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Paradigm:N = 4 SYM↔ IIB on AdS5× S5
Maldacena

Extremely rich example, with many magical properties

Q1: How general is the gauge/string duality?

All well-understoodstring duals of 4d gauge theories arerather close cousinsof origi-
nal paradigm. Motivated fromD3 branes at local singularities incritical string theory.
Some common features:

¥ Adjoint or bifundamental matter (quivers).
Fundamental ßavors can be added in probe approximationNf # Nc

¥ Susy can be broken but there are always remnants of theÒextraÓ matter

¥ Anomaly coefficientsa = c at largeNc. ÒNo-go theoremÓ (?)

¥ Dual geometries are10d

¥ Radius of curvatureR related to coupling! (a modulus),
R ∼ ! 1/ 4, can be taken arbitrarily large (but! → 0 not always an option)
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Paradigm: N = 4 SYM ! IIB on AdS5 " S5
Maldacena

Extremely rich example, with many magical properties

Q1: How general is the gauge/string duality?

All well-understood string duals of 4d gauge theories are rather close cousins of origi-
nal paradigm. Motivated from D3 branes at local singularities in critical string theory.
Some common features:

¥ Adjoint or bifundamental matter (quivers).
Fundamental flavors can be added in probe approximation Nf # Nc

¥ Susy can be broken but there are always remnants of the “extra” matter

¥ Anomaly coe! cients a = c at large Nc. “No-go theorem” (?)

¥ Dual geometries are 10d

¥ Radius of curvature R related to coupling λ (a modulus),
R $ λ1/4, can be taken arbitrarily large (but λ % 0 not always an option)
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’t Hooft gave a very general heuristic argument for

“Large N field theory = closed string theory with gs ! 1/N”

So far we understand “well” only a limited class of dualities,
for the theories “in the universality class” of N = 4 SYM

" many string constructions of field theories with genuinely fewer d.o.f. in the IR
(say pure SU(N), or N = 1 SYM).

However if one takes a limit that decouples the unwanted UV d.o.f,
the dual string is described (at best) by a strongly curved sigma model.

Hopefully this is just a technical problem, but progress has so far been limited.
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Õt Hooftgave a very general heuristic argument for

ÒLargeN Þeld theory = closed string theory withgs ! 1/N Ó

So far we understand ÒwellÓ only a limited class of dualities,
for the theories Òin the universality classÓ ofN = 4 SYM

" many string constructions of Þeld theories with genuinely fewer d.o.f. in the IR
(say pureSU(N ), orN = 1 SYM).

However if one takes a limit that decouples the unwanted UV d.o.f,
the dual string is described (at best) by a strongly curved sigma model.

Hopefully this is just a technical problem, but progress has so far been limited.

Independent question,
Q2: How general are integrability/solvability ofN = 4 SYM?
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Attack Ònext simplest caseÓ

Ideal case study:N = 2 superconformal QCD,
N = 2 SYM with Nf = 2Nc fundamental hypermultiplets

LargeN limit à la Veneziano:Nf ! Nc

a "= c
But still an extended superconformal group (SU(2, 2|2)) and atunablegY M

Q1: Which (if any) is the dual string theory?

! = g2
Y MNc is anexactly marginal coupling, just as inN = 4 SYM.

SimpliÞcation for large! ? a weakly-curved gravity description?

String theory on...AdS5 # . . . ? Long-standing open problem

Q2: Integrable structures?
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The Veneziano limit and dual strings

Veneziano limit:
Nc ! " , Nf ! " with Nf/Nc andλ = g2

Y MNc Þxed.

Õt HooftÕs argument for existence ofdual closed string theory at largeN
can be adapted to the Veneziano limit, if one focuses to ßavor singlets.

Schematically:

adjoint Þeldsφa
b

fundamental Þeldsqa
i

a = 1, . . . , Nc color index

i = 1, . . . , Nf ßavor index

Two kinds of double lines:

Adjoint lines

4



To go beyond this universality class, new ideas are needed.

Focus on theories with large number of fundamental flavors, Nf ! Nc.

Veneziano limit: Nc " # , Nf " # with Nf/Nc fixed, λ = g2
Y MNc fixed.

Important applications to AdS/QCD.

Holography in the Veneziano limit?

’t Hooft argument for existence of dual closed string theory at large N
can be adapted to the Veneziano limit.

Schematically:

adjoint fields φa
b

fundamental fields qa
i

a = 1, . . . , Nc color index

i = 1, . . . , Nf flavor index
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Two kinds of double lines:

Adjoint lines

〈φ φ〉
Quark lines

〈q q〉
Quark linesnot suppressed.

Vacuum Feynman diagrams→ bi-colored Riemann surfaces∼ N2−2g

suggesting as usual a dual closed string theory withgs = 1/N .

Main novelty:
glueballoperators

Tr(φ . . . φ)

(color-trace)
mix at leading order with
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〈! ! 〉
Quark lines

〈q q〉
Quark lines not suppressed.

Vacuum Feynman diagrams → bi-colored Riemann surfaces ∼ N 2−2g

suggesting a dual closed string theory describing the flavor singlet sector, with gs = 1/N .

Main novelty:
glueb alloperators

Tr(! . . . ! )

(color-trace)
mix at leading order with
flavor-singlet mesons

q̄i ! . . . ! qi
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iq
i
b

In ßavor-singlet sector, basic building blocks are thesingle-trace operators

Tr(φk1Ml1φk2Ml2 . . . )

Usual largeN factorization arguments apply.

• In the (conjectural) dual string theory, large meson/glueball mixing interpreted as large
backreactionof the ÒßavorÓ branes (need to resum open string perturbation theory).
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Back to N = 2 superconformal QCD

From theÒtop-downÓ:

¥ Engineer it with branes in string theory.

We found some evidence for anon-criticalstring dual,
with seven ÒgeometricÓ dimensions, containing both anAdS5 and anS1 factor.

From theÒbottom-upÓ:

¥ Study the perturbative dilation operator:
integrable spin-chain? asymptotic Bethe ansatz? clues of a dual sigma-model?

In both approaches, very useful to consider more generalfamily of SCFTs,
interpolating between aZ2 orbifold ofN = 4 andN = 2 SCQCD.

