Classical Polylogarithms
for
Amplitudes and Wilson Loops

for- O

A.B. Goncharov @ M. Spradlin @ C. Vergu ® A. Volovich



Hi\so duction

This talk will pe concerned with The
Simplest nontrivial mulfi-loop seattermg amplitvde i J/= SIM:




H;+8 duction

This falk will pe concerned with The
Simplest nontrivial mulfi-loop seattermg amplitvde i J/= SIM:

.I._m .\,Zo\?oﬁ me\ﬁsl.mn_m \SI< A.++ Iw4+iv 931_..?\&&

N o 0 0 Q0 0 QF
C) /

X S

~ @
/‘. N -+ zéi more.

Q . () .‘\V >

O @ Q N
(/
(/

-
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Motivation

There \_& fo be @ mmim\, »SV\...
(otherwise we Should all abandon V=Y m/\\s._v

mi }QE aan i\&b&\ \uamm&%

?J\_&ﬁ%sm msf% numerovs funchenal identies,
— T~ (I-'&) = L, Q/xf».m_.. _ougﬂ el efe, efc

For harmonic ?_/\_d?;a\ there is a beavhiful
Mathemat ca package by Daniel Maitre

BT +v do bat-He @?& the Goncharav poly _c@f._?zm

we heed a Senous Lieafon —



Some Hi-Tech fom the theory of Mixed Mohves




ms.c,&_ dental lN

The *E?\%x remaindecfmchon  has uniform
Transcendentality degree 4,
A funchon of %,q.,mm L 15 one which can be wrtten as
Te =/# \Qws...oﬁ o oy (4 o g Kt
where « 2. ae mhonal funclions with retional coethi cients
o y0)=a, yl0=b) o are rwional points m
0 %, &oun,o... oo_:u? = ‘M%M&cuﬁos;_cu?-& &ou R )

* The integal s faken dong a path i C' and
one needs 4o check |ocal rcs,&az n\Vanance.




The m\si of a_ Trin cendental fonchion

A very usetul ﬂéai\ associated o a fonchion of
uniform %@ﬁmm K ois s mvfwo_.

The iz_a_ s an elemert of he

K=fold fTensor «s%l of fhe 3%._3:& ve grovp ot
ﬂs._._. o:s_ ._mSh«:.o:M ?so}\_c Oc:m.Tx;._.mV

,ru/\zr@_ T.& =K 8%, & & Rx. 1~




The MNH.?\ §§.‘|m. m~.3\\m

A fnchion of deqree K s one which can be waten
RS & F..,?E .Lmﬂs,_.@_ ._1@3_ 9ﬁ QA B.rgs_ 3+m,m35&

N INS
Tl )= P T Rl 44

The isfa, 15 Q zi# express the ._>+£;i in Q Nay
which freserves informaton about +he order bt not
the path)of .3+mu§_;§.




.ﬂa m&w.?\ made mi\u\m.

A fnchion of deqree K s one which can be waten
RS & Fh?i .Lmﬁs,_.@_ ._2_@3_ 9ﬁ QA B.r.gs_ 3+mu3=&

N INS
Tl )= P T Rl 44

The isfa, 15 Q zi# express the ._>+£;i in Q Nay
which freserves informaton about +he order bt not
the path)of .3+mu§1_;o>.

The symbel can be computed recursively.  If
9\_|ﬂ = M lﬂn.,n, %o@ﬁ_

Then  Symbel (T = _M 23?_3-_/@?



