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Planar AdS/CFT

�� ��Amplitudes

�� ��Wilson loops

�� ��Planar AdS/CFT

�� ��Spectral problem

�� ��more...
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×

Superstrings on AdS5 × S5
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N = 4 super Yang-Mills theory
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Objects and quantities

single trace operators ←→ non-interacting strings

anomalous dimension ←→ energy of the string excitation

At weak coupling Asymptotic Bethe Ansatz equations give us
asymptotic spectrum

At loop order higher than length wrapping interactions start to play a role
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Wrapping corrections

The wrapping diagrams can be identified with the virtual corrections on
the cylinder. [J.Ambjorn, R. Janik, C. Kristjansen ’05]

These were investigated in the relativistic case already in the mid-80s
[Lüscher ’86]

Can be generalised to the non-relativistic theories . . . [R. Janik, T. Ł. ’07]

. . . and to the multi-particle case. [Z. Bajnok, R. Janik ’08]

Leading Lüscher correction

E(L) =
∑

k

ε(pk)−
∑
j,k

ε′(pk)

(
δBYk

δpj

)−1

δΦj

−
∫ ∞
−∞

dp̃
2π

Str [S(p̃, p1)S(p̃, p2) . . . S(p̃, pN)] e−ε̃(p̃)L
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TBA technique

Recently, the techniques of Thermodynamic Bethe Ansatz have been
applied to the planar AdS/CFT.

To determine the ground state energy of the original model it is enough
to find a spectrum in „mirror” model in the infinite volume

double Wick rotation
−−−−−−−−−−→

The mirror model for the planar AdS/CFT has been extensively studied
and the infinite volume solution (string hypothesis) has been formulated

[G. Arutyunov, S. Frolov, 2007],[G. Arutyunov, S. Frolov, 2009]
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Spectral equations

The Y-system and TBA equations for the ground state have proposed by
different groups.

[D.Bombardielli, D. Fioravanti, R. Tateo ’09; N.Gromov, V.Kazakov, A.Kozak, P.Vieira ’09; G.Arutyunov, S.Frolov ’09]

In its functional form, the spectral equations read: [N.Gromov, V.Kazakov, P.Vieira ’09]

Y+
a,sY
−
a,s

Ya+1,sYa−1,s
=

(1 + Ya,s+1)(1 + Ya,s−1)

(1 + Ya+1,s)(1 + Ya−1,s)

infinitely many functions living on the T-hook
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Spectral equations II

Excited states can be obtained by analytic continuation of the
ground-state TBA (known only for operators in sl(2) sector so far)

The scaling dimension is then given by

∆ = ∆0 +
∑

j

ε1(u4,j) +

∞∑
a=1

∫ ∞
−∞

du
2πi

∂εa

∂u
log (1 + Ya,0(u)) ,

Has to be supplemented with the finite size quantization condition

Y1,0(u4,j) = −1

TBA equations should allow us to compute the scaling dimension of any
local single-trace operator of the planar N = 4 gauge theory!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 13 / 51



Spectral equations II

Excited states can be obtained by analytic continuation of the
ground-state TBA (known only for operators in sl(2) sector so far)

The scaling dimension is then given by

∆ = ∆0 +
∑

j

ε1(u4,j) +

∞∑
a=1

∫ ∞
−∞

du
2πi

∂εa

∂u
log (1 + Ya,0(u)) ,

Has to be supplemented with the finite size quantization condition

Y1,0(u4,j) = −1

TBA equations should allow us to compute the scaling dimension of any
local single-trace operator of the planar N = 4 gauge theory!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 13 / 51



Spectral equations II

Excited states can be obtained by analytic continuation of the
ground-state TBA (known only for operators in sl(2) sector so far)

The scaling dimension is then given by

∆ = ∆0 +
∑

j

ε1(u4,j) +

∞∑
a=1

∫ ∞
−∞

du
2πi

∂εa

∂u
log (1 + Ya,0(u)) ,

Has to be supplemented with the finite size quantization condition

Y1,0(u4,j) = −1

TBA equations should allow us to compute the scaling dimension of any
local single-trace operator of the planar N = 4 gauge theory!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 13 / 51



Spectral equations II

Excited states can be obtained by analytic continuation of the
ground-state TBA (known only for operators in sl(2) sector so far)

The scaling dimension is then given by

∆ = ∆0 +
∑

j

ε1(u4,j) +

∞∑
a=1

∫ ∞
−∞

du
2πi

∂εa

∂u
log (1 + Ya,0(u)) ,

Has to be supplemented with the finite size quantization condition

Y1,0(u4,j) = −1

TBA equations should allow us to compute the scaling dimension of any
local single-trace operator of the planar N = 4 gauge theory!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 13 / 51



... but they are still a conjecture
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Twist operators

A suitable testing ground at weak coupling.

