>,H1:—§ %63—)(22+V(Xi)
=1

V(X):{ 0, x>0

Floin(%, 7) = eIfILnO (e|e=Fhe)

oo, x<0
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Joint probability for watermelons with a wall

2

N
Pom(x,7) = Zy o (r) MEVOTTE [T (F = xF)%e 0
=1 1<i<j<N
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e Distribution of the maximal height
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e Distribution of the maximal height
@ Watermelons without wall
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Distribution of the maximal height : without wall

@ Cumulative distribution of the maximal height

Fn(M) = Prixn(r) <M, VO <7 <1]

€2

€1

@ Path integral for free fermions

N (e, M)
Fn(M) = J,'L"o N(e, M = o0)

N

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM,

M

€4

€3

€2

€1

Z ‘|‘ Vm(xi) , Vm(x) = {

, N(e, M) = (e]e”mje)

0, x<

M

©, x>M

Stockholm, November 22

28/48



Distribution of the maximal height : without wall

@ After some algebra...

2
LT
M’Vz/ e /dy“’eXp{ 2M2} (1<//<Ny’ °°S<y"+’2))

and manipulations

2-(2)

_ 1Y H. _Hi. —2M
Fu(M) = TS5 [(—1)"Hisj2(0) — Hisjo(V2M)e=2]
where H,(M) = Hermite Polynomials see also T. Feierl '08
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Distribution of the maximal height : without wall

det |(=1)""Hij-2(0) - Hf+/—2(\/§M)e_2M2]

@ Shape and asymptotic behavior

without wall N=2 =«
without wall N=3 <

FN(M) o MN2+N , M—0 - 08 f
< 06
1_FN(M)Ne_2M27M_)OO - 04|

0o 05 1 15 2 25 3 35 4 45
M

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 30/48



Comparison with numerics by Bonichon & Mosbah

Numerical estimate by Bonichon & Mosbah

(Hn)2,,, ~ 0.82N

num

20 ‘
16 | ) Exact behavior at large N
N 12 p
Z
v o8t . 1
Xx 2
al o ] (Hn)® ~ N
0 ==
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e Distribution of the maximal height

@ Watermelons with a wall
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Distribution of the maximal height : with a wall

@ Cumulative distribution of the maximal height

Fn(M) =Prxn(r) <M, VO <7 <1] o[ _~\_
€2 \/\—/\

61/\/\

M

€4

€3

€2

€1

@ Path integral for free fermions

A N 2 0,0<x<
M= 5o+ Vulx), VM(X):{ ’

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22

M

00, X<0&Xx>M
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Distribution of the maximal height : with a wall

@ After some algebra...

A _ 72 SN 2
)~ g 3 11 1 7o 8=

,ny=0 i=1 1<j<k<N
2
7T2N +N

2N =N2 TV (2 4 ))M(3 + )

Ay = cf Selberg integral
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Distribution of the maximal height : with a wall

@ After some algebra...

AN = N 2 SN
_ 2 2 2\2 — s D N
Fn(M) = VRN E | I n; I I (ny — i) e a2 ==170
Ny, ,ny=0 i=1 1S]<k§N
2
meN+N

2NN T2+ )R + )

An cf Selberg integral

@ Shape and asymptotic behavior

with wall N=2 -
I\ with wall N=3 =

2
Fu(M) ~ —2N__ o=z NND@N+) g

S
=
+
=2

NV,
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Distribution of the maximal height : with a wall

@ After some algebra...