In the rest of this talk, very Þrst step of the bottom-up approach: one-loop Hamiltonian
in the scalar sector.
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SU(Nc) U(Nf ) SU(2)R U(1)r

QI
! 1 1 2 +1 / 2

SI ! 1 1 2 ! 1/ 2

Aµ Adj 1 1 0
φ Adj 1 1 ! 1
λI

! Adj 1 2 ! 1/ 2
QI ! ! 2 0
ψ! ! ! 1 +1 / 2
÷ψ! ! ! 1 +1 / 2

M 1 Adj + 1 1 1 0
M 3 Adj + 1 1 3 0

Table 1: Symmetries of N = 2 SCQCD. We show the quantum numbers of the superchargesQI ,
SI , of the elementary components Þelds and of the mesonic operatorsM . Complex conjugate objects
(such as øQI ú! and øφ) are not written explicitly.

which may be decomposed into into theSU(2)R singlet and triplet combinations

M 1 " M I
I and M I

3J " M I
J !

1
2

M K
K δI

J . (2.2)

The operators M decompose into adjoint plus singlet representations of the color group
SU(Nc); the singlet piece is however subleading in the largeNc limit.

2.2 Z2 orbifold of N = 4 and interpolating family of SCFTs

N = 2 SCQCD can be viewed as a limit of a family of superconformal theories; in the opposite
limit the family reduces to a Z2 orbifold of N = 4 SYM. In this subsection we Þrst describe
the orbifold theory and then its connection to N = 2 SCQCD.

As familiar, the Þeld content of N = 4 SYM comprises the gauge ÞeldAµ, four Weyl
fermions λA

! and six real scalarsX AB , where A, B = 1 , . . . 4 are indices of theSU(4)R R-
symmetry group. Under SU(4)R, the fermions are in the4 representation, while the scalars
are in 6 (antisymmetric self-dual) and obey the reality condition5

X  
AB =

1
2
εABCD X CD . (2.3)

We may parametrizeX AB in terms of six real scalarsX m , m = 4 , . . . 9,

X AB =
1

#
2

!

"
"
"
#

0 X 4 + iX 5 X 7 + iX 6 X 8 + iX 9

! X 4 ! iX 5 0 X 8 ! iX 9 ! X 7 + iX 6

! X 7 ! iX 6 ! X 8 + iX 9 0 X 4 ! iX 5

! X 8 ! iX 9 X 7 ! iX 6 ! X 4 + iX 5 0

$

%
%
%
&

(2.4)

5The † indicates hermitian conjugation of the matrix in color space. We choose hermitian generators for
the color group.

Ð 7 Ð

N = 2 SCQCD

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q∗
ø÷$ ú"

SU(2)R doubletQI = ( q , ÷q∗)

Flavor-contractedmesonic operator:

MI a
J b = Q a

I i
øQJ i

b

M1 ≡MI
I and M3 ≡MJ

K −
1
2
MI

I%JK

The squark potential is a function only of the triplet,

8

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q!

ø÷$ ú"

SU(2)R doubletQI = ( q , ÷q! )

Flavor-contractedmesonic operator:

M I a
J b = Q a

I i
øQJ i

b

M 1 " M I
I and M 3 " M J

K #
1
2
M I

I %J
K

The squark potential is a function only of the triplet,

7

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q q̃∗
¯̃$ ú"

SU(2)R doublet QI = (q , q̃∗)

Flavor-contracted mesonic operator:

MI a
J b = Q a

I i Q̄J i
b

M1 ≡MI
I and M3 ≡MJ

K −
1

2
MI

I%JK

The squark potential is a function only of the triplet,

7

The Field Theory

N = 2 vector multiplet
Aµ

λ1
α λ2

α

φ

N = 2 hypermultiplet
ψα

q ÷q∗
ø÷ψ úα

SU(2)R doubletQI = ( q , ÷q∗)

Flavor-contractedmesonic operator:

M I a
J b = Q a

I i
øQJ i

b

M 1 ≡ M I
I and M 3 ≡ M J

K −
1
2
M I

I δ
J
K

The squark potential is a function only of the triplet,

7

N = 2 SCQCD

N = 2 vector multiplet
Aµ

λ1
α λ2

α

φ

N = 2 hypermultiplet
ψα

q q̃!

¯̃ψ úα

SU(2)R doublet QI = (q , q̃! )

Flavor-contracted “mesonic” operator:

MI a
J b = Q a

I i Q̄
J i
b

M1 " MI
I and M3 " MJ

K #
1

2
MI

Iδ
J
K

The squark potential is a function only of the triplet,

9



The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q∗

ø÷$
ú"

SU (2)R doublet

7

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q!

ø÷$
ú"

SU(2)R doublet

7

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q q̃!

¯̃$
ú"

SU(2)R doublet

7

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q q̃∗

¯̃$
ú"

SU(2)R doublet

7

SU(Nc) U(Nf ) SU(2)R U(1)r

QI
! 1 1 2 +1 / 2

SI ! 1 1 2 ! 1/ 2

Aµ Adj 1 1 0
φ Adj 1 1 ! 1
λI

! Adj 1 2 ! 1/ 2
QI ! ! 2 0
ψ! ! ! 1 +1 / 2
÷ψ! ! ! 1 +1 / 2

M 1 Adj + 1 1 1 0
M 3 Adj + 1 1 3 0

Table 1: Symmetries of N = 2 SCQCD. We show the quantum numbers of the superchargesQI ,
SI , of the elementary components Þelds and of the mesonic operatorsM . Complex conjugate objects
(such as øQI ú! and øφ) are not written explicitly.

which may be decomposed into into theSU(2)R singlet and triplet combinations

M 1 " M I
I and M I

3J " M I
J !

1
2

M K
K δI

J . (2.2)

The operators M decompose into adjoint plus singlet representations of the color group
SU(Nc); the singlet piece is however subleading in the largeNc limit.

2.2 Z2 orbifold of N = 4 and interpolating family of SCFTs

N = 2 SCQCD can be viewed as a limit of a family of superconformal theories; in the opposite
limit the family reduces to a Z2 orbifold of N = 4 SYM. In this subsection we Þrst describe
the orbifold theory and then its connection to N = 2 SCQCD.

As familiar, the Þeld content of N = 4 SYM comprises the gauge ÞeldAµ, four Weyl
fermions λA

! and six real scalarsX AB , where A, B = 1 , . . . 4 are indices of theSU(4)R R-
symmetry group. Under SU(4)R, the fermions are in the4 representation, while the scalars
are in 6 (antisymmetric self-dual) and obey the reality condition5

X  
AB =

1
2
εABCD X CD . (2.3)

We may parametrizeX AB in terms of six real scalarsX m , m = 4 , . . . 9,

X AB =
1

#
2

!