Note that the Qs?_ Sahshes

ﬁ@....@%p@@..@?
= BB BRa®--BR¢  + RO-BUD--®%

0.8 ® (RO
= REO-ORO O or any wnstant ¢

@a_&}.mm i inhertts from &o,wﬂ.



mxssm:u

. %@8@ 0 To=X J:éo (T.)= 0
\_._n,ouﬁ AT\ = &o@wnv J.s__vo ?,J =R

* degree |
v degree 2. Tp= CN:@ n._,ﬁl_cu:-i&oﬂ

0

cﬁ.N = — _ouclﬁ/ &cuﬁ
= Symbol(T) = ~(HR) &R

or consider T, = logR, log&,
dT, = Em_ &&@ U _eu K2 a__ouﬂ_

— m«:svo\ T\NJ = RBR, + R.® R,



Classical ﬂe\v\@saksu

The funchons Li. are defined recurs ively f\
Li(@)= [ L@ dlogt i [2)=-log(1-2)

= QE?:CZQH |9,NJ®N@M.®&N
k-l tmes

c:.& these defintfions 1t 18 &g._@i@zég fo calevlate
the. symbol of all harmonic § Gonchaov polylogs, and
hence. fhe 23?_ S sf the DS formvla,

But what is o go0d o7




Uses of the mNs_;_

The J\gv& Lonver<ts ﬁo\i& funchonal eguations

info  rahional funchon 19?@
Qz_vo_ (Li,&)=— (I-2)6z7

= Q;y;:&.c-,\; =~ K\ &(I- %) = x®ﬁ.,.v
% ® ﬁnﬂum.v = X®U-%x) — X®X
= é;vo: :_.._Lr&uw_.._o,ixﬁ

I

= | Lol-"%) = =Lip (1-%) — 4 log(x)"

L




lsgs.&.mm
Here we %35 \S%\\ bt ansider

Liy (=) fog) ogli) = —Lia ) + T
The symbol desn't see his term \

=> The symbol enly Fves fhe  leating onscendertaly’
piece, “ie. modulo Constants Fimes funchons of [ower degrec



)3%@5&.&
Here we rq,q* \Q%\\ bt ansider
C~c..§+ aug _eu:..b = |C~5+ um.l

The @i?\ desh'T see this Fi\

= The izg SJ fixes the ﬁ. [eading iégsgi&%z
piece, e modlo Constanifs fimes funchons of [ower degrec

} R_im& ssg_:..\v\ )5 §i km M\SS\ &S.EM\V\ §~M 1
o wsoafm of Where 1o ﬁ# brinch ¢uts

_oug\ _owT? /_auﬂ.&, \w.._c@?& \ m._c%:x%v have the Same symbo|



The m«s?\ of fhe DDS Funchon

The Qz?_ Sisa zn&\ [t nvolves gd<3mi.h

Ui,

—\i_\

i.l::

|- i~

<;.~.l U — C» /:c_nii ;:Enﬁr
7 (1-uy) uk

c:ﬁ =Y RSEIS
Nﬂ_lc._ Ch

A= (- <_|<~|<wJﬁ —Yu,U,Us



The .mvs_?\ of fhe DDS Funchon

The symbol S is @ mess!| [+ involveS g@séaw

U This is & redundant

-, set; fhey Mai,\ many

Ui+ U;, i u@iﬁ identies.

-, - U, . |

Vo = Uc— s 2 (o -t > E\ minate these In tems
7 (I-u3) ug 1%6;%4 7?& bhVious

: —Uy — + iy S had
Wi = Nmm_m.,%““;-bﬂ posSible !) o be

A= (- <_|<~l<&ﬁl Yu,, U5



Mom Q.\.QSMM,\E@Q
We shll have o /@M_ we dont zp_i\. we need fo ?&

Vanables on @ aveding space-
The ;1@5,_ Variables are

\: - IN.NW Nm® U, = Mm_aﬂw& _ \.NJN M.Nxm “w_ .
| NNW NVP (A NE Nwm \gw - — MCI N- I_N.v




Momentum qu\icﬁv

We shll have o /@M. we dont zei\. we need fo ?&

Vanables on @ aveding space-
The ;1@5,_ Variables are

W= Lol - FB L Tty
25 23, LR > Fy s

or, if You grefer momentum  fwistor,

w = A3NUSED .
_ A,N.._mer_:v m._.h AD\;_S:VQ

iy= 4 -2,
Z € mv_

Then A bewomes a jerfet square, 5o the s\ mbol
con be expressed n ferms  6F Coss-mrios of s



