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Introduction

@ Random walk on graphs;
@ Local and global definitions;
@ Global definition — Maximal Entropy Random Walk;



RW on a finite connected graph

@ Adjacency matrix: A = 1(0) if ij are (not) neighbors;
@ Node degree: kj = Zj Ajj;

@ Hopping probability: P(i — j) = P;

@ Stochastic matrix 0 < Py <Aj; > Pj=1;



Occupation probability

@ Master equation: 7i(t + 1) = >, mj(t)P;
@ Stationary state: 7" = 37, 7'P;;
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Random trajectories fy;‘g

@ Probability: P(%(Otiz) = Pigi, Pisip - - - Pic_sis
® GRW: P(1\%) = (kiki, ... ki) %;
@ Example:
P(Yreq) = (7-5-4-8)"1 =1/1120;
P(Ygreen) = (7-6-7-6)"1 = 1/1764;

o MERW: P(;{) = F(t,a,b) ?



Entropy of random trajectories

o St Z{ t)} (PYab)) In P('Y;b))
@ Entropy production rate (Shannon, McMillan):

@ Maximal entropy:

INNy  In(AY)ap

Smax = = ~In )\max

t t

@ Inequality:
SGRW < Smax



Frobenius-Perron eigenvalue

@ FP: Kmin < Amax < Kmax

@ New inequality:
exp(ln ki>* < )\max

@ Example:

exp(Ink;). = 108/ ~ 2.55085;
Amax = (1 + V/17)/2 ~ 2.56155;



Equality SGRW — Smax

@ exp(Inki), = A\max;
@ Kk-regular graphs; Amax = K;
@ bi-regular bipartite graphs: Amax =



MERW

@ Let > ¢?=1and
ZAij Y = Amax i
j

@ Transition probability:

p_ Ai ¥
! )\max ¢i

@ Trajectories:
1 4y
POR) = 57—
ab )\¥nax ¢a

@ Stationary distribution: | 7 = )2

@ Entropy rate: Smerw = Smax = IN Amax



GRW vs. MERW on a finite chain
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Defects repulsion

1234567 8 910111213141516

_ 2 2 nm . _
® Tun = 7 SIN° 1, n=1...,L

@ Repulsion at the endpoints (defects)



Lattice with dilution




MERW on lattice with dilution

@ 2d square lattice + a small fraction q < 1 of deleted links;
@ Example: 40 x 40; q = 0.001,0.01,0.05,0.1:

. g




1d example + Lifshitz argument

@ ladder with randomly removed rungs:

AT T
LN LT

@ Yiy1 +Yi—1 + i = Amax¥i, i = 1 with prob. p;

@ Lifshitz, Nieuwenhuizen, Luck

0 —(AY)i +vityy = Eoghi; Vi =1-r1;  Eg = Kmax — Amax;
@ localization on the longest chain of rungs | ~ InL/|Inp|
@ ¢ ~sinit/(I +1); Eg~ 7?/I?



Numerical checks (1)

@ m =1? for L=500; q=1—p = 0.01,0.1.
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Numerical checks (2)

@ Eq ~ (n|Inp|/InL)?
@ L=20,...,90; q=1-p=0.1




Lifshitz spheresinD > 1

—(AY)i + Vi = Eoti

—(Av)i = Epyyi with Dirchlet boundary condition;
in the largest spherical region free of defects;

in 2D: radius: R ~ (InL/(x|Inp]|))Y/2



Summary

GRW maximizes local entropy;
MERW maximizes global entropy;
localization in the presence of weak disorder of the lattice;

classical localization (but it is mapped into quantum
problem)

@ localization is related to Lifshitz states of a random
operator;

@ Inequality:

Zi k; |I"Iki>
A >exp| =——— where kj = Aii
e > exp (=G =3



Open problems

@ Quantum amplitudes:

Kabzzze_sE; SENt

t )
Yab

@ Dynamics: entropy barriers of local Lifshitz spheres;
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