"
"
"
#

0 X 4 + iX 5 X 7 + iX 6 X 8 + iX 9

! X 4 ! iX 5 0 X 8 ! iX 9 ! X 7 + iX 6

! X 7 ! iX 6 ! X 8 + iX 9 0 X 4 ! iX 5

! X 8 ! iX 9 X 7 ! iX 6 ! X 4 + iX 5 0

$

%
%
%
&

(2.4)

5The † indicates hermitian conjugation of the matrix in color space. We choose hermitian generators for
the color group.

Ð 7 Ð

N = 2 SCQCD

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q∗
ø÷$ ú"

SU(2)R doubletQI = ( q , ÷q∗)

Flavor-contractedmesonic operator:

MI a
J b = Q a

I i
øQJ i

b

M1 ≡MI
I and M3 ≡MJ

K −
1
2
MI

I%JK

The squark potential is a function only of the triplet,

8

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q ÷q!

ø÷$ ú"

SU(2)R doubletQI = ( q , ÷q! )

Flavor-contractedmesonic operator:

M I a
J b = Q a

I i
øQJ i

b

M 1 " M I
I and M 3 " M J

K #
1
2
M I

I %J
K

The squark potential is a function only of the triplet,

7

The Field Theory

N = 2 vector multiplet
Aµ

! 1
" ! 2

"
#

N = 2 hypermultiplet
$"

q q̃∗
¯̃$ ú"

SU(2)R doublet QI = (q , q̃∗)

Flavor-contracted mesonic operator:

MI a
J b = Q a

I i Q̄J i
b

M1 ≡MI
I and M3 ≡MJ

K −
1

2
MI

I%JK

The squark potential is a function only of the triplet,

7

The Field Theory

N = 2 vector multiplet
Aµ

λ1
α λ2

α

φ

N = 2 hypermultiplet
ψα

q ÷q∗
ø÷ψ úα

SU(2)R doubletQI = ( q , ÷q∗)

Flavor-contractedmesonic operator:

M I a
J b = Q a

I i
øQJ i

b

M 1 ≡ M I
I and M 3 ≡ M J

K −
1
2
M I

I δ
J
K

The squark potential is a function only of the triplet,

7

N = 2 SCQCD

N = 2 vector multiplet
Aµ

λ1
α λ2

α

φ

N = 2 hypermultiplet
ψα

q q̃!

¯̃ψ úα

SU(2)R doublet QI = (q , q̃! )

Flavor-contracted “mesonic” operator:

MI a
J b = Q a

I i Q̄
J i
b

M1 " MI
I and M3 " MJ

K #
1

2
MI

Iδ
J
K

The squark potential is a function only of the triplet,

9



The One-Loop Hamiltonian in the Scalar Sector

We have evaluated the complete one-loop hamiltonian acting on single-trace operators
made of scalars,

Tr
!

! k ø! "M m
1 M n

3

"

(arbitrary permutations thereof)

Wave function renormalization diagrams

Gluon exchange diagrams

Quartic diagrams

SU(2)R indicesI , J , K, L á á á= 1, 2

SO(2)r indicesöm, ön á á á= 1, 2

U(1)r indicesm, n á á á= 1, 2
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Figure 4: The Fat diagrams will have color lines which are black and ßavor
lines that are blue. The open lines have to will be linked to the spin chain.

is large N subleading to a gluon contribution between two squarks when
they are ßavor contracted (f.c. ) in a mesonM a

b = Qa
i

øQi
b with open color

indices in the spin chain
Z QQ̄

A f.c. = 0 δa
b δc

d (38)

We can though have a gluon that connects two mesons. This interaction we
call color contracted (c.c.) and it represented in (4(e)):

Z QQ̄
A c.c. = (1 − ξ)

g2 Nc

8π2
δi
j δk

l I ln ! (39)

In the spin chain picture this will lead to interactions between mesons. Be-
tween a squark and aφ scalar a gluon can propagate as in Figure (4(b))

Z Qφ̄
A − 1 = (1 − ξ)

g2 Nc

8π2
δa
b δj

i I ln ! (40)
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The One-Loop Hamiltonian in the Scalar Sector

We have evaluated the one-loop dilation operator acting on single-trace
operators made of scalars,

Tr
[
φkφ̄"M m

1 M n
3

]

(arbitrary permutations thereof)

It can be interpreted as the hamiltonian of a closed spin chain.

As usual, large N ensures locality of the hamiltonian.
Nearest neighbor at one-loop, next-to nearest at two loops, . . .
(Still true in the Veneziano limit).

Wave function renormalization diagrams

Gluon exchange diagrams

Quartic diagrams

Each site of the chain occupied by 6d vector space spanned by φ, φ̄, QI , Q̄J .
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2.3 One-loop dilation operator in the scalar sector

At large Nc ! Nf the natural gauge-invariant operators ofN = 2 SCQCD are of the gen-
eralized single-trace form (1.1). Motivated by the success of the analogous calculation in
N = 4 SYM [17], we have evaluated the one-loop dilation operator on generalized single-trace
operators made out of scalar Þelds. An example of such an operator is

Tr [ø!!! QI øQJ ø! ] = ø! a
b!

b
c!

c
dQ

d
I i

øQJ i
e
ø! e

a , a, b, c, d, e = 1 , . . . Nc , i = 1 , . . . Nf . (2.19)

Since the color or ßavor indices of consecutive elementary Þelds are contracted, we can assign
each Þeld to a deÞnite Òlattice siteÓ8 and think of a generalized single-trace operator as a
state in a periodic spin-chain. In the scalar sector, the state spaceVl at each lattice site is
six-dimensional, spanned by{ ! , ø! , QI , øQJ } . However the index structure of the Þelds imposes
restrictions on the total space" L

l=1 Vl: not all states in the tensor product are allowed. Indeed
a Q at site l must always be followed by aøQ at site l + 1 , and viceversa a øQ must always be
preceded by aQ. Equivalently, we may use instead the color-adjoint objects! , ø! , M 1 and
M 3 (recall the deÞnitions (2.2), where the M Õs are viewed as ÒdimersÓ occupying two sites of
the chain.

