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Objects and quantities

single trace operators <—> non-interacting strings )

anomalous dimension <— energy of the string excitation J

o At weak coupling Asymptotic Bethe Ansatz equations give us
asymptotic spectrum

@ At loop order higher than length wrapping interactions start to play a role
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Wrapping corrections

@ The wrapping diagrams can be identified with the virtual corrections on
the cylinder.

o These were investigated in the relativistic case already in the mid-80s

@ Can be generalised to the non-relativistic theories . ..

@ ...and to the multi-particle case.

Leading Liischer correction
0BY,
B = 3o~ 3¢ (P25) o

k

_ /_Oo j_ZStr S(p,p1)S(P,p2) .- S(P,pN)] DL
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TBA technique

@ Recently, the techniques of Thermodynamic Bethe Ansatz have been
applied to the planar AdS/CFT.
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@ The mirror model for the planar AdS/CFT has been extensively studied
and the infinite volume solution (string hypothesis) has been formulated

[G. Arutyunov, S. Frolov, 2007],[G. Arutyunov, S. Frolov, 2009]
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[D.Bombardielli, D. Fioravanti, R. Tateo *09; N.Gromoyv, V.Kazakov, A.Kozak, P.Vieira *09; G.Arutyunov, S.Frolov "09]

o In its functional form, the spectral equations read: (xGromov V.Kuzakov, PVicira 0]

YJSY;J‘ (1 + Ya,s—l—l)(l + Ya,s—l)

Ya+1,sYa71,s (1 + Ya+1,s)(1 + Yafl,s)

@ infinitely many functions living on the T-hook
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Spectral equations II

o Excited states can be obtained by analytic continuation of the
ground-state TBA (known only for operators in s[(2) sector so far)

@ The scaling dimension is then given by

& du(“)a
A= AO—I—ZQ Usj) —1—2/ < og (14 Yao(u)),

@ Has to be supplemented with the finite size quantization condition

Yio(usj) = —1

TBA equations should allow us to compute the scaling dimension of any
local single-trace operator of the planar A/ = 4 gauge theory! J
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... but they are still a conjecture J
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o Finite size corrections given by Liischer formula
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Properties of the anomalous dimension

Anomalous dimension for twist two operators

A(M) =2+ M +~(M)
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Properties of the anomalous dimension

Anomalous dimension for twist two operators

A(M) =2+ M +~(M)

@ Rules of the game
e Maximal transcendentality principle
e Reciprocity symmetry

o Tests of the final result

e Analytic continuation to M = —1 + w vs BFKL equation
o Analytic continuation to M = —2 + w vs double-logarithmic constraints
o Large M limit vs cusp anomalous dimension
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Transcendentality .

Anomalous dimension for twist two operators

AM)=2+M+ Z'mgu
>0

@ Anomalous dimension can be express in terms of the transcendental
functions — harmonic sums and {-functions

Nested harmonic sums

- (sgn(a))’ (sgn(a))’
1 g
SU(M) = Z il—al ’ al) 7an = 25 -yan(l) .
i=1 i=1

@ Maximal transcendentality principle fixes a finite basis of transcendental
functions for every loop order
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Definition of P-function

100) =P (31 + 52(00))

Tomasz Lukowski (Jagiellonian University) 02.07.2010 18/51



Definition of P-function

100) =P (31 + 52(00))

o Asymptotics of the P-function

log J?
P(M):Zag(;%), P=MM+1)>1
>0

Tomasz Lukowski (Jagiellonian University) 02.07.2010 18/51



Definition of P-function

100) =P (31 + 52(00))

o Asymptotics of the P-function

log J?
P(M):Zag(;%), P=MM+1)>1
>0

@ Only binomial sums with positive indices contribute (conjecture)

N
Sl = (1" 3 () (Y )80,

Tomasz Lukowski (Jagiellonian University) 02.07.2010 18/51



Definition of P-function

100) =P (31 + 52(00))

o Asymptotics of the P-function

log J?
P(M):ZW(;’Z%), P=MM+1)>1
£>0

@ Only binomial sums with positive indices contribute (conjecture)

N
Sl = (1" 3 () (Y )80,

@ Anomalous dimension cannot be expressed in terms of the binomial
sums

Tomasz Lukowski (Jagiellonian University) 02.07.2010 18751
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. Find suitable bas1§ using Find P-function
maximal transcendentality principle
. . forM=1,2,...
and reciprocity

N /

[Determine coefficients in front of]

the binomial sums in P

¢

{Anomalous dimension}
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Large M limit

o The leading asymptotics is given by cusp anomalous dimension
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Large M limit

o The leading asymptotics is given by cusp anomalous dimension

Jim (g, M) = 27s(g) logM + ..
— 00

@ Can be found i.e. from BES equation IN. Beisert, B. Eden, M. Staudacher, 2006]

@ Cusp anomalous dimension up to five-loop order

8 88 3
2Vap(8) = 8g2 37rg +45 4 6 — 16 <6307r +4¢(3 )> 8

887 4
32 (14175 +37¢3)? +4OC(3)C(5)) g0+ ...
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Analytic continuation

@ The harmonic sums can be analytically continued in M in the whole
COInplCX SpaCC, e.g. [A. Kotikov, V. Velizhanin, 2005]
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Analytic continuation

@ The harmonic sums can be analytically continued in M in the whole
Complex space, €.g. [A. Kotikov, V. Velizhanin, 2005]

=3} -

i=1

+1) — ().

N\._.

@ The analytic structure of the anomalous dimension for twist-2 operators
at the points M = —1, —2, ... can be predicted by the methods of
high-energy physics!

e The BFKL equation describes the leading poles at M = —1 + w

@ Double-logarhitmic constraints for M = —2 4+ w
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Leading singularities

@ The eigenvalue of the BFKL kernel for " = 4 is known up to the second
order in perturbation theory

w j—
—4g2 -

f(v)
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@ The structure of the leading singularities at M = —1 + w from BFKL

1 ()0 () 0 (42 e (25 .