Cross—Ratios
There are |5 ditfe ent ki

nds  of Cross— rafi 05 (o course,

2;,\ 2 e s%ﬁf/%a,\ t,m/\ miai amgﬁao &%9&

S
| 2
£ nmm.b W
an m,M =% "edge
5 Y 16EYS
J 2
t \\
6 3 I\\_wmﬂ " hord
N_pumwm
S Y
t 1 4 WUty -l {0

Z1tsh w - \
¢ 3 == J_;uo:& W, Uy, U3
g Tis Ty

+ 4 7
:XN\KW

b of these




Miracle #/
h 7 wordinates, the synbol  Could het been o linear~
Combinadion of ferms like
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Miracle #/
h 7 wordinates, the synbol  Could het been o linear~
Combinadion of ferms like

ﬁ_ :v @ﬂwﬁﬁg @&wf,&@_ﬁ_ﬂ% ..J
tor 2&33\ %_éoé% of the crvss- @i 0S T;




Miracle #/
h 7 tordinates, the smbol  Lovld have been o finear
Combination of ferms like
ﬁ_ %_J @ﬂﬂ ﬁg@&wf, J®%r_ J
for ocbitrary polyomials of Hhe cross- @ios T

We found §i w fact i fakes the form

S = M Cije TOTOROT o mhnd (i
.%fnlﬂ

( There s (onsideruble gze_ucl,\ in z:?/m it this iy
%m\_d _%;.Z/mm :wﬂ nN__._..mww Zysha ) 5 e v

Z1024s 24 235 2 s



Miracle £2

We find that S can e «wxm.\m&m& n ferms of fhe

Q_,.sm_esi and edoe. crss= T afios only; chords
}am puT

(This should grovide & possible bt about fhe shructure.
of A:/m s-_co._i eMoInde — (?sor.o; éﬁ 33



Lt s %858@ The m,\EvL S nto four pleces
;Qms%.sw on The Q;;SJ\ proferfies  Under exthange
of fhe first fwo enties, and last fwo esmes

S5 szm.?.n ® mxsgm\In

/w ABS §§§Z§® stnﬁn
IBA  Symmemnc ® arfigmmedric
ABA  onh lzf_an® s&d,\;;ﬁih

ie. (A®A) i =7 Cike - Gig = Cipe +Ciax) e



\S_Wslm. ..m..w

We find that AAA=0
(This means h>®>/.,.%\;®>/§._._

-0)



@3&& #H3

We find that ANA=0
(This maans ~ (ABAy, — (ABA);, =0)

Mofhvic  hi-tech: any -fonchion of 33§g§§_¢
%@.,Q. 4 zromm 2;?_ sahshes >>>uo (an

be. expressed in fems of Ahe classial (ph)logs
Ly, LW, Lo, Libd b g oy



A wmmant: there is o conshuctive &Q?\.ks for
&imls_.s;m_ whot gdzzmiw can DESﬁ nside
he %o_,\_owm\ \:/Q Sci vm In ?s:q_m 9&._.3,0\
chonal funchons of your  priginal variables
e.q, I+ +HO)RX = A_,\I\m@x

= (1=2)8X — (=x18X
(=)0 - (I-x\®¥

-
—

3
= —2 i, 0¢) + L&)
_3 ﬁﬁgﬂ_.p.mm\ mcm&_.su\ mx*mlzmiﬂ_.,.oj% luck .dac_._.&.\



A Di vide A &dliv \:%2.?3

We want To find & ncon  with u?g m/\s_vo, S in ems st

AGA |SBA | AR5 | 585
Ly ) L «—do thi
i (X) log [y) ol N A w ’
iy ) Liz ly) VIV Y| e dofirst
Liy ) log ) logla) | % | v | /| p— dosecond
Jog(%) 5,“/ ogl@) loglw) | X | x| x| v — b last

(Nok that 0, 00L0) &

sfies AnA=0/)



>§\N&NQN

ﬁ:w& ?}&3 _.sam \a*c&\\m \ \m\ \ i:.m\_ \_ﬁ km Mssm
Qg_:msm that of the Dps Formula for xmc.