As usual, we may interpret the perturbative dilation operator as the hamiltonian of the
spin-chain. It is convenient to factor out the overall coupling from the deÞnition of the
hamiltonian H,

Γ(1) # g2H , g2 #
"

8#2 , " # g2
Y MNc , (2.20)

where Γ(1) is the one-loop anomalous dimension matrix. By an immediate extension of the
usual arguments, the Veneziano double-line notation (Figure 1) makes it clear that for large
Nc $ Nf (with " Þxed) the perturbative dilation operator acts locally on the spin-chain. The
one-loop hamiltonian is of nearest-neighbor type,H =

! L
l=1 Hkk+1 (with k # k + L), where

Hk,k+1 : Vk " Vk+1 % Vk " Vk+1 . The two loop correction is next-to-nearest-neighbor and so
on. We now simply quote our result forHkk+1 in N = 2 SYM with gauge groupSU (Nc) and
Nf fundamental hypermultiplets [16]9,

Hk,k +1 =

0

B
B
B
B
B
B
B
@

! p ! q QI øQJ øQKQL QI ! p

! p′ ! q′ 2" p
p′ "

q
q′ + gpq gp′q′ − 2" p

q′ "
q
p′

q
N f
N c

gp′q′ "JI 0 0

øQI
′
QJ ′

q
N f
N c

gpq "I
′
J ′ (2"I

′
I "JJ ′ − "JI "I

′
J ′ )

N f
N c

0 0

QK′ øQL
′

0 0 2"KL "L
′

K′ 0
øQI

′
! p′ 0 0 0 2"I

′
I " p

p′

1

C
C
C
C
C
C
C
A

8Up to cyclic re-ordering of course, under which the trace is invariant.
9The spin-chain with this nearest-neighbor hamiltonian reproduces the one-loop anomalous dimension of

all operators with L > 2, where L is the number of sites. The L = 2 case is special: the double-trace terms in
the scalar potential, which give subleading contributions (at large N ) for L > 2, become important for L = 2
and must be added separately. This special case plays a role in the protection ofTr M 3 , see section3.
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10
Permutation operator

PJ L
IK = ! IK ! J L

Identity operator
IJ L

IK = ! L
I ! J

K

(Similarly for indices of typem)
We can also write the hamiltonian in terms of spin-spin interactions of the nearest neigh-
bour spins,

Possible to obtain the spin-chain in terms of only adjoint ÒspinsÓ:" , ø" and the mesonic
combinationsM 1 andM 3.
The price to pay is that the spin chain becomesdynamic(number of sites can change).
DeÞne meson operators in anSO(4) covariant way

M m =
1√
2
M J

I (#m)I
J

m = 0, . . . , 4 with #0 ≡ I2×2.
SO(4) spin operators,

(! ij)mn ≡ ! i
m! j

n − ! i
n! j

m

P 0 ≡ ! m0, projection operator ontoM 0.
FollowingBeisert, make the spin-chain ÒundynamicÓ.

11
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SO(4) spin operators,

(! ij )mn ≡ δi
mδj

n − δi
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j
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Here the indicesp, q = ± label the U(1)r charges of! and ø! , in other terms we have deÞned

! ! ≡ ! , ! + ≡ ø! , and gpq =

!
0 1
1 0

"

. The result is valid for arbitrary large Nf ∼ Nc. (For

Nf #= 2Nc the one-loop beta function is non-vanishing, but, as seen from the Callan-Symanzik
equation, this does not a! ect the calculation of the one-loop dilation operator.)

We introduce the symbols I, P and K for identity, permutation and trace operators re-
spectively. Their position in the matrix speciÞes the space in which they act. For example,
the operator P that appears in the matrix element of 〈! p! ! q! |! p! q〉 is " p

q! "
q
p! , the operator K

that appears in the matrix element 〈! p! q|QI øQJ 〉 stands for the operatorgpgq" J
I and so on.

With this notation, we may re-write Hkk+1 more concisely,

H k,k+1 =

0

BBBBBB@

!! Q øQ øQQ Q!

!! 2I + K ! 2P
q

Nf

N K 0 0

øQQ
q

Nf

N K (2I ! K) Nf

Nc
0 0

Q øQ 0 0 2K 0
øQ! 0 0 0 2I

1

CCCCCCA
(2.21)

ArtiÞcially restricting the hamiltonian to the space of ! (and ø! ) gives 2I!! + K!! − 2P!! ,
which is hamiltonian of the XXZ spin chain, conÞrming the result found in [?] for pureN = 2
SYM. The ! sector is not closed in our case due to the leading order glueball-meson mixing.
The mixing element that is responsible for!! → QQ is proportional to K in ! space. Both of
these element vanish when the neighbouring! Þelds have the sameU(1) index. This implies
that the operator Tr [! k ] is protected, and we can think of it as the ferromagnetic ground state
of the spin chain (all spins are pointing down). The impurities that can be excited on this
ground state are ø! , M1 and M3, where the last two are ÒdimericÓ impurities which occupy
two sites.

The cyclicity of the trace gives periodic boundary conditions on the spin-chain, along with
the constraint that the total momentum of all the impurities in the spin must be zero. As usual,
it is convenient to Þrst consider the chain to be inÞnite, and impose later the zero-momentum
constraint on multi-impurity states. The action of the Hamiltonian on single-impurities is

H [ø! (x)] = 6 ø! (x) − ø! (x + 1) − ø! (x − 1) (2.22)

+

#
2Nf

Nc
M1(x) +

#
2Nf

Nc
M1(x − 1) (2.23)

H [M1(x)] = 4M1(x) +

#
2Nf

Nc

ø! (x) +

#
2Nf

Nc

ø! (x + 1)

H [M3(x)] = 8M3(x) , (2.24)

where the coordinatex denotes the position (site) of the impurity on the chain; for the dimeric
impurities M1 andM3 we use the coordinate of the Þrst site. To diagonalize the hamiltonian
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This spin-chain hamiltonian appears to be new.

Vacuum Tr(! ").

Study excitations above the vacuum in the language of the asymptotic Bethe ansatz.

In the one-impurity sector:

For Nf = 2Nc one of the two excitations isgapless

The chain is gapless forNf = 2Nc!

The Nf = 0 case has been considered byDi Vecchia and Tanzini

Light magnons correspond to the propagation ofT ≡ ! ø! −M1 along the chain.

For Nf = 2Nc, zero-momentum state TrT ! " has zero anomalous dimension.

15
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This spin-chain hamiltonian appears to be new.

Vacuum Tr(! ").

Study excitations above the vacuum in the language of the asymptotic Bethe ansatz.

Diagonalization in the one-impurity sector reveals that lowest-lying magnon has gap

E0 =
#

2$2

!
1 !

Nf

2Nc

"

The chain is gapless forNf = 2Nc!