Twist-two operators

O = Tr
(
DMZ2)+ . . . .

Anomalous dimension:
Asymptotic Bethe Ansatz equations(

x+k
x−k

)2

=

M∏
j=1
j6=k

x−k − x+j
x+k − x−j

1− g2/x+k x−j
1− g2/x−k x+j

exp (2 i θ(uk, uj)) .

γABA(g) = 2 g2
M∑

k=1

(
i

x+k
− i

x−k

)
.

Finite size corrections given by Lüscher formula
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Properties of the anomalous dimension

Anomalous dimension for twist two operators

∆(M) = 2 + M + γ(M)

Rules of the game
Maximal transcendentality principle
Reciprocity symmetry

Tests of the final result
Analytic continuation to M = −1 + ω vs BFKL equation
Analytic continuation to M = −2 + ω vs double-logarithmic constraints
Large M limit vs cusp anomalous dimension
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Transcendentality [A. Kotikov,L. Lipatov, 2002]

Anomalous dimension for twist two operators

∆(M) = 2 + M +
∑
`>0

γ2` g2`

Anomalous dimension can be express in terms of the transcendental
functions — harmonic sums and ζ-functions

Nested harmonic sums

Sa(M) =

M∑
i=1

(sgn(a))
i

i|a|
, Sa1,...,an(M) =

M∑
i=1

(sgn(a1))
i

i|a1|
Sa2,...,an(i) .

Maximal transcendentality principle fixes a finite basis of transcendental
functions for every loop order
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Reciprocity

Definition of P-function

γ(M) = P
(

M +
1
2
γ(M)

)

Asymptotics of the P-function

P(M) =
∑
`>0

a`(log J2)

J2` , J2 = M(M + 1)� 1

Only binomial sums with positive indices contribute (conjecture)

Si1,...,ik(N) = (−1)N
N∑

j=1

(−1)j
(

N
j

)(
N + j

j

)
Si1,...,ik(j) ,

Anomalous dimension cannot be expressed in terms of the binomial
sums
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How does it work? �
�

�


Loop level
(`)

@@R�
�

�
�

Solve ABA equations
and find Lüscher corrections

for M = 1, 2, . . .

?�
�

�
Find P-function

for M = 1, 2, . . .

��	�
�

�
Determine transcendentality

(2`− 1)

?�
�

�
�

Find suitable basis using
maximal transcendentality principle

and reciprocity

@@R
��	�

�
�
Determine coefficients in front of

the binomial sums in P

�� ��Anomalous dimension
?
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Large M limit

The leading asymptotics is given by cusp anomalous dimension

lim
M→∞

γ(g,M) = 2γcusp(g) log M + . . .

Can be found i.e. from BES equation [N. Beisert, B. Eden, M. Staudacher, 2006]

Cusp anomalous dimension up to five-loop order

2γcusp(g) = 8g2 − 8
3
π2g4 +

88
45
π4g6 − 16

(
73

630
π6 + 4ζ(3)2

)
g8

+32
(

887
14175

π8 +
4
3
π2ζ(3)2 + 40ζ(3)ζ(5)

)
g10 + . . . .
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Analytic continuation

The harmonic sums can be analytically continued in M in the whole
complex space, e.g. [A. Kotikov, V. Velizhanin, 2005]

S1(M) =

M∑
i=1

1
i

= ψ(M + 1)− ψ(1) .

The analytic structure of the anomalous dimension for twist-2 operators
at the points M = −1,−2, . . . can be predicted by the methods of
high-energy physics!

The BFKL equation describes the leading poles at M = −1 + ω

Double-logarhitmic constraints for M = −2 + ω
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Leading singularities

The eigenvalue of the BFKL kernel for N = 4 is known up to the second
order in perturbation theory

ω

−4g2 = f (γ)

The structure of the leading singularities at M = −1 + ω from BFKL

γ = 2
(
−4 g2

ω

)
−0

(
−4 g2

ω

)2

+0
(
−4 g2

ω

)3

−4 ζ(3)

(
−4 g2

ω

)4

+. . .