The most annoyn \&i WAS ?s@ an
N expression EN_.; xsr all branch cvTs inthe swi \\&R

é,v::.s\ s\Sr M\mma@ Phat e Q\mar fhe

emainder fonchon Jo be smooth (and e al- valved)
everywhere in the Tuclidean regime. where. U;>0.



This frgiently innlied “vnsimplying
3
m:iﬁ-vi .M {66 )-4,;)

1=/

9\?0\\.0 2 \Kv \mi (x) - -)"Li, \\v«v



This frgiently innlied “vnsimplying
3
m:iﬁ-vi M {66 )-4,;)

/=1

9\}%\%\ 2 \Kv \mi (x) - -)"Li, \\v«v
\/\/\/\/\/\/\/\/\/\

I terms of fhe Fonchon

Ly O x) = Bylet) — Lloglern) g, 060)
g _cuﬁﬁx.‘v £, X') I,_‘ﬂm_ouﬁx-vwb (x
+ Sz uﬁ _ca (Xt ﬁ 4 Q+A\Jl

we  Find..



Final (7) Result
R <3 ig-sislem) ¢ ubu] + 2

N u. Ac+c+c
b T (g2e ) 2 H oty
2 6 +| otherwise

e >
\Vaun

This \%P IS a?xx
to Cance| distondinuitie s
acress Vanous hranch cuts,

The ol fmchon S gé_im\/\ smooth,
3951%%2% WV:SE@._.SA.\ 3 \::e_.p\\:wv 9,5& <S__oﬁ
Tor dl v 0




Comments

Even 35,@“, fhis is ust The m:é_@, pon-frvial

Scattentg amp [ivde 1 SYM,
all of fbu ..3+£Q_E._,._V\ w&cw_mz havt. Shown yoc B:qo
@ilzm_/\ furon just one, or afew, data points,



Comments

Even 36,@“, fhis is ust The m:é:& pon-frvial
Scattentg amp [ivde 1 SYM,

all of fbu ..3+£Q_3._,._V\ w@i@.. havt. shown ybu B‘/uo
@i..fsm_/\ fur on %i‘ One, Or P,mcé datn ?S.W.

our formda grovides hope, where before Hhere 1as
none, 1o the ideq that e z.&i be able to
%&J unlock the secrets of Bc_j.\_o% SYM 9%_._?&&\
26, rcﬁé__/\ connect ._d &ésu Sé_;w Az%s Faiott,

Maldacna, Sever,
Vieirn )
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Despiie all fhe recant progress i amplitdes,
fhe paradigm for Comping - loo antplivdes  emains

A = Nl Coefficients x e ugw
o
p This 15 the ms\s of  /nd &@» 5 Where _M. have
e Sexy'l dechno fo to pay The piger wi
Gm\sg:w«& Siﬂxfﬁ\ ?E\w and fears,
lea 3& sing vlan fies,
frassmann ian, ...




End of the Coefhcientx s.@s\ ﬂ»Q&@s 7

P%lm all fhe recent pr ress m m.%\\.%xﬁ\
fhe paradigm for Comping - loo antplivdes  emains

> = Nﬁ coefficients inte ugw
\.
e 'Sexy' ,R%:s\o o po e \_.\m\, Wi
G@é, szwﬁi Siéxf? %E\w and Jears,

leq a& b@cs\_.»&\ |
frassmann ian, ... But per yﬁg&ﬂwﬂm\