The Nf = 0 case has been considered before.Di VecchiaÐTanzini

It is isomorphic to the TrZ k øZ " sector ofN = 4 SYM: XXZ chain.
Vanishing gap suggests continuum limit of the chain and emergent geometry.
(Recall BMN case).
Light magnons correspond to the propagation ofT " ! ø! ! M 1 along the chain.

For Nf = 2Nc, zero-momentum state TrT! " has zero anomalous dimension, soE0 = 0.

Preliminary investigations suggest that lightest magnons form an e! ective XXX chain.

13

Vacuum Tr(φ").

Excitations are either the elementary φ̄ or the compositeM1,M3.

In the infinite chain, diagonalize H in the one-impurity sector.

For the SU(2)R triplet, H [M3(x)] =M3(x).

The singlets φ̄ andM1 mix:

For Nf = 2Nc one of the two singlet eigenstates is gapless.

Henceforth Nf ! 2Nc.

The eigenstates are

T(p) ! "
1

2
(1 + e" ip)φ̄(p) +M1(p)

!T(p) ! φ̄(p) +
1

2
(1 + eip)M1(p)

with eigenvalues

HT (p) = 4 sin2(
p
2
) T(p)
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on the ø! / M 1 sector, we go to momentum space,

ø! (p) !
∑

x

ø! (x)eipx , M 1(p) !
∑

x

M 1(x)eipx (2.25)

H

(
ø! (p)
M 1

)
=



 6 " eip " e−ip (1 + e−ip )
√

2Nf
Nc

(1 + eip )
√

2Nf
Nc

4




(

ø! (p)
M 1

)
. (2.26)

Eigenvalues and the form of eigenstates is not very illuminating for generic values of the ratio
Nf /Nc. For the case ofNf = 2Nc, however, they simplify. In that case, the eigenstates are

T (p) ! "
1
2

(1 + e−ip ) ø! (p) + M 1(p) =
∑

x

eipx ["
1
2

( ø! (x) + ø! (x + 1)) + M 1(x)] (2.27)

T̃ (p) ! ø! (p) +
1
2

(1 + eip )M 1(p) =
∑

x

eipx [ø! (x) +
1
2

(M 1(x) + M 1(x " 1))] , (2.28)

with eigenvalues

HT (p) = 4 sin 2(p) T (p) (2.29)

HT̃ (p) = 8 T̃ (p) . (2.30)

For N = 2 SCQCD, Nf = 2Nc and the magnon excitationT (p) becomes gapless. From now
on we will only consider the superconformal case and setNf ! 2Nc.

We have generalized the calculation of the one-loop dilation operator to the full interpo-
lating family of N = 2 SCFTs [],
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Vacuum Tr(φ").

Excitations are either the elementary φ̄ or the compositeM1,M3.

In the infinite chain, diagonalize  in the one-impurity sector.

For the!�(2)#triplet,  [M3( )ͯ] = 8M3( )ͯ, or  [M3( )˿] = 8M3( )˿

The singlets φ̄ andM1 mix:

For&ɏ= 2&ÿone of the two singlet eigenstates is gapless.
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This spin-chain hamiltonian appears to be new.

Vacuum Tr(! ").

Study excitations above the vacuum in the language of the asymptotic Bethe ansatz.

In the one-impurity sector:

For Nf = 2Nc one of the two excitations is gapless

The chain is gapless for Nf = 2Nc!

The Nf = 0 case has been considered before. Di Vecchia–Tanzini

Light magnons correspond to the propagation of T ≡ ! !̄ −M 1 along the chain.

For Nf = 2Nc, zero-momentum state TrT! " has zero anomalous dimension.
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on the ø! / M 1 sector, we go to momentum space,

ø! (p) !
∑

x

ø! (x)eipx , M 1(p) !
∑

x

M 1(x)eipx (2.25)

H

(
ø! (p)
M 1

)
=



 6 " eip " e−ip (1 + e−ip )
√

2Nf
Nc

(1 + eip )
√

2Nf
Nc

4




(

ø! (p)
M 1

)
. (2.26)

Eigenvalues and the form of eigenstates is not very illuminating for generic values of the ratio
Nf /Nc. For the case ofNf = 2Nc, however, they simplify. In that case, the eigenstates are

T (p) ! "
1
2

(1 + e−ip ) ø! (p) + M 1(p) =
∑

x

eipx ["
1
2

( ø! (x) + ø! (x + 1)) + M 1(x)] (2.27)

T̃ (p) ! ø! (p) +
1
2

(1 + eip )M 1(p) =
∑

x

eipx [ø! (x) +
1
2

(M 1(x) + M 1(x " 1))] , (2.28)

with eigenvalues

HT (p) = 4 sin 2(p) T (p) (2.29)

HT̃ (p) = 8 T̃ (p) . (2.30)

For N = 2 SCQCD, Nf = 2Nc and the magnon excitationT (p) becomes gapless. From now
on we will only consider the superconformal case and setNf ! 2Nc.

We have generalized the calculation of the one-loop dilation operator to the full interpo-
lating family of N = 2 SCFTs [],
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Figure 4: 1/N vertex diagrams

Figure 5: Gluon interaction
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Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with # ! 2.

¥ Tr T " #, with # ! 0, whereT " ø"" # M 1.

Note thatTr T (∆ = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of TrT " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected
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Label Shortening Conditions Multiplet

B1 Q1
! |R, r !h.w. = 0 j = 0 ! =2 R + r BR,r (0,øj )

E B1 " B2 R = 0 ! = r Er (0,øj )
öB B1 " øB2 r = 0 , j, øj = 0 ! =2 R öBR

C1 ε!" Q1
" |R, r !h.w.

! = 0 ! = 2 + 2 j + 2R + r CR,r (j, øj )

(Q1)2|R, r !h.w. = 0 for j = 0 ! = 2 + 2 R + r CR,r (0,øj )

F C1 " C2 R = 0 ! = 2 + 2 j + r C0,r (j, øj )
öC C1 " øC2 r = øj # j ! = 2 + 2 R + j + øj öCR(j, øj )
öF C1 " C2 " øC1 " øC2 R = 0 , r = øj # j ! = 2 + j + øj öC0(j, øj )

D B1 " øC2 r = øj + 1 ! = 1 + 2 R + øj DR(0,øj )

G E " øC2 r = øj + 1 , R = 0 ! = 1 + øj D0(0,øj )

Table 3: Shortening conditions and short multiplets for the N = 2 superconformal algebra [18].

