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-LLULAR AUTOMATA #2

Let us see the set Z of integers as a set of cells with 3 - —]

possLbLe colors

* blue (= infected),
* red (= healing), is blue
* white (= healthy), I ‘
evolving according to the following synchronous rule :

with
probability
p ~1-(1/n)

S Soon as

a
1 among
the 2 neighbours
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MOTIVATIONS

CIEHBRIE AR AAROIMPATRAC INHGIEN BRI

[T computer sclentist (Schabawnel, Fates, Bournez e.9.) tntend to study how to
tune Local rules to obtain a suitable global behaviowr.

[T Motivation : parallel computation, spec'mLL;j collaboration between agents (or
processors) with a wminimal cost devoted to sharing information (global
Lnteraction has a higher cost).

1 1-dimensional, 2-dimenstonal, sywehronous, asywnchronous automata
exhibit very different behaviours : game of Life, conflagration, ete ... Despite a
small number of stmple rules, rich and chaotic or complex behaviour.

S MG EL

1 Ferrart, Belitsky, Blythe, Cafri, Bvans, cardy, ... use stmilar models for the
modelisation of some chewiceal reactions, of highway traffic, ete ...
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FHEASTMPTOTIC MODEE

¢
N

ﬁ/‘\'
S

|

~ x(1/n)

[1  ow the real axis, coexist two species of
particles :

[0 positive particles, that move at speeal

3 s

]

[]

O wnegative particles, that move at speed L[]

b

[]

when a colliston occurs, Lt
causes the annthilation of the
two particles tnvolved (ballistic
annthilation).

Branching : each particle gives
birth to a particle of the other
species, after an  exponential
time with parameter 1.

The state of the system at time
t,

U= AT
ls a couple of (multi)sets.
Here Xo=({0},{0}).

Law O‘f X ?
Asy mptotic behaviowy ?
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BRANCHING BALLISTIC
ANNIHILATION

L1 Ballistic variation of a wmodel tntroduced b;j
cardy § Thauber (1996)

L1 (1,0,0,0)-varitant of a wore general
(a,b,c,d)-model (BLgthe et al. 2000)

a+b+c+d=1,

tn whitch wo birth, but 4 Rinds of behaviour
are constoered after a collision :

1 we shall constder = cases
A O pure branching: (0,0,0,1),

O sy mwmeetrie: (0,0.5,0.5,0),

O annthilation: (1,0,0,0).
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PUR

BRANCHING : (0,0,0, 1)

Assume the system starts with 1 positive particle at o, and set :

G e e

_fEXt

Theoremt (M. Krikuwn).

lim (t, 2v/t) e Vit = i

{— 00

The total mwass Ls et.

S BN,

= (0, f) + (¥(t,°), f)

[ifsaet
5 <

V2T

Most of it is supported by an o (Vt)-wide itnterval around o.
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0 s oV n b e A 8 e A AP L B o
0 E i i o
* O locally finite: has a fimite

Lntersection with any bouwnded
tnterval.

[0 good wmultiset: Llocally fimite
and unbouwnded tn both
directlons.

X Z t [0 polnt process: ranodom multiset.

[0 Laplace transform at ¢ of the

(I wmultiset = counting measure point process I1:

T = ,)(,x,g,z,z,‘c} =30, + 65 + 20, + O,
(1 state of the system at time t(=25)

By + B O + 8x) = (", W) =X,
[T wotation for the integral against w

(m,0) =2 () + d(y)+2 =)+ ¢ ()

(m,1a) = #@NA)

(LTD) (¢) = E ||

SRR = [ea #(HﬂA)}
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POISSON POINT PROC

=55

=

(1 Ilts a Polsson point process with tntensity u if the master formula holds :

(£T) (i) = e/~
(£11) (ala)

Eelbscal ) Dlp) = ot (eSS D i (B (et S 1)
= 1D [ea#(HﬂA)er #(HmB)}

oh(A)(e7—1)

) {60’ #(HHA)}

O o A=Y, then #(IINA) and #(I1INB) are independent Poisson random

variables with respective expectations | (A) and u(B).
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< b 10 N g 1 A G e o e BAND A B
LINE

[0 Tlis a Poisson process ow the Line with tntensity A>o uf

u = )\,)( (Lebesgu.e measure)

O o ANB=J, then #(IINA) and #(IINB) are independent Poisson random
variables with respective expectations A |A| and A | & |.

1 other olescrip‘ciows .

-
I

e(n) e(h)

e(N) e(\)
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D PROC

THETILT

BRANCHING BALLISTIC ANNIFHHLATION

=55

(1,0,0,0)

Start with the line x+t=av2, with a
locally finite population X, of positive

l

pa rticles.