@ The structure of the leading singularities at M = —1 + w from ABA
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Leading singularities

@ The eigenvalue of the BFKL kernel for " = 4 is known up to the second
order in perturbation theory

w j—
—4g2 -

f(v)

@ The structure of the leading singularities at M = —1 + w from BFKL

-2 (2)0 () s (22 e ()

@ The structure of the leading singularities at M = —1 + w from ABA
_402 _402\? _402\3 _42)4
¢M:2< g>—0< g>+0< g>-4(§)+m
w w w w

Four-loop result has to be supplemented with the wrapping corrections! )
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Wrapping corrections at four loops

@ The wrapping correction may be found by evaluating the first Liischer
correction at weak coupling. Z. Bajnok, R. Janik, 2008]

o At four-loop one finds [Z. Bajnok, R. Janik, T. £., 2008]

A, = 12887 (=5((5) — 45_2¢(3) — 285 + 28_5 + 44
—4S3 2 +45 5 3 —85_2 1) (D

@ Upon continuing to M = —1 + w, this wrapping correction combined
with the four-loop ABA contribution leads to full agreement with the
BFKL prediction!

@ Also gives correct asymptotics for large M

The formula (1) may also be derived from the spectral equations!

[N. Gromov, V. Kazakov, P. Vieira, 2009]
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Is four-loop order enough to feel satisfied ? |
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Is four-loop order enough to feel satisfied ? |

Not exactly! J
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Do we need a 5-loop test?

The structure of the TBA equations

@ Quantization condition

Yl(uk) =—1

@ Energy formula

E=) ei(u +Z/ 86,10g( Y))

o TBA equations

log Y, = ZKkj*log(l +Y) VY
J
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Do we need a 5-loop test?

o ABA is implemented in TBA equations from the beginning
— only wrapping is interesting

e For four-loop wrapping the ABA quantization is sufficient
— the full quantization condition does not need to be solved

@ We do not need to iterate the TBA equations

The situation is different for five-loop calculations )

@ The really interesting testing opportunity would thus furnish the
five-loop result...

[T.E, A.Rej, V. Velizhanin, 2009]

Tomasz Lukowski (Jagiellonian University)
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@ maximal transcendentality principle
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Assumptions we made

@ maximal transcendentality principle
@ reciprocity

@ generalised Liischer formula

e correct Liischer formula?
e is the modification of the ABA quantization the proper one?
e is the leading Liischer formula valid at 5 loops?

@ yu-terms do not contribute

@ numerical precision to determine transcendental structure for each M
using EZ-Face

o factorization of S; for the wrapping result
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Five-loop ABA

@ We are looking for a result with transcendentality degree = 9.

Tomasz ELuko J niversity)



Five-loop ABA

@ We are looking for a result with transcendentality degree = 9.

@ There are 256 different binomial sums with degree 9.

Tomasz Lukowski ( onian University) 02.07.2010 28/51



Five-loop ABA

@ We are looking for a result with transcendentality degree = 9.
@ There are 256 different binomial sums with degree 9.

@ Here comes the result:
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Five-loop ABA

2BET2

(204805 — 81925 552 + 20485 — 2480503 — 163845 30— = "5
‘i‘mﬁ.s a0+ lbfms 210 1&:543 2] 57 + (2048057 + 408658 + 819205 4
—_'?_4 (307205_4 + 81325 )+ 3072085 — 983485 ; — 122885, _p — 1024005_, 2
—B1825 5 5 — 901125 4, + Sy (246768 5 — 163845 5 1) — 5T344S 5 4 + 40BGS, »
+1638485, + 1228808 1,1 — 163848 5 51 + 1064065y, 5 + 1064065 32,
131072
—163848_2 _51 — BI92S_y 52+ Sof — B1025%, + 401525_, + 81025, — 53
81920 Gikik
= —S-aa+ —o—821,) + 655365 2, 5 + 655365 2 + .mdrs_”.

—9B304S 51,1 — 491525 g1 — 491525y 1y — 491525 gy ,) 5] + (122885,
02165387, + (5324855 + D4ETAS, — 614405, — 4[136[1.5_3:g — 9048055 5
+BITERS 1y + L0384 4. o -+ 163845 55, )5 4 + 1136645+ + 30725, — 1638405 4,
—1720325 52 — 1T40805 45 — 1638405 0 + S7 (368645 o + 122885, — 245765 01
+{ — 122885_ — 308645,) S_g, — 118TBAS o5 = B1028, 5 + 8182552 — 4096055,
F2BABELS 5 1+ PABTES o o1 + P4BTES oy 2 + Z662405_ 0,10 + 2662408 22,
FI63848 5 5, — BLOZS 5 oo+ 163848 4. 5 + D4OBBBS 5, 4 + B1028 40 o
2680485 400 + JOBE65 5, — L6BBLS o sp — 163848 4, + 8 4(143365

+430085; — 491525 5, — PASTGS 55 + 327685_y,,) + 53 (522245, + 122885,
—5T3445 4, — 409605y o + 491525 5, ) + 1720325 o, 4 + 1802245 504




Five-loop ABA

+1B02245 55 + 1720325 54, — BLIO2S, 5 2 — B1928, 5, — 327685;, 1

—3G86405_, 4 + 2TEES 4 a1 — 3440645 5150 — 340645 550, — 34A0BLS 500
HA2TORS 5 g1 + 163848 5 o2 + 1638485 0 _aay + S2(021605 5 + 5_,(401525 4
+24576S5,) + 307208, — 1228805, — 122885 5 o — 1228808 45 — BOO16S 45

+ 129885, 1 + 1720325y, — 245765 5 g + 1228808 o + 1228805 g0
—L4T4G65 g 1) — 2211848 oy — 2211848 50y — 2211845 45,