Scalar Multiplets SCQCD operators Protected

BR,r (0,0) Tr [øφrMR
3 ]

Er (0,0) Tr [øφr ] !
öBR Tr [MR

3 ] ! for R = 1
CR,r (0,0) Tr [TMR

3
øφr ]

C0,r (0,0) Tr [T øφr ] !
öCR(0,0) Tr [TMR

3 ]
öC0(0,0) Tr [T] !
DR(0,0) Tr [MR

3
øφ]

Table 4: N = 2 SCQCD protected operators at one loop

The operators Tr φ# correspond to the vacuum of the spin-chain, while the operators
Tr T φ# correspond to the zero-momentum limit of the gapless excitationT(p), equ.(??). There
is one more protected operator, which is ÒexceptionalÓ in not belonging to an inÞnite sequence:
Tr M3. Its anomalous dimension is zero for gauge groupSU(Nc) but not for gauge group
U(Nc): the double-trace terms in the Lagrangian that arise from the removal of theU(1) are
crucial for the protection of this operator (see footnote at page??).

3.2 Protected spectrum of the orbifold

At the orbifold point ( g = ÿg) the state space of the Þeld theory is the direct sum of an
untwisted and a twisted sector, respectively even and odd under the ÒquantumÓZ2 symmetry
(2.18).

Untwisted sector

Operators in the untwisted sector of the orbifold descend from operators ofN = 4 SYM
by projection onto the Z2 invariant subspace. Their correlators coincide at largeNc with
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Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
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Protection of TrM 3 of Tr T φ# more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

• TrM3

• Tr " #, with # ! 2.

• Tr T " #, with # ! 0, whereT " ø"" # M1.

Note thatTr T (∆ = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM3 of TrT " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with # ! 2.

¥ Tr T " #, with # ! 0, whereT " ø"" # M 1.

Note thatTr T (∆ = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of TrT " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with # ! 2.

¥ Tr T " #, with # ! 0, whereT " ø"" # M 1.

Note thatTr T (! = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of Tr T " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with # ! 2.

¥ Tr T " #, with # ! 0, whereT " ø"" # M 1.

Note thatTr T (! = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of Tr T " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with #≥ 2.

¥ Tr T " #, with #≥ 0, whereT ≡ ø"" −M 1.

Note thatTr T (! = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of Tr T " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

¥ Tr M 3

¥ Tr " #, with # ! 2.

¥ Tr T " #, with # ! 0, whereT " ø"" # M 1.

Note thatTr T (∆ = 2) is the lowest weight state of theN = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets.Dolan-Osborn

Protection of TrM 3 of Tr T " # more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14

Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

• TrM3

• Tr " #, with # ! 2.

• Tr T " #, with # ! 0, where T " "̄" # M1.

Note that Tr T (! = 2) is the lowest weight state of the N = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with ! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets. Dolan-Osborn

Protection of TrM3 of Tr T " # more subtle, requires calculating a superconformal index.

(Situations more intricate than in N = 4 SYM where the only single-trace protected

14

Label Shortening Conditions Multiplet

B1 Q1
! |R, r !h.w. = 0 j = 0 ! =2 R + r BR,r (0,øj )

E B1 " B2 R = 0 ! = r Er (0,øj )
öB B1 " øB2 r = 0 , j, øj = 0 ! =2 R öBR

C1 ε!" Q1
" |R, r !h.w.

! = 0 ! = 2 + 2 j + 2R + r CR,r (j, øj )

(Q1)2|R, r !h.w. = 0 for j = 0 ! = 2 + 2 R + r CR,r (0,øj )

F C1 " C2 R = 0 ! = 2 + 2 j + r C0,r (j, øj )
öC C1 " øC2 r = øj # j ! = 2 + 2 R + j + øj öCR(j, øj )
öF C1 " C2 " øC1 " øC2 R = 0 , r = øj # j ! = 2 + j + øj öC0(j, øj )

D B1 " øC2 r = øj + 1 ! = 1 + 2 R + øj DR(0,øj )

G E " øC2 r = øj + 1 , R = 0 ! = 1 + øj D0(0,øj )

Table 3: Shortening conditions and short multiplets for the N = 2 superconformal algebra [18].

Scalar Multiplets SCQCD operators Protected

BR,r (0,0) Tr [øφrMR
3 ]

Er (0,0) Tr [øφr ] !
öBR Tr [MR

3 ] ! for R = 1
CR,r (0,0) Tr [TMR

3
øφr ]

C0,r (0,0) Tr [T øφr ] !
öCR(0,0) Tr [TMR

3 ]
öC0(0,0) Tr [T] !
DR(0,0) Tr [MR

3
øφ]

Table 4: N = 2 SCQCD protected operators at one loop

The operators Tr φ# correspond to the vacuum of the spin-chain, while the operators
Tr T φ# correspond to the zero-momentum limit of the gapless excitationT(p), equ.(??). There
is one more protected operator, which is ÒexceptionalÓ in not belonging to an inÞnite sequence:
Tr M3. Its anomalous dimension is zero for gauge groupSU(Nc) but not for gauge group
U(Nc): the double-trace terms in the Lagrangian that arise from the removal of theU(1) are
crucial for the protection of this operator (see footnote at page??).

3.2 Protected spectrum of the orbifold

At the orbifold point ( g = ÿg) the state space of the Þeld theory is the direct sum of an
untwisted and a twisted sector, respectively even and odd under the ÒquantumÓZ2 symmetry
(2.18).

Untwisted sector

Operators in the untwisted sector of the orbifold descend from operators ofN = 4 SYM
by projection onto the Z2 invariant subspace. Their correlators coincide at largeNc with

Ð 17 Ð



Protected Operators
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Protection of TrM 3 of TrT φ# more subtle, requires calculating a superconformal index.

(Situations more intricate than inN = 4 SYM where the only single-trace protected

14multiplets are the 1/2 BPS multiplets.)
We believe that there are no other single-trace protected multiplets.
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Protected Operators

From explicit one-loop calculation in the scalar sector, the single-trace operators
with ! = 0 are

• TrM3

• Tr " #, with # ! 2.

• Tr T " #, with # ! 0, where T " "̄" # M1.

Note that Tr T (! = 2) is the lowest weight state of the N = 2 stress-tensor multiplet.
These operators are superconformal primaries.
In the free theory they are the lowest weight states of (semi-)short multiplets.
In the interacting theory (semi-)short multiplets can a priori combine into long multiplets with ! $= 0.