EvolLuTioN

- Each particle, with rate 1/V2, shoots
and Rills tts wnearest netghbour on the ,-

EhE

- The tnterval between the two particles is
filled with an independent copy of a

PPP(1/V2). l
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DTN

(D0

case — parameter (1,0,0,0) — PPP
(1/V2) Ls the unique stationary
probability weasure supported by
good wmultisets (infinite tn both —
directions and Locally finite) ;

|
Kk Theoreme. For the anwnihilation l

¥ Consequence : one may define [

i

LG i nl i

SR P A S ik

m/m ¥ it

i

a s’cat’wwarg process on the whole

‘PLa ne.
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(D0 i A 8 B R B S

K Theoreme. For the sgmme’cric
case, PPP(V2) ls the unique

s’catiowarg probabilitg MLEASULYE

m/m ¥ it

afebs

il

supported by good multisets.

|

¥ Consequence : one may define
Qa s’catiowarg process on the whole

pLa ne.
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SYMMETRIC CASE (0,0.5,0.5,0):

i i il

R sp B AL

The process, once defined on the whole plane, can
be seen as a random tessellation.

Theorem.

The sywmmetry group of the random

tessellation contains the diedral group of the
square and the translations of the plane.

(N partlcuLar, the tilted processes (bg any

angle) are Markov, stationary and reversible.
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SYMM

“TRIC CASE (0,0.5,0.5,0);

i bl okl B e a5 4G

“Proof” (empiric ...)




SYMMETRIC CASE (0,0.5,0.5,0):
STATIONARY DISTRIBUTION

Theorem.

The stationary distribution of the horizontal
process is that of a couple of independent PPP(1).

The stationary distribution of the a-tilted process Ls
that of a couple of independent PPP() with
respective parameters :

|cos a+sin a| and |cos a-stn al.

,
S S ) prrEeyey Y ; } : ] D S R
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X Theoremn.

[ONARY

i

NNIHILATION (

R

0,0,0):

33U

[ON

The statiowarg distribution of the horizontal

process of positive (resp. negative) particles is a PPP
({dY/2):

But the two PPP are olepewolewt.

XOpen problem: to describe the full stationary
distribution, L.e. the joint Law of positions of positive
and negative particles.

B S S
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ANNIHILATION (1,0,0,0):
BACK TO TH “STION

XTheorem. The
statiownary
distribution of the
horizowtal process of
ei=sittive (resp.
negative) particles is
a PPP(1/2).

M
U
QO
(G
%

XTheorem. The distribution in the quarter-plane Ls
the restriction of the stationary distribution in the
plane.

.
s apy v

vendredi 26 novembre 2010
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Measure-valued Markov process :

Let X be the set of positions of positive particles on the Line {x+t=sV2}. Assume
the initial state X,=x to be a good multiset. Thew, for ¢ positive, continuous, and
with compact support,

G (6_<90’°>) = liﬁ’)l St (E [e_“p’XSq — e_<“0’x>)

Ls well defined.

Conjecture : If furthermore, a random multiset X (a.s. good) satisfies, for every ¢
positive, continuous, and with compact support,

: 6 (- 0) (0] =0

then the law of X is a stationary weasure of the Markov process. Result well
known whew the state space is Locally compact, but here Lt Ls not.
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Theoremt.

The symmetry group of the random tessellation contains
the diedral group of the square and the translations.

n particular, the tilted processes bg any angle are
MarRov, stationary and reversible®.

Proof. The generator of the tilted process is given by

Eeiti(n) = et YT g (6—<¢1<y,m>m>+u BRCEESIET, | 1) _

one has to check that for any symmetry T of the real axis (of the
form T(x) =a-x) :

Ge'?°T ) (1) = Ge'®) o T'(7).
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SRt M R L e R i =
sintPAll st

Theorem . For each 1-Uipshitz fowction f and for each locally finite set of points
on

i = nlless ) che= e
the process tn the half plane
foo= {1 t> (@)}

Ls well defined.

(dea :
- start with a pure branching process -> tnfinite trees
- cut wisely chosen branches

- the only problem arises whew f(x) has slope £1 on an infinlite tnterval : the past
of a poiw’c of the half plane can contatn LwﬁwﬂteLg many branching Poiw’cs.

...................
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MARKOV PROPERTY

Property. Cownsider the process built from a
configuration own a border dg. Thew, for a border of
(s.t. g<{), the parts of the process below and wnder
of are independent, conditionally, givew the

ProCess on of.

Cownjecture : true for the 2 components inside ano
outside a Jordan curve, aowdi’ciowaug, given the
process own the curve.
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