The structure of the leading singularities at M = −1 + ω from ABA

γABA = 2
(
−4 g2

ω

)
− 0

(
−4 g2

ω

)2

+ 0
(
−4 g2

ω

)3

− 2
(−4 g2)4

ω7 + . . .

Four-loop result has to be supplemented with the wrapping corrections!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 22 / 51



Leading singularities

The eigenvalue of the BFKL kernel for N = 4 is known up to the second
order in perturbation theory

ω

−4g2 = f (γ)

The structure of the leading singularities at M = −1 + ω from BFKL

γ = 2
(
−4 g2

ω

)
−0

(
−4 g2

ω

)2

+0
(
−4 g2

ω

)3

−4 ζ(3)

(
−4 g2

ω

)4

+. . .

The structure of the leading singularities at M = −1 + ω from ABA

γABA = 2
(
−4 g2

ω

)
− 0

(
−4 g2

ω

)2

+ 0
(
−4 g2

ω

)3

− 2
(−4 g2)4

ω7 + . . .

Four-loop result has to be supplemented with the wrapping corrections!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 22 / 51



Leading singularities

The eigenvalue of the BFKL kernel for N = 4 is known up to the second
order in perturbation theory

ω

−4g2 = f (γ)

The structure of the leading singularities at M = −1 + ω from BFKL

γ = 2
(
−4 g2

ω

)
−0

(
−4 g2

ω

)2

+0
(
−4 g2

ω

)3

−4 ζ(3)

(
−4 g2

ω

)4

+. . .

The structure of the leading singularities at M = −1 + ω from ABA

γABA = 2
(
−4 g2

ω

)
− 0

(
−4 g2

ω

)2

+ 0
(
−4 g2

ω

)3

− 2
(−4 g2)4

ω7 + . . .

Four-loop result has to be supplemented with the wrapping corrections!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 22 / 51



Leading singularities

The eigenvalue of the BFKL kernel for N = 4 is known up to the second
order in perturbation theory

ω

−4g2 = f (γ)

The structure of the leading singularities at M = −1 + ω from BFKL

γ = 2
(
−4 g2

ω

)
−0

(
−4 g2

ω

)2

+0
(
−4 g2

ω

)3

−4 ζ(3)

(
−4 g2

ω

)4

+. . .

The structure of the leading singularities at M = −1 + ω from ABA

γABA = 2
(
−4 g2

ω

)
− 0

(
−4 g2

ω

)2

+ 0
(
−4 g2

ω

)3

− 2
(−4 g2)4

ω7 + . . .

Four-loop result has to be supplemented with the wrapping corrections!

Tomasz Łukowski (Jagiellonian University) 02.07.2010 22 / 51



Wrapping corrections at four loops

The wrapping correction may be found by evaluating the first Lüscher
correction at weak coupling. [Z. Bajnok, R. Janik, 2008]

At four-loop one finds [Z. Bajnok, R. Janik, T. Ł, 2008]

∆w = 128S2
1 (−5ζ(5)− 4S−2ζ(3)− 2S5 + 2S−5 + 4S4,1

−4S3,−2 + 4S−2,−3 − 8S−2,−2,1) (1)

Upon continuing to M = −1 + ω, this wrapping correction combined
with the four-loop ABA contribution leads to full agreement with the
BFKL prediction!

Also gives correct asymptotics for large M

The formula (1) may also be derived from the spectral equations!

[N. Gromov, V. Kazakov, P. Vieira, 2009]
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Is four-loop order enough to feel satisfied ?

Not exactly!
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Do we need a 5-loop test?

The structure of the TBA equations
Quantization condition

Y1(uk) = −1

Energy formula

E =
∑

k

ε1(uk) +
∑

j

∫ ∞
−∞

du
2πi

∂uεj log(1 + Yj)

TBA equations

log Yk =
∑

j

Kkj ? log(1 + Yj) ∀k
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Do we need a 5-loop test?

ABA is implemented in TBA equations from the beginning
−→ only wrapping is interesting

For four-loop wrapping the ABA quantization is sufficient
−→ the full quantization condition does not need to be solved

We do not need to iterate the TBA equations

The situation is different for five-loop calculations

The really interesting testing opportunity would thus furnish the
five-loop result... [T. Ł, A. Rej, V. Velizhanin, 2009]
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Assumptions we made

maximal transcendentality principle

reciprocity

generalised Lüscher formula
correct Lüscher formula?
is the modification of the ABA quantization the proper one?
is the leading Lüscher formula valid at 5 loops?