Protection of Tr" # easily proved to all orders from superconformal representation theory:
such multiplets never appear in decomposition of long multiplets. Dolan-Osborn

Protection of TrM3 and of Tr T " # more subtle,
we prove it by computing (essentially) a superconformal index.
Most easily done in interpolating family of SCFTs (coming up soon).
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An interpolating family of super CFTs

N = 2 SCQCD can be viewed as a limit of a family ofN = 2 SCFTs.

In opposite limit the family reduces to a well-knownZ2 orbifold ofN = 4 SYM

Start with N = 4 SYM: XAB, ! A
" , Aµ, A, B SU (4)R indices

Pick SU (2)L ! SU (2)R ! U (1)r subgroup ofSU (4)R

I , J = ± SU (2)R indices,öI , öJ = ö± SU (2)L indices

Geometrically,SU (2)L ! SU (2)R "= SO(4) are 6789 rotations,
U (1)R "= SO(2) 45 rotations.
In R-space, orbifold byZ2 # SU (2)L, Z2 = {± I2! 2}

(X6, X7, X8, X9) $ ± (X6, X7, X8, X9)
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Next, we pick an SU(2)L ! SU(2)R ! U(1)r subgroup of SU(4)R ,

1 +
2 "
3 ö+
4 ö"





SU(2)R ! U(1)r

SU(2)L ! U(1)!
r




. (2.5)

We use indices I , J = ± for SU(2)R (corresponding to A, B = 1 , 2) and indices öI , öJ = ö±
for SU(2)L (corresponding to A, B = 3 , 4). To make more manifest their transformation
properties, the scalars are re-written as the SU(2)L ! SU(2)R singlet Z (with charge " 1
under U(1)r ) and as the bifundamental XI Î (neutral under U(1)r ),

Z #
X 4 + iX 5$

2
, XI Î #

1
$

2

(
X 7 + iX 6 X 8 + iX 9

X 8 " iX 9 " X 7 + iX 6

)
. (2.6)

Note the reality condition X  
I Î

= " ! IJ ! Î Ĵ XJ Ĵ . Geometrically, SU(2)L ! SU(2)R
%= SO(4)

is the group of 6789rotations and U(1)R
%= SO(2) the group of 45 rotations. Diagonal SU(2)

transformations X & UX U" 1 (UR = U, UL = U! ) preserve the trace, Tr[X ] = 2 iX 6, and thus
correspond to 789 rotations.

We are now ready to discuss the orbifold projection. In R-symmetry space, the orbifold
group is chosen to be Z2 ' SU(2)L with elements ± I2# 2. This is the well-known quiver theory
[] obtained by placing Nc D3 branes at the A1 singularity R2 ! R4/ Z2, with (X 6, X 7, X 8, X 9) &
± (X 6, X 7, X 8, X 9) and X 4 and X 5 invariant. Supersymmetry is broken to N = 2 , since the
supercharges with SU(2)L indices are projected out. The SU(4)R symmetry is broken to
SU(2)L ! SU(2)R ! U(1)r , or more precisely to SO(3)L ! SU(2)R ! U(1)r since only objects
with integer SU(2)L spin survive. The SU(2)R ! U(1)r factors are the R-symmetry of the
unbroken N = 2 superconformal group, while SO(3)L is an extra global symmetry under
which the unbroken supercharges are neutral.

In color space, we start with gauge group SU(2Nc), and declare the non-trivial element
of the orbifold to be

" #

(
INc# Nc 0

0 " INc# Nc

)
. (2.7)

All in all the Z2 action on the N = 4 fields is

Aµ & " Aµ" , ZIJ & " ZIJ " , #I & "# I " , XI Î & " " XI Î " , #Î & " "# Î " . (2.8)
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SU(Nc) U(Nf ) SU(2)R U(1)r

QI
! 1 1 2 +1 / 2

SI ! 1 1 2 ! 1/ 2

Aµ Adj 1 1 0
! Adj 1 1 ! 1
" I! Adj 1 2 ! 1/ 2
QI ! ! 2 0
#! ! ! 1 +1 / 2
÷#! ! ! 1 +1 / 2

M 1 Adj + 1 1 1 0
M 3 Adj + 1 1 3 0

Table 1: Symmetries of N = 2 SCQCD. We show the quantum numbers of the superchargesQI ,
SI , of the elementary components Þelds and of the mesonic operatorsM . Complex conjugate objects
(such as øQI ú! and ø! ) are not written explicitly.

which may be decomposed into into the SU(2)R singlet and triplet combinations

M 1 " M I
I and M I

3J " M I
J !

1
2

M K
K $IJ . (2.2)

The operators M decompose into adjoint plus singlet representations of the color group
SU(Nc); the singlet piece is however subleading in the large Nc limit.

2.2 Z2 orbifold of N = 4 and interpolating family of SCFTs

N = 2 SCQCD can be viewed as a limit of a family of superconformal theories; in the opposite
limit the family reduces to a Z2 orbifold of N = 4 SYM. In this subsection we first describe
the orbifold theory and then its connection to N = 2 SCQCD.

As familiar, the field content of N = 4 SYM comprises the gauge field Aµ , four Weyl
fermions " A

! and six real scalars X AB , where A, B = 1 , . . . 4 are indices of the SU(4)R R-
symmetry group. Under SU(4)R , the fermions are in the 4 representation, while the scalars
are in 6 (antisymmetric self-dual) and obey the reality condition5

X †
AB =

1
2

%ABCD X CD . (2.3)

We may parametrize X AB in terms of six real scalars X m , m = 4 , . . . 9,

X AB =
1

#
2

!

"
"
"
#

0 X 4 + iX 5 X 7 + iX 6 X 8 + iX 9

! X 4 ! iX 5 0 X 8 ! iX 9 ! X 7 + iX 6

! X 7 ! iX 6 ! X 8 + iX 9 0 X 4 ! iX 5

! X 8 ! iX 9 X 7 ! iX 6 ! X 4 + iX 5 0

$

%
%
%
&

(2.4)

5The   indicates hermitian conjugation of the matrix in color space. We choose hermitian generators for
the color group.
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Next, we pick an SU(2)L ! SU(2)R ! U(1)r subgroup ofSU(4)R,

1 +
2 "
3 +̂
4 "̂

!