—9211845 55,2 — 2211845 apa — 2211845 55,00 + 3932165 50,0,

+ 196608551 1,72 + 1966085 51122 + L9GG08S 1 20,1 + 1966085 _551,1,1) 57

+ (204857 + B1925 457 + (921657, + 245765, + 02165, — 368645 4, — 307205 4
+4B1525 g 51 )57 + (409651, + (327685, 4 245765, — 491525 5, — 245765 4,
+32TERS 5 )8 o + G14457 4 G32488 ;5 + 61445, — 001125 5, — 042085,

— 042088 _y 5 + 53 (3276855 — 32TG8S o) — 16384535 0, — TT8245 4 + 51028,
— 163848, | + 1638408 4, + 163848 5 o, + 163848 4 o+ 1720825 4,4

5

+AT20325 551 — 163845 5 5o+ 1302645 ¢ 15 + 1474565 202 + 1392645 2.4




Five-loop ABA

—163848, ) | — 2049128 5, 1, + 32T6BS 5 a1 — 2457605 54,0 — 2467605 440,
—245T605- 22,1t + 3932165 2,0.1,1.1) 52 + 1382457, 4 460857 + 1638452
+143365%, , + 573445 ¢ + 57, (C‘][]TZS 4+ 122888, ) + (451255 — 983045 +
—30T205 5 _; — 983045 g2 — 163845 5 5 — 1024008 55 — 30725_; _5 — 983045 _ 4
—0BA045 55 — D21605_5 5 — 153605, 4 — 122885; 5 + 2602455 + 3686457,

+ 1638405 -p,1,1 — 2457655 —0,1 + 18022485 5y o + 1802245 52, — 2467654, -3,
—61445_; a3 — 1B4325_4 _ao + 1B43205_, 1 5 + 1966085, + 1843205, 5,
—BI928 5 o, — 40065 5 5 — 2BOT2S 5 0 — 40065 5 5 o+ 122885 5 o4
+1B02245 3,4 + 1926125 355 + 1925125 350 + 1761285 g4, + B1925_ 2 5,
—225285 5 ap + 40965 5 44+ 307205 5 a4 + S 0y (36’3{]43 za — 163845 z.l.'.:]
—B1925_225 210+ 5= [: — 143365 _5,; — 102405 3 + 353545_43”_1:]

—5,1{3[]'?2[]5' o= B12005 5, — 430085 55 + GOG325 5, ;) + 1392645 4 5

—5_-.1_1{ — 40865_5 — 2048055 + 2457655 1 + 368045 52 + 286725 2 — 163845 31
—81925_3,2 — 31925_'3_'4_1] + 1454085 5 2.4 + 1474565 2 4.3 + 1433605 5,42
+1310725- 25,2 — 81925415 — 819254 22 — 81925, 3.1 — 163845512 — 16384552,
—2040128 5,5, — S194885_, S104BBS_ 4 120 — J194885_4 50,0 + 491625 5 510
+B1928 5 a0y + 163845 5 o0+ 163845 5 50 — 163845 5 o — 31120965 5, 1 s

—BUTBBOS 522 — 3112068 515, — 163848 55 o1 — 32THR0S 4,0 — 3276805 502,
—B112068 5q., + TAT2BS 5 400+ 81025 o o o, + 409605 o 5,0+ 400608 4 4,




Five-loop ABA

+E1928 g~y a1 + 209650 —p —no + 163845 5 515 4+ V638450 —nap + 163845 5 59,
— 245765 a1,1,—a + 53 (4[3951]5_5 + 1638455 — 286T25_,) — 225285 5. — 225285 5,4
40065, + 401525, — B1025 5 o, 4 368645 5, o + J6BGLS o0,

1126405_
—491525 4, |_1] + Sa (409605 5 — B1925; — 532488, ; — H12008 5, — e 1

3
+z1z.;.=25__ . 14‘?‘“‘”5_ 14.iams o — 491525 111 — 2211845

—51.;25 SR z\i?::bse Ak z\mbx? srae— 2211848 4, ., — 163845 40 4,
—Bl925 52 52 — 81925 52, s + S_2 (400687 ; + 819257 + .,bazuﬁ_e + RGO0S
—32T68S_5,; — 2662452 — 28672555 + 55204805 _y — 81925 51) — 246765 34
04852 + BIO2S5, + 368645441 — BI925 3 o + I6R64S 510 + 368645 504
—R1925 5 g, — 40065 5 52 + ZAETHE 5 5 + 245765 _gp0 +— 245765 g5

—491525 44,4 — 245765y 40— G765 g0, — 245765 p0.,) — 2375685 0244

— RTS8 5207 — PATEORS pp41 — 163845 a5 p — 23THERS 5512 — 23THE8S 4421

—I1IBAS 4y s + PABTBS, 1 0+ PABTES, o) + 245768, 5, 4 + IS3045, , .




Five-loop ABA

4015205 40,00, — 983045 3 _g0 00 — 32TEBS 51,200 + 4905205 55,1.1,2
4815205 a2t 4915205 3,120 + 4915205 aziii T 983045 2, %
—491525 5 51,2 — 491528 5 _p121 — 401625 5 500 — 32TERS_20-500

—163B48 o) a1 p — 163845 oy _any + 3ITEROS 55 190+ 32TGROS 54 102

—AZTEROS 1,190 + 32TBE0S 51200 + 32TEBOS 2 ae 1 + 32THR0S 21511

—163848 54 1+ 3276805 201,12 + 32TGR0S 501,20 + 3276805 32211

+A2TGR0S 2511, — 6553605 3 1,0,1,0.0 — 32TEROS 2,1,1.1,1,0 — B2T6BOS 2.1,10,21
—32T6805 _5,,1,2,1,1 — 32T6B0S5_g,1,2,10,0 — 327605 521,11 ,1:] 8y + B125Y — TGRS 4
+T16BS) — 184325 4 ) — 20485 , -+ 3§(3[]TZS 4 — 20485 5,) + 3.?(1[]24.5' 4
+10248; — 20485_,) + S_o (3072555, — 61445 5,5, + Sy(30725_, + 61445,
—409G5 5, — 20485 -3_;):] — 81925, 5 + 81925, 3 — 163845, _+ + 163845, 4