A
)= gt 3 1% T1 (f-riper =0

-,ny=0 =1 1<j<k<N
2
7T2N +N

2V=N2 TN T2 + NS +))

Ay = cf Selberg integral

What about the asymptotic behavior of Fy(M) for N — oo ? J
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0 Connection with Yang-Mills theory on the sphere
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0 Connection with Yang-Mills theory on the sphere
@ Partition function of 2d Yang-Mills theory
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Partition function of YM- in 2d

@ Partition function of Yang-Mills theory on a 2d manifold M with a gauge
group G, described by a gauge field A,(x) = A%(x) T2

Zm = /[DA,L]e‘ﬁfTr[F“" Fruv] VG0 x
B =AY G ALSSITALIAT]

Ex: G = SU(2) : electro-weak interaction, G = SU(3) : chromodynamics
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Partition function of YM- in 2d

@ Partition function of Yang-Mills theory on a 2d manifold M with a gauge
group G, described by a gauge field A,(x) = A%(x) T2

Zm = /[DA,L]e‘ﬁfTr[F“" Fruv] VG0 x
B =AY G ALSSITALIAT]

Ex: G = SU(2) : electro-weak interaction, G = SU(3) : chromodynamics

@ Regularization on the lattice, e.9. G = U(N)

ZM:/HdUL 1 Zelel
L

plaquettes

U= ] W

Léeplaquette

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 37/48



Heat-kernel action

Zu= [[Jav. ] Zelvel
L

plaquettes
U= J] W
Léeplaquette
@ A common choice : Wilson’s action Wilson'74

Zp(Up) = exp [DNTe(Up + U})]
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Heat-kernel action

2= | [Tou [T zeiue

plaquettes

Up = H U

Leplaquette

U2
@ A common choice : Wilson’s action Wilson’74

Zp(Up) = exp [bNTI‘(UP + U,T,)}

@ Alternative choice : invariance under decimation = Migdal’s recursion
relation

/aru3 Zp, (Us Us Us) Zp, (Us UsUS) = Z , p, (Uy Up Uy Us)

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 38/48



Heat-kernel action

zu= [Tlav [T Zelual
L

plaquettes

U= J] W

Leplaquette
U2

@ A common choice : Wilson’s action Wilson’74
Zp(Up) = exp [bNTr(Up + U,L)}

@ Alternative choice : invariance under decimation = Migdal’s recursion
relation

/dU3 Zp, (Us UpUs) Zp, (U Us US) = Zp, 1 p, (Us Un Uy Us)
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Heat-kernel action

zu= [Tlav [T Zelual
L

plaquettes

U= J] W

Leplaquette
U2

@ A common choice : Wilson’s action Wilson’74
Zp(Up) = exp [bNTr(Up + U,L)}

@ Alternative choice : invariance under decimation = Migdal’s recursion
relation

/dU3 Zp, (Us UpUs) Zp, (U Us US) = Zp, 1 p, (Us Un Uy Us)

Zp = Z drxr(Up) exp [—:—KICQ(R)] Migdal'75, Rusakov'90
R
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Partition function of YM, on the sphere

@ Exact formula for the partition function computed with the heat-kernel
action

A
Zm =) daexp {_ZNCZ(R)}
A

@ Irreducible representations R of G are labelled by the lengths of the
Young diagrams:

e If G=U(N)
ZM:CNefA% Z H 2em ) E ]
ny,...,ny=0 i<y
e If G=Sp(2N)
oo N Y
Zu=ove s 5 (T[Tt pe-=tot
n,...,An=0 i<j
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Correspondence between YM, on the sphere and

watermelons

@ Partition function of YM, on the sphere with gauge group Sp(2N)

Zp = Z(A; Sp(2N))

Z(A;Sp(2N)) = &y &A1) (H" ) [[(7% — e =t
0

Nyseeey ny= i<j

=
g

@ Cumulative distribution of the maximal height of watermelons with a wall
Ap - =y T i
FP(M):W Z Hn H ”j)e am2 2j=1"
Ny, i<j

212N
Z (A = WT (2N)> P. J. Forrester, S. N. Majumdar, G.S. 10
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0 Connection with Yang-Mills theory on the sphere

@ Large N limit and Tracy-Widom distribution
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Large N limit of YM, and consequences for Fy(M)

@ Weak-strong coupling transition in YMy Durhuus-Olesen 81,
Douglas-Kazakov'93

critical region
—

weak : strong

coupling : coupling
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Large N limit of YM, and consequences for Fy(M)