"
"
"
#

SU(2)R ! U(1)r

SU(2)L ! U(1)!
r

$

%
%
%
&

. (2.5)

We use indicesI , J = ± for SU(2)R (corresponding to A, B = 1, 2) and indices Î , Ĵ = ±̂
for SU(2)L (corresponding to A, B = 3, 4). To make more manifest their transformation
properties, the scalars are re-written as theSU(2)L ! SU(2)R singlet Z (with charge " 1
under U(1)r ) and as the bifundamentalXI öI (neutral under U(1)r ),

Z #
X 4 + iX 5$

2
, XI öI #

1
$

2

'
X 7 + iX 6 X 8 + iX 9

X 8 " iX 9 " X 7 + iX 6

(

. (2.6)

Note the reality condition X  
I öI

= " ! IJ ! öI öJ XJ öJ . Geometrically, SU(2)L ! SU(2)R
%= SO(4)

is the group of6789 rotations and U(1)R
%= SO(2) the group of 45 rotations. Diagonal SU(2)

transformations X & UX U" 1 (UR = U, UL = U! ) preserve the trace, Tr[X ] = 2iX 6, and thus
correspond to789 rotations.

We are now ready to discuss the orbifold projection. In R-symmetry space, the orbifold
group is chosen to beZ2 ' SU(2)L with elements± I2# 2. This is the well-known quiver theory
[] obtained by placingNc D3 branes at theA1 singularity R2! R4/ Z2, with (X 6, X 7, X 8, X 9) &
± (X 6, X 7, X 8, X 9) and X 4 and X 5 invariant. Supersymmetry is broken to N = 2, since the
supercharges withSU(2)L indices are projected out. TheSU(4)R symmetry is broken to
SU(2)L ! SU(2)R ! U(1)r , or more precisely toSO(3)L ! SU(2)R ! U(1)r since only objects
with integer SU(2)L spin survive. The SU(2)R ! U(1)r factors are the R-symmetry of the
unbroken N = 2 superconformal group, whileSO(3)L is an extra global symmetry under
which the unbroken supercharges are neutral.

In color space, we start with gauge groupSU(2Nc), and declare the non-trivial element
of the orbifold to be

" #

'
INc# Nc 0

0 " INc# Nc

(

. (2.7)

All in all the Z2 action on the N = 4 Þelds is

Aµ & " Aµ" , ZIJ & " ZIJ " , #I & "# I " , XI öI & " " XI öI " , #öI & " "# öI " . (2.8)
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The components that survive the projection are

Aµ =

(
Aa

µb 0
0 ÿAǎ

µb̌

)
(2.9)

Z =

(
! a

b 0
0 ÿ! ǎ

b̌

)
(2.10)

" I =

(
" a

I b 0
0 ÿ" ǎ

I b̌

)
(2.11)

" Î =

(
0 # a

Î ǎ
÷# b̌

Î b
0

)
(2.12)

XI Î =

(
0 Q a

I Î ǎ

! $IJ $̂I Ĵ
øQb̌Ĵ J

b 0

)
. (2.13)

The gauge group is broken to SU (Nc) " SU (Nč) " U (1), where the U (1) factor is the relative6

U (1) generated by % (equ.(2.7)): it must be removed by hand, since its beta function is
non-vanishing. The process of removing the relative U (1) modifies the scalar potential by
double-trace terms, which arise from the fact that the auxiliary fields (in N = # superspace)
are now missing the U (1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their fixed point [].

Supersymmetry organizes the component fields into the N = 2 vector multiplets of each
factor of the gauge group, (! , " I , Aµ) and ( ÿ! , ÿ" I , ÿAµ), and into two bifundamental hypermulti-
plets, (QI ,+̂, # +̂, ÷# +̂) and (QI ,!̂ , #!̂ , ÷#!̂ ). Table 2 summarizes the field content and quantum
numbers of the orbifold theory.

The two gauge-couplings gY M and ÿgY M can be independently varied while preserving
N = 2 superconformal invariance, thus defining a two-parameter family of N = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so that N = 2
supersymmetry is preserved. We find

LY ukawa (gY M , ÿgY M ) = i
$

2Tr
[

! gY M $IJ ø" I ø" J ! ! ÿgY M $IJ øÿ" I
øÿ" J ÿ!

+ gY M $Î Ĵ ÷# Î !# Ĵ + ÿgY M $Î Ĵ # Ĵ
ÿ! ÷# Î

+ gY M $Î Ĵ ÷#Ĵ " I QI Î + ÿgY M $Î Ĵ QI Î
ÿ" I ÷#Ĵ

! gY M $IJ øQĴ I " J # Ĵ ! ÿgY M $IJ #Ĵ
ÿ" I øQĴ J ]

+ h.c. (2.14)

V(gY M , ÿgY M ) = g2
Y M Tr

[1
2

[ø! , ! ]2 + M I
I (! ø! + ø!! ) + M J

I M
I

J !
1
2
M I

I M J
J

]

+ÿg2
Y M Tr

[1
2

[øÿ! , ÿ! ]2 + ÿMI
I ( ÿ! øÿ! + øÿ! ÿ! ) + ÿMI

J
ÿMJ

I !
1
2

ÿMI
I

ÿMJ
J

]

+ gY M ÿgY M Tr
[

! 2QI Î
ÿ! øQÎ I ø! + h.c.

]
!

1
Nc
Vd.t. , (2.15)

6Had we started with U(2Nc) group, we would also have an extra diagonal U(1), which would completely
decouple since no fields are charged under it.
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double-trace terms, which arise from the fact that the auxiliary Þelds (inN = # superspace)
are now missing theU (1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their Þxed point [].

Supersymmetry organizes the component Þelds into theN = 2 vector multiplets of each
factor of the gauge group,(! , " I , Aµ) and ( ÿ! , ÿ" I , ÿAµ), and into two bifundamental hypermulti-
plets, (QI,+̂, # +̂, ÷# +̂) and (QI,!̂ , #!̂ , ÷#!̂ ). Table 2 summarizes the Þeld content and quantum
numbers of the orbifold theory.

The two gauge-couplingsgY M and ÿgY M can be independently varied while preserving
N = 2 superconformal invariance, thus deÞning a two-parameter family ofN = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so thatN = 2
supersymmetry is preserved. We Þnd

L Y ukawa (gY M , ÿgY M ) = i
$

2Tr
#

! gY M $IJ ø" Iø" J ! ! ÿgY M $IJ øÿ" I
øÿ" J ÿ!

+ gY M $ÎĴ ÷# Î !# Ĵ + ÿgY M $ÎĴ # Ĵ
ÿ! ÷# Î

+ gY M $ÎĴ ÷# Ĵ " IQIÎ + ÿgY M $ÎĴQIÎ
ÿ" I ÷# Ĵ

! gY M $IJ øQĴ