µ-terms do not contribute

numerical precision to determine transcendental structure for each M
using EZ-Face

factorization of S1 for the wrapping result
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Five-loop ABA

We are looking for a result with transcendentality degree = 9.

There are 256 different binomial sums with degree 9.

Here comes the result:
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Five-loop finite-size corrections

The Lüscher correction at five loops is extremely difficult to handle!

The transcendental structure is much more involved compared to the
four-loop case. For M = 2 [Z. Bajnok, A. Hegedüs, R. Janik, T. Ł, 2009]

∆
(4)
w = −11340 + 2592ζ(3)− 5184ζ(3)2 − 11520ζ(5) + 30240ζ(7)

For any M: [T. Ł, A. Rej, V. Velizhanin,2009]
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Five-loop wrapping

∆
(5)
w = 13440 ζ(7)S2

1 − 1536 ζ(3)2S3
1 + 2560 ζ(5)S1(3 S1(2 S−2 + S2) − S3

1 + S−3 + S3 − 2 S−2,1)

+1024 ζ(3)S1(−2 S3
1S−2 + 2 S2

1(2 S−3 + 3 S3) + S1(4 S2
−2 + 6 S2S−2 + 3 S−4 − S4

−2 (S−3,1 − 2 S−2,−2 + S−2,2 + S3,1 − 2 S−2,1,1)) + 2 S−2(S−3 + S3 − 2 S−2,1))

−1024 S1((S1(3 S2 + 2 S−2) + S−3 + S3 − 2 S−2,1 − S3
1)(S−5 − S5 + 2 S−2,−3 − 2 S3,−2

+2 S4,1 − 4 S−2,−2,1) + 2 S2
1(2S−6 − 2 S6 − S−4,−2 + 2 S−3,−3 + 3 S−2,−4 + S−2,4

−2 S3,−3 − 2 S4,−2 + S4,2 + 4 S5,1 − 4 S−3,−2,1 − 4 S−2,−3,1 − 2 S−2,−2,−2 − 2 S−2,−2,2)

+S1(5 S−7 − 5 S7 − 4 S−6,1 + 4 S−5,−2 − S−5,2 + 3 S−4,−3 + S−3,−4 − S−3,4 + 8 S−2,−5

−6 S−2,5 − 4 S3,−4 + 2 S3,4 − 8 S4,−3 + 3 S4,3 − 6 S5,−2 + S5,2 + 6 S6,1 + 2 S−5,1,1

−6 S−4,−2,1 − 2 S−3,−3,1 + 2 S−3,−2,−2 − 2 S−3,1,−3 − 8 S−2,−4,1 + 6 S−2,−3,−2 − 2 S−2,−3,2

+14 S−2,−2,−3 − 6 S−2,−2,3 − 2 S−2,1,−4 + 2 S−2,1,4 − 2 S−2,2,−3 − 4 S−2,3,−2 + 10 S−2,4,1

+2 S3,−3,1 − 4 S3,−2,−2 + 2 S3,−2,2 + 2 S3,1,−3 + 2 S3,2,−2 + 10 S4,−2,1 + 6 S4,1,−2 − 2 S4,1,2

−2 S4,2,1 − 2 S5,1,1 + 4 S−3,1,−2,1 + 4 S−2,−3,1,1 − 20 S−2,−2,−2,1 − 8 S−2,−2,1,−2

+4 S−2,−2,1,2 + 4 S−2,−2,2,1 + 4 S−2,1,−3,1 − 4 S−2,1,−2,−2 + 4 S−2,1,1,−3 + 4 S−2,2,−2,1

−4 S3,−2,1,1 − 4 S3,1,1,−2 + 4 S4,1,1,1 − 8 S−2,−2,1,1,1 − 8 S−2,1,1,−2,1))
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Checks of our result

Continuation of full result to M = −1 + ω agrees both with leading
order and next to leading order BFKL equation!

It also agrees with double-logarithmic constraints when continued to
M = −2 + ω

Large M asymptotics matches the cusp anomalous dimension!

We found correct 5-loop anomalous dimension for twist-2 operators

TBA equations reproduce our result
[Arpad’s talk]

First non-trivial test of the TBA equations!
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First non-trivial test of the TBA equations!
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Conclusions

The spectral equations for the planar AdS/CFT correspondence, if
correct, provide the full solution to the spectral problem!

The five-loop anomalous dimension of twist-two operators provide the
first test at weak-coupling

Perspectives
Strong coupling tests should be performed - much more difficult

Destri-de Vega type equations
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Thank you!
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