@ In the critical regime, "double-scaling limit", the method of orthogonal
polynomials (Gross-Matytsin ‘94, Crescimanno-Naculich-Schnitzer '96) Shows

9 tog Fu(VEN(1 + 1/(27*N21%))) = 2 (c2(1)+ (1))
q"(1) = 24°(t) + tq(t) , q(t) ~ Ai(1) , t — o0

F(M) — F (211/6p1/e‘M_\/§3D

1 (oo}
i) = ow( -5 [ (s-Dee)-a(s) o)
= Tracy-Widom distribution for 8 = 1
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Large N limit of YM, and consequences for Fy(M)

@ In the critical regime, "double-scaling limit", the method of orthogonal
polynomials (Gross-Matytsin ‘94, Crescimanno-Naculich-Schnitzer '96) Shows

9 tog Fu(VEN(1 + 1/(27*N21%))) = 2 (c2(1)+ (1))
q'(t) = 2¢°(t) + tq(t) , q(t) ~ Ai(t) , t — oo

F(M) — F (211/6p1/6‘M_\/§3D

1 oo
i) = ow( -5 [ (s-Dee)-a(s) o)
= Tracy-Widom distribution for 5 = 1

@ Also interesting results for large deviations

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 43 /48



What about other gauge groups ?

@ Ratio of reunion probabilities for N vicious walkers on the segment [0, M]
with absorbing boundary conditions

7777777777777777777777 " Fn(M) = Proba[xn(7) < M, V7 € [0,1]]

€ —\/_\,64
Fn(M) = ()

€ \/\/ €3 Roo(1 )
€2 \/\/\ €2
Ru(1) = proba. that N walkers

€ /\/\61 Fms Al iy
! return to their initial positions at

T=1

Related to YM, on the sphere with gauge group Sp(2N)

e Sp(2N)

272N
M

Fn(M) o 2 <A -
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What about other gauge groups ?

@ Ratio of reunion probabilities for N vicious walkers on the segment [0, M]
with periodic boundary conditions

,,,,,,,,,,,,,,,,,,,,,, M
@ \_/__\/5, FN(M) = PrOba[XN(T) < Ma AAS [0, 1]]
" " _ Au(1)
L R [ M) = B A)
€ \/\/_\62
Ru(1) = proba. that N walkers
“I~—"_ " return to their initial positions at

T=1

Related to YM, on the sphere with gauge group U(N)

Fnv(M) x 2 (A = 4;\7%; U(N))
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What about other gauge groups ?

@ Ratio of reunion probabilities for N vicious walkers on the segment [0, M]
with reflecting boundary conditions

,,,,,,,,,,,,,,,,,,,,,, M
al Fn(M) = Proba[xn(7) < M, V7 € [0,1]]
71 71 B RM('I)
& \/\/63 FN(M)— Roo(1)
€2 \/\/\62
L Ru(1) = proba. that N walkers
“ “ return to their initial positions at

T=1

Related to YM, on the sphere with gauge group SO(2N)

471'2N'

Fn(M) o 2 (A == ,SO(2N))

G.Schehr (LPT Orsay) EVS of vicious walkers : from RMT to YM, Stockholm, November 22 46 /48



Outline

e Conclusion
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Conclusion

@ Exact results for (Hy) for large N

@ Exact result for distribution of the maximal height Hy using path
integral techniques

@ Connection with the partition function of YM, on the sphere with
gauge group Sp(2N)

Fn(M) — 71 (2'"/oN'e |M — V2N]|) , N — oo

see also Johansson’'03

@ Relation between boundary conditions in vicious walkers problem
and gauge group in the YM,
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Conclusion

@ Exact results for (Hy) for large N

@ Exact result for distribution of the maximal height Hy using path
integral techniques

@ Connection with the partition function of YM, on the sphere with
gauge group Sp(2N)

F(M) — 7y (211/6N'/ ‘M— \/TND N — oo

see also Johansson’'03

@ Relation between boundary conditions in vicious walkers problem
and gauge group in the YM,

Any deep reason behind this ?
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