—307T2Ss, -5 + 30T2506 — LIB24Sy s + 46085, 5 — 3481655 o — 204855 4 — 303285y o
—4B0BS; 5 + 1024057 _3 + 921657 2 + 1638455 ) + 266245 75, — 27648550,
—61448 61,2 + 122885 610 + 122888 521 — 184325 5 a1 — 204885 -9, —2
—40965_5 22 — 1843255 5 — 40965 52 _p + 2062454 _q 0 + 440325, 5
+512005_4 5 + TOGSES 4~z 5 + L22BES_; oy + 133125, 4+ 174085, 4
+T1685 45 — 10245 45 o + 440325 _4 41 — 102405 5 5, + 460865 _5 4 2
+512005_3 40+ 1676965 5 g 5+ 337925 5 a1+ TIT2BS 5 o o +B1025 5 o,




Five-loop ABA

—B1925 g1, -5 + 614405 15 + 143365 a2 -0 + 204805 524 — 30725 3-a

+ 102405 _3,4,—7 + 450565 5,42 + 01125 _5 55 — 133125 5 g1 + W245_5 5 2

— 400655 5 + BEGORS 2 -4 -3 + 122885 4 5 + TOBBES 2 -4 —a — B1O25 5 a4
+153605 3, z,—5 + TIBBS o 25 — TIBBS g5 _s + 215045, 6 — 102405 7 2
—133125 ;5 + LGBIGS 4 5 — BB32S g4 + 51205,y + 10245, + 35845 4
—2T1365 5 + 92165y g — 2365625 _55 — 40065 55 s + 286725 555
102485 _p5 4+ B1925 54 3+ 112648 5 44+ 133125 5 o + 409605 440

+358405 26,1 + 4096051, — 112645 62 + 81925, 62 — 32T6RS) 5 2
40965, _5 5 + 184325, g g -+ 238525, _y 4 — 1024085, _z 5 + TIGBOS) 55
—112645: 25 — 256005 2p + 32TERS 7 — J2TERS 17 + 81925, 5 4 — 8102524
+40965, 3 _5 + 358405 4,y — G1445; 44 + B306BS) 5,y + 184325, 5 4 + 174085, 5,2
+295285) 5 » — 32TERS, 4 o 4 143368, 5y — 204808, 5 o — 81825, .

+225285 4 -3 + 102455 _4 5 + 32TOBS _y,—g + 3072052 _54 — 6144852 a2 _5
+389125, g5 + 81925, ; g — B19285; ¢ — 4096525 5 + 163845, 5 5 — 10245, 5 4

.

=108z 9.4 + 430088555 —5 + 021650 4,9 + I2TORS; 5 o + 409608s 5.5 + 6144835,
204855 51 — B0T2S) _g-p — I0T28; 4o+ 122888y o o+ 10248, 55+ 51208 2 .




Five-loop ABA

+TI68Sy pq+ 40068, , 5 — 1024555 4 — 51208y, 4 + 30728, 5 4 +— 921655,
+021684 2 + 8192505 1 + 3003654 a1 — 61448, g o + I1TLLS, 0 — 61445 2 -
+153608 —o 3 + 32TO8S 1~ — G1445) 14 + 30804552 -3 + 0216523 + 81925,y o
+921681 32 — 614452 1 + BE016S5 a1 + 819255 —a o + I6BGLSs o2 + 819208512
+1843255 1 5 + 327685 2 _o + 2096055 22 + 1843255 51 + HO1TES a1 + 20480561, o
+225285; 1 o + 2262880, — 184325, , | — 246765 ¢, 1, + B1O2S
+2BET2E 5 —p0 + 81925 5 11, — 1024005 5 _5,,; — B80645_,
—G32488 4 o4 g — BO3925_4 oo — 503925 4 a4, — BO20GS_y,

—M4BI6S 51,22 — 430085 41,22 — 143365 40,0,-5 — 20485 5 10,2 — 122888 4221
—2MBS 49, —p — 1024008 3 55, — 1BB4165 5 5 9, — 1269765 5 31,2

— 1556485 5 g00 — 1556488 5 a0 — 1B02245 4 o sy — 245765 5,22
—001125_5 — 1506485 3 g 3 — 368045 _5 513 — 655365 5 29 2

—B19208 4 pop— 368645 5 _pa; — 61408 5 4 — 1024005 4, 4 4

— 1228805 5,1 —52 — 1097445 51 2 5 — B0T208 5, 2y — 280725 5)11,-4

— 408605 — 122885 4403+ 20485 5 14 -0 — 983045 5 — 614408 52 51

— 409605 322,32 — 490525 55 a2 — 12IBES 55, 5 + 40965 35 2, + 2488 5312
—001128 44,4 +B1925 5 515 — B396BS 5 4 0y — B324BE o 44 o — 503025 5 4,0
—093925 -9 ~a2,: — LGOOUB45 5 5 a1 — 2457652 —g, 2,2 — B396BS -2 - 22
—1515525 5 5,3 — 3686455 515 — 66365 _5 522 — 819205 3 532

—A6BEAS 4 g4, — TATTBS o o g1 — 245765 o s 5 o — TIBT2S 4 4 aa




Five-loop ABA

—245T68 5 9 —9.a — 226288 5 o g5 — GOG32S 5 9,y 4 — 81028 5 5,4
—TAT2ES 5 g3 — 184328 5 503 — 163845 5 55 3 — 184325 5 532
—BIO25 5 g4, + 122885 o, 50 — 380125 5 g3 — 430085 51 a2

—18TE965 20,13 — B0T205 53, —aa — TIGBOS 21 2 -4 — B1925 a3 04
+B1925_q,1,1,-5+ 84 (461]85_-; + 153655 — 92165_, ) — 92165 50 — 92165 45
+184325 5, + 184325 5 0 + 184325 50 — 368645 ‘_\l'_.l_JJ + 5; (46085 + 15365,
—92165_4; — 92165 50 — 92165 53 — 184325 4 + 184325 5 9 + 184325 44,
—368645 2, 1.1) + 53 [:3[]?25 5+ 10245, — 61445 ;| — 61445 45 + 5 (20485 4
40865y — 40965 g, ) — 61445 54 + 122885y 1 + 1228BS_ 51 2 + 122885 52,
—245T65_7 1) + S_gaf — 307255 — 10245; + 61445 ;) + 61445 55 + 61445 55
— 122885 400 — 122888 2 — 122885 2 + 245765 2101) + S-aa ( — 01445
—204855 + 122888 4, + 122885 55 + 123885 ;5 — 240765 51,1 — 245765 2,12
—245765_ 501 + 401525 j_“_|] — 573448 505 — BI92S 545 g — 143365 5504
+A096S o1 3,5 — 1228BS 514 o — 430085 5142 — 901125 5151 — 204805_52 4.1




Five-loop ABA

—430085 22 —3,—2 — 491625 _32 52 — TOBT25 33 2y — 1228BS o2 24

—BI25 39; o+ S 5(TO80S 4 + 25605; — 122885 5, — 122885 ,, — 122885 44
—02165 4 + 184325 411 + 184325 510 + 184328 521 + 122885 010 + 122885 500
122888 o5, — 26768 5, — 122885 5, 1 » — 122888 5,0, — 122888 52,,)

+54 (286057 — 61445 2184 + 204857, | + TGR0S ¢ + 25605 — 122885 5,
—123885 45 — V22855 55 — 92165 5, + 184328 ;) + 184325 5 5 + 184325 54,
+122885 54 + 122888 400 + 122885 54, — 240765 5,0 — 122885 4, 0
—129885 54z — 120885 o00) + 54, ( 153605_5 — 512085 + 245765 _5 1
+245T6S 4 + 245765 53 + 184325 ;5 4 — 368645, — J68645 4

—3680G45 g0 — 246THS 5 3 — 240765 g 00 — MT6S g5 + 41525 5,1,

245765 g3 10 + BABTES g0y + 245TBS 021 1) — 143365 5014

—012005 2241 + 2485 091 — 2485 03 -9 -0 — 204BS na —po + 4965 241,-a
—A065 g4 _pq — 1228BS 5402 — 389125 54,2 — 89125 5,44,

—B18208 2511 T 1533451. 4.1,1 +4Uﬂﬂ[]—r"1. 521t 245?581. 1,2 —S[!HSBS,_ 4=
—H12008) -4 —2,—2 — OIS, g —u2 — ZBET2S, _y 1 -3 + 20485, 4,1 5 — 40065, -
+20485; 9625651 g g1 — 1200245, 5 _5 o — 1556485, 5 a2

— 1658885 _5,—2,—3 — 368045 3 _a3 — 512008, _3,1,—4 — G93928, _5,1.4

—400605; a2 5+ 81925, g9 o — 962665, a4, + 81925, o s — 512005, o 4 2




Five-loop ABA

—T3T285s _51,—3 + 400652 _51,3 — 163845y 922 + 409652 331 — 5520652 —3.—4.1
_5953252. 2 =3, -3—31‘.]2[]5'2_ 2y :|.z_35[]1552. p AL R 154325‘:. 2,13
—30T2082.~21,~4 — I2TOBS2 014 — 286728 90— + BL14482 95 2 — 401528; 241
+ 1638450 1 5y — 20488y g —p + A0DGTs 1105025, , + 40968, 1 a4
—3481680.1 ~2,~4 — 28672801 ~24 + 81925, 4 — 32768521 B6RO4S2 1 42

— 4096055 1 4.2 — 6853651 5, — 16384555 5 3 — 819285 52 — 68536552 2 s
—4915280 541 + 8192855 50+ 10240850 o o + 8192854 20 — 401525, 4,

— 3686450 4 1,2 — 209605 45 2 — 4006055 .42,1 — 8192085511 + 614455 4.1,
—226285;, g2 — 20485y 0 — 40065, 5,0 — 20965, qa; — 268 2 5

— 184828y _y 5o — 1B4325; o oo — 1024085y g, _y + 204853 o9 — 20485 o0 2
20488, pq. — MBSy, g+ 102408y, g o+ 4065y, gy — 143368, 4
—40965y1 23 + 204851,1, -4 + 1024083114 — 143365101 + B192502 -2

+ 10240533, —2, -2 + 8192855 _gp — 6144535 g1 — 184325541 — BI4885) 51,
—31925.1_ &2 T 4“'-]53. Tt 33'-]1234. 218 = 3’5“123-1. Skl = GSEMS-'..[. 31
+81925,,1,—2,—2 — 245765
—408605, 1 00 — 184325, | 4. — 40960852 a1 — I2TOBS a4 —o — 400605, 9.1 2
— 409605, 221 — 184328, 51,0 — TAT285; 1,1 — 983045; 1, —o — GO53655 11,2

—B19208; 110 — 8192085 2 — 819205, 5, — 460665, 110 + 11BTELS 4 0440




Five-loop ABA

+BH006S 7,20, + 245765 _41,1,-2,1 + 40965 _41,1,1,-2 + J112965 5 5111
+18022458 4 5 510+ 1802245 5 o oy + 1310725 4 5o+ 16384058 5 5119
+ 1638405y g1 2, + 10384053 _gg,10 + 2407605 5y 3,11 +~ 1966085 31 _a,—21
+1228808 44, o+ 1474805 51 01 + 14T4B65 51 pas + 1228805 514 a1
+E19205 31,1 -2, + 83045 51,1 -2 + 240765 _31,1,1,-3 + 240765512, -2
+OB3045 3.2,-21,1 + 245765 321,-21 1 1187845 2-d111F 1679365 %211
170825 5 _50,—2 + 1310725 2 _5,10,—2 + 1638405 5 5112 + 1638405 5 5121
1638405 5 521, + 1507445 5 5 50,1 + 245765 5 5 —z.—2.

+ 245765 0 2 a1 -3+ TTE2MS 5 on o1 0+ TTBMS g 3 501 + 1638405 5 a3 —a1
+245T65 3 31,23 + B10208_ 33,22 + 1474565 _5 _ _3+ 368645 5 a1
+B85365 0 g4 0+ BIO208 5 oy a0+ BO8G45 o g0 +B10205 0 a0 0y
+655365 s 2+ B19205 5 g0+ 819208 5 _gq0; + 368645 5 5910
FEO016S 4, o, + 1995125 4, 4 oy + 1228808 4, a1 s

F14TA568 51 312 + 1474565 3,1, 321 + 1761285 _y 1 _a,_y,1 + 24576521 _2-2,-2

3

801651 g _nq + 1556485 a1 a1+ 36864501 o153+ 655365 0, _aa_s




Five-loop ABA

+819205 2,1, z.z.-:+353545' 2,1,-2h1 + 408605 21,1,~d,1 + BG0LES 23,1,-3,-2
+OB3045_2,1.0,—32 + 1597445 211 2,3 + 245765 23+ 163845 519,14
+2BOT2S 50,04+ 1024005 a1 1 o5 + 32THBS 515 5 + 286725 210 0 s
+32T68S 312,22 — B1928 3515 5, + B6016S5 1+ 9830485 52 510
+1024005 33,321 + BT 53 21,2 + 685365 g2, 5,2 + 630365 23 221
+32T6BS 221,21 + 286725 2,21, 2,2+ 32TBBS 201 —a2 + 40965 23 2,11
—B1928 531,30 + TTB245_5 410,10 + 1187E45, 1+ 491628 _41,-21
+81925) 4112 + 3112965, 5 4,4 + 1925128, 5 o o, + 1392645 4 2 _a
+ 1638405, —9,—p1.2 + 1638405), g —pay + 2211845 331 + L11BTELS) _g1,-5—2
+1474805) g -0p + BI9205) g, o+ 81925, 5y0 o+ TIT2ES, a0 oy
+81925) _3m.1,—2 + 11BTBAS, _a 411 + 1843205, 3 32, + 1310725 _3 51,2
+1638405, 5, 512 + 1638405, o 5z, + 1843208, s _» 51+ 245765, 2 2 a2
+O42085 1 22 22+ 1656488 2 21 g — J6BG4S: 2214+ GO5365: 2 922
222+ 308645 _g _z91 + BLO20S) _21,-41 + 11BTE4S) 51—
21,-a2 1(':537445,_ I 35’5"]431. ~23t 4[}”“”31.

4+ 240768, a0y — 40065 51,52 + M2085; 214,

+532485)
FO01128, po g + 532485, _aa g o+ 65630S) 0o ap + 246THS) pa: s
— 409651 23,12 + J2085; _g40,1 — I2TEBS) 1,5, + TTH2LS,
+122885) 4 o+ 81925, | 440+ 81928, 404 + 27BG2BS,

+1392645, 5,

8,2, + 1638408 1. —a,-za + 1474565 1. -21,-2 — 19!




Five-loop ABA

+32TBBS 1 —a2,—2 — B19285 1 a3 + 1106025 5 5 g1 + 13028451 5 _5—¢
+16384081 5 ~2,-a2 + 1T203281 1 -2 -2 - + 3686451 1 2 20+ B144081 1 21 -4
+H6553651,1,-2,0,4 + 573445, 1 _g0,5 — L2288S); a5 o + 9B3045,
—32TGES 1,1,-5,0 + 409651 5 1, -4,-2 — 81928 1.1, + 2211845, :
—81925, 5,35 + 696325, ) 4+ BTI44S, 11 o — 163848 10,5 + 655365, 1,1,05
+TAT2BS| 1 -0 + B19208, | 4 40 + 1310728, 4 4 51 + J2TGBE| 1o 52

+163845) 1 2 —s2 + 1310728),1,2,-2,—3 + 983045, 1 241 — 163845 1331

—204808, 15 00— 163845, | 4 00 983048 44 py + TATIES 402

+H19208) 1402 + 8102081 1400 + 1638408, 1 510 — B102S 2 a0y + 1638408 0 5 o1
+073445) 2,31~z + 163845 5 52 + 163848 5 507 + 1474565 2 2 —a1

+T8T28S 12,2~ 2 + B192081 2 2 22 + 901128 2 -2, -5 — 819281 2 013

+245T65) 2. —2.2, -2 — B19285 5 231 + 32TBBS) 2,1 —5,—2 + 163845, 21,5,
F13107281 54 o -5 + 983045 21 43 + BIB20S) 541 — B1928) 5 g1 + 280725, 5 2 01

—2.4,1

]

HRI928) 3 a0+ B10928) 5 _asy — 163848, 97 3y — 204808, 37,2 _2 — 163845141 a2




Five-loop ABA

614408, 4 g1+ D01128; 53 _a; + 655365 411,z + B19208, 4112 + 819205, 4121
BI0208) 450 g + 1EI8408, 5 g g + B1925, 0y + 1638405y 5 o4
+1140685857 —5,1,-2,1 + 32TG8Ss,—1,1,1,-2 + 16384052 —2 —5.1,1 + 983045y 2 5 2,
—T[!?Q&S—i_ 2,~%,1, 3_31!]2[]32. 2,=-212 +ﬁlﬂ2[]5'z. 3-a21+ 131‘”252. 2,1,-3,1
+65530652 21 —2—2 + B19208e 21 —z0 + BTN 011 -2+ B192S: nip 2
+401525; 22 —z1 + B1028y _505 2 — BlO25% ) a1 + 1638405 —5,-2.1
+5T445s 1 a1 -0+ 16384501 —a0 0 + 16384551 —a0 + 14746650 1, 1
STAT2RS, | g2+ B102085, 5 _ps+ 901128, o1 5 — 819285, 214
+2457650 1 o 0 — 81928y, gy + 327685011 g p+ 16384801y a0
+13107257,1 1,—0,—3 + 9830455, 14,1 + 8192085, 1 41,1 + 16384525 51,
083045, 5 51+ 32708y o1 2+ 163848y, 2,2+ 16384
— 1638483 5 _g11 + B1920854 1,11 + 810255y 11 + 368645y o_g11

+ 1638455 g5 —g1 + 40865, —2— 81925 31,1 + 2867253, 2,3,

+H1928y1, -2 10 + B1925s,, — 163845011, -a1 — 204805011 -2 -2 — 163845511 02
—1638455 2 2,11 + TTB245, —2.1.1,1 + 491525, 1,211 + 810208, 1,1,-2,1 + GH5365,51,1.1,-2
+819205; ; 5 o + 819205, ; 4y + B19205, ; 5 44 + 810205, , + LE3RA05, | 11y
—32TGB0S 5 —z,,1,1,0 — 20125 5, g1, — VIGE0BS 5,1, 1 — 401528 51 0,1-21
—B2TOROS 3 510,00 — 106485 5 ooy — VE3BADS & 2y 5

—1638405_, 1 — 1310728 3 _g11,1,—2 — 1638405 5 _ 12 — 16358405 3 _z3,120

2,51

—1638405 5 21210 — 1638405 5 20417 — 2049125 o, 5000 — 1720325 51 2 214




Five-loop ABA

—1B02245 51 a2 — 1EL0T2S 5y 2012 — LGIRA0S o 2142 — 1638408 2 212,
— 1638405 _51,—z21,1 — 1966085 51,1 —31,0 — 2048005 5,11, — 1146885 511 —2,1,-2
—1310728 5y 21— 1310725 51 59y — GBB36S 559,90 — HT3ME 5115 22
—BE8365_21,1,1,-22 + 52 ((10245_5 + 408655} 57, + (1126455 + 51208; — 81925 .
—B1448 44 — B1928 o+ 20485, , + 122885 5, ) — 40065 5 o, + 122885 5,
+129885 50, — M5T65 g, 1,1) 5 2 + BL925_; + 2165, — 163845 5, — 61445 5,

— 163845 ;0 — 10245 4 _3 — 174085, 5 — 153605 54 — 184325 5 - — 51205,y
40065, s + 61448, + 327688 50, — 61448 4 2, + S686LS 412 + I68REAS 2,
—A00G5_y 5, — 204884 s
+AGRG45 4, + 24RS
—B1025, + 122885 _4, + 16

5 — AD06S_3 _p o + 3686455, 5 + 400605 _y42
;= B1928 5 4o+ 102405 s+ Sy [ — 40065,
G845 g2 — 81925 5:.) + S_5(01445_; + 30725,
4TS o,

—61445 5 — 40065 55 + 122885 ;_._-_J + 83102405 _; + 30725, —




Five-loop ABA

_ 400605 50 GOG32
3 3

+32TERS g4y — 4086510 — 40965, 00 — TATLES 4000 — B1H205 4410

—B19205 3751 — BL1O205 59, + 245765 5 51,1 + 40965 9 5 51— 81925 3 5,2

5 '3.l.l] + 348165 gy 4 + 308645 g0n + 368645 490

—B1925 53 27 — BI9205 5212 — B10205 5221 — T3T2BS 251, + 2457655110
+1G3B408 5509 — 401528 5 5y — 163845 5, 5+ 1638405 55513

1638405 55,121 + 1638408 5, 21,1 + 1638405_; 1 — A2TGHROS |_1,|;|
—G55365_2,1,2.—20.0 — 1310728 52 2101 — G55368 221,21, — 32TEEOS) _5.-2.1.1.1
—2040128; sy w1 — 1474565 51 — 163845 ~a1,1,0,-2 — 32T6B0S), 0. -21,11
—1884168) o321 — 1802248, a1 — 1810728, 22112

— 1638405, 5 2112 — 1638405, ¢ 2102 — 1638405, ¢ w91 — 20491857 a1 511
— 1884168 o1 2,21 — 13107281 a1 21,2 — 1638408) o1 312 — 16384051 51221
1802245, 5,1 g1 — L0696, o1 2 o — 1310725, oz, 2o — 401525, o, 1 4
—401525 _g1ap1 — L310728) op 511 — 491525) gn g — 163848,
—ADTEROS, 4 g1 — 2293765, | a4 _as — 655365, » — 32T6R0S, ;.
= 196608511, -0. -2 21 — 144565 1 -2,

7 — LG3B4050 1 0 p1 2 — 1E3BA051 2 2021

e

—2621445 3, —21,-31 — 13W0T25) 1 91,22 — 1638405, 21, —27 — 11468851 01,13




Five-loop ABA

— 163845, 121,22 — W04, 1 sp g1 — 163845, ) _na o + 163845 11 a0
—32THROS, a,-21 — V146885, 1 | 4, o— 32T68S 11 12— I2T68S) 15 32,1

— 2049125 11,921 — 1474665 11 -9, —g—n — 163408, 1 1 _a o0 — 1802245, 1, _21.-3
FLGIBLS, 12 o — ABLE2S) g ap o+ LO3BAS, 4y any — BBBI6S) g0 g0
—327T0851 1.1,0.-32 — 26214451 111 g — 19660851 11,101 — 1638408 1,001
—32T6BS) 1 2,—3,0,0 — 19660851 2 3 g1 — BA53I65,1 2, 21,2 — 32TEBS) 12202
—A2TERS: 12,001 + 32TERS a2 — LE3BA0S, 149,00 — 32TEBS 251,01

— 1638405, 1 — 1310728, 2, —2.1,—20 — 491525 2 —2,1,0,-2 — 32768521 -3

~ 1066085, — (553065, 4 -2 — J2TERS, — 327685 04 221

— 163845, 4 1+ 32?&531,3_1.—2.1,| - 15[€84US1,.|_|_1,|_1 - 1Ui‘154[]5'g_-g.-:_'._|_1
—LG3B408; oy 1y — OB3048s oy 0y — 163848y oy o — 32768801 911

— 16384082 1,221, — 13107281 01 -2, — 49152801 —2,1,0,-2 — 3276850,1,1.-21,1
— 1066085, _a — 63536 12 — 32TBBSY ) 12,12 — 3276852 11,221

-3

2

—32768S2,0,-0,,1,0 — 1638481 20,0 + 32T68S0.1,1,-2,1,10 — 16384084,1,1,1,11
+32TBR0S5 5 _1,1.1,1,1 + 3276805 03 210,11 + 2621445 w11 2111




Five-loop ABA

+1310T25 g,1,1,1,-2,1.1 + I2TEB0S, g, —51,1,1.1 + JZTEBOS) 21,
2621445, a1+ 983045, o119 + B2TGR0S5:,,
+32T680S 121211 + 1966085, ; |+ 397685,
+32768051,1,1,-2,-21,1 + 26214485, 51 5
+3032168 1,040,221 + 1310728 4
+655365 12 —2,0,1,1 + B3RIGF 2,1

s + 656306.51,1,1,-3,1,1.1
s + 656365111131

+512 (45 215 — 85+ 8] — 457, + 3?{2832 — 4855+ 651 + 16541 + 12502
-163_“,-_) +5 ( — 98 5 — 45 45 + 45 35, + 45,55 + 655 + 854 — 455 5
+125 32+ 8S 58 5 + 8525 51 + 8BS g5 +48;; — 245 5, — 85y 51— 245 5,2
1+ 4858 2.].l_l)) ¢(3)

+2560 51 (83 — S-a +2.5-21) 4(5)

—045
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Five-loop finite-size corrections

@ The Liischer correction at five loops is extremely difficult to handle!
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Five-loop finite-size corrections

@ The Liischer correction at five loops is extremely difficult to handle!

@ The transcendental structure is much more involved compared to the
fOllI‘-lOOp case. ForM =2 [Z. Bajnok, A. Hegediis, R. Janik, T. £, 2009]

A = 11340 + 2592¢(3) — 5184¢(3)? — 11520¢(5) + 30240¢(7)

e For any M: [T.£, A.Rej, V. Velizhanin,2009]
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Five-loop wrapping

A®

13440 ¢ (7)S7 — 1536 ¢(3)S3 + 2560 C(5)S1 (381 (25_2 + S2) — ST +S_3 4+ 53 —25_5 1)

1024 C(3)S1 (=275 _p + 257 (25_3 +383) + S| (4525 + 6555 +35_4 — Sy

—2(8—3,1 =282, 2+ S22+ 83,1 —25_21,1)) +25_2(S_3+ 83 —25_21))
—10248,((S1(382 +25_2) +S_3+ 53 —25_ 51 —S)(S_5 —S5+25_5 3 —28 2
2841 — 450, _21) +257(25_6 — 2S¢ —S_4, 2 +25_3 3 +3S_2 4 +5_24

—283, 3 =284 2+ S42+4S5) — 4853 21 —45_2 31 —28S2 2 2252 _22)
+81(55-7 =587 —4S5_6,1 +4S_5, 2 —S_52+35_4 3+53_4—5_34+85_2 5
—6S8_55—483 4 +2834 — 884 _3+385,3—6S85 _2+S52+68,1 +25_51,1
—68_4,—21 =253, 31+25-3-2-2—2531,-3—85_2 _41+65_2_3_2—25 332
FI14S 5 23 —=68S_ 5 23 —285 51, 4+285 214—25 22 -3—45S_23 2+ 105 24,
+283, 3,0 — 483, 2,2+ 283,22 +283,1,-3+2832, 2+ 1084 21 +6S41,—2 — 284,12
—2840,1 — 28500 +4S 31,21 +45_2 31,1 =205 2 21 =852 21,2

+4S_2 212+452, 221 +4521,-31—4521,—2,—2+452,1,1,-3+4522 2.1
—483,—2,1,0 — 483,11, -2+ 4Sa1,1,0 =852, 21,11 — 85-2,1,1,-2,1))




Checks of our result

@ Continuation of full result to M = —1 4 w agrees both with leading
order and next to leading order BFKL equation!
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Checks of our result

@ Continuation of full result to M = —1 4 w agrees both with leading
order and next to leading order BFKL equation!

o It also agrees with double-logarithmic constraints when continued to
M=-24uw

o Large M asymptotics matches the cusp anomalous dimension!

@ We found correct 5-loop anomalous dimension for twist-2 operators

[Arpad’s talk]

TBA equations reproduce our result J

o First non-trivial test of the TBA equations!

Tomasz Lukowski (Jagiellonian University) 02.07.2010
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Conclusions

@ The spectral equations for the planar AdS/CFT correspondence, if
correct, provide the full solution to the spectral problem!

@ The five-loop anomalous dimension of twist-two operators provide the
first test at weak-coupling

Perspectives

@ Strong coupling tests should be performed - much more difficult

@ Destri-de Vega type equations
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Thank you!




