
Correlations in random trees.

Piotr Białas

Faculty of Physics, Astronomy and Applied Computer Science
Jagellonian University

24 November 2010
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Phase transition

Two scales
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Thermodynamic limit
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Random Graphs

Random Graphs

G ∈ G, P(G)

P(G) = Z−1ρ(G), Z =
∑
G∈G

ρ(G)

ρ(G) =
∏
i∈G

ωqi

Ising model

P(G) = Z−1ρ(C), Z =
∑

C

ρ(C)

ρ(C) =
∏
<i,j>

eβsi sj



Plan

Correlations.
Trees.
Connected graphs.



Correlations

πqr (l) =

〈
∑

i,j∈G
δqi ,qδqj ,rδl,d(i,j)〉

〈
∑

i,j∈G
δl,d(i,j)〉

〈

∑
i,j∈G

δqi ,qδqj ,rδl,d(i,j)∑
i,j∈G

δl,d(i,j)
〉

πq(l) =
∑

r

πqr (l) =

〈
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πconn.
qr (l) = πqr (l)− πq(l)πr (l), zero if independent



kl(q) =

∑
r rπqr (l)
πq(l)

πconn.
q̄r̄ (l) =

∑
qr

q r (πqr (l)− πq(l)πr (l)) = 〈qr〉l − 〈q〉2l



Random trees

Labeled random trees of size n.

T ∈ Tn, ρ(T ) =
∏
i∈T

ωqi , ωq ≥ 0

Zn =
∑

T∈Tn

ρ(T ), Z (µ) =
∑

n

e−µnZn



Generating functional

+ += .  .  .

Z (µ) = e−µ
∞∑

q=1

ωq

(q − 1)!
Z q−1 = e−µ

F (Z (µ))

Z (µ)
,

F (Z ) ≡
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ωq

(q − 1)!
Z q.



Generic trees

For large class of weights

Z (µ) ≈ Z0 − Z1
√
µ− µs

Degree distribution in canonical ensemble (n −→∞)

πq =
1

F (Z0)

ωq

(q − 1)!
Z q

0

Hausdorff dimension dH = 2
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Ωl(q, r ;µ) =
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πq,r (l) =πqπr
(q + r − 2) +

(
〈q2〉 − 4

)
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πcon
q,r (l) = πq,r (l)− πq(l)πr (l)

= − (q − 2)(r − 2)[
2 + (〈q2〉 − 4)(l − 1)

]2 πqπr .

πcon
q,r (1) = −(q − 2)(r − 2)

4
πqπr .

kl(q) = 2 +
〈q2〉 − 4

q + (〈q2〉 − 4)(l − 1)
.

k(q) = 2 +
〈q2〉 − 4

q
.



Erdos-Renyi trees.

ωq = 1, πq =
1
e

1
(q − 1)!

, 〈q2〉 =
∞∑

q=1

1
e

q2

(q − 1)!
= 5.

πq(l) = πq
q + l − 1

1 + l
,

πconn.
q,r (l) = − 1

e2
(q − 2)(r − 2)

(l + 1)2
1

(q − 1)!

1
(r − 1)!
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(l + 1)2 , kl(q) = 2 +
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q + l − 1
.



Scale-free trees

ωq = q−β(q − 1), F (Z ) =
∞∑

q=1

Z q

qβ
≡ Liβ(Z )

π(q) =
q−βZ q

0
F (Z0)

β −→ βc ≈ 2.4788 Z0 −→ 1, 〈q2〉 −→ ∞



πcon
q,r (l) = πq,r (l)− πq(l)πr (l)

= − (q − 2)(r − 2)[
2 + (〈q2〉 − 4)(l − 1)

]2 πqπr −→ 0

∑
qr

qrπcon
q,r (l) −→ − 1

(l − 1)2
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k̄l(q) = 2 +
〈q2〉 − 4

q + (〈q2〉 − 4)(l − 1)
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The mechanism ?

0 = π11(1) 6= π1(1)π1(1) 6= 0



Maximal entropy graphs

Maximal entropy graphs (maximally random) with a given
degree distribution πq are uncorrelated if πq does not have
long tails.
What about maximal entropy connected graphs?
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In large n limit all the finite connected components are
trees.
A single giant connected component can arise.



Summary of equations

G1(x) =
1
z

G′0(x), G0(x) =
∞∑

q=0

πqxq

H1(x) = xG1(H1(x)) H0(x) = xG0(H1(x))

u = H1(1) =
∑

q

P1(q), h = H0(1) = G0(u) =
∑

q

P0(q)



Giant connected component

u = H1(1) =
∑

s

P1(s), u = G1(u)

is the probability that a directed link leads to a finite
component

u2 = H2
1 (1) =

∑
s

P1,1(s)

probability that a link belongs to the finite component

h ≡ H0(1) =
∑

s

P0(s), h = G0(u);

Probability that a random vertex belongs to a finite
connected component.



Average degree of the giant component

V (g) = (1− h)V

Number of vertices in the giant component

L(g) = (1− u2)L

Number of links in the giant component

z(g) =
2L(g)

V (g)
= z

1− u2

1− h



Degree distribution

One can show that

p(f )
q = pq

uq

h
, p(g)

q = pq
1− uq

1− h

M. Bauer, D. Bernard, cond-mat/0206150

P.B., A.K. Oleś arXiv:0710.3319



Correlations in giant connected component

nqr = n(g)
qr + n(f )

qr , nqr =
qnqrnr

2L

p(g)
q,r =

qpqrpr

z2
1

1− u2

(
1− uqur

u2

)

q(g)(q) =
〈q2〉

z
1

1− uq

(
1− 〈q

2〉(f )

z(f )

z
〈q2〉

uq

)
When u = 0 (only one connected component) then vertices are
uncorrelated, u = 0 if and only if p1 = 0



ER and Exponential graphs
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Giant connected components are dissasortative.



Connected ER graphs

We have connected ER graph with average degree z(g)

We look for ER graphs whose giant connected component
has average degree z(g).
We find z by solving

z(g) = z(1 + h(z))

Properties of giant component of ER graph with average
degree z should be the same as the properties of maximal
entropy connected graph with average degree z(g)



Connected ER graphs – Degree distribution
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Connected ER graphs – k(q)
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Arbitrary degree distribution

p(g)
k = pk

1− uk

1− h

pk = (1− h)
p(g)

k
1− uk , p0 = 0, u =

∑∞
k=1 p(g)

k
kuk−1

1−uk∑∞
k=1 p(g)

k
k

1−uk

has a solution if ∑
k

kp(g)
k ≥ 2
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Summary

Random trees are correlated.
Those correlations are long range.
Those trees are non-critical.
This hapens only in canonical (fixed n) ensemble.
Connectness imply disasortative correlations.
Vertices in maximum entropy connected random graphs
are correlated if and only if p1 6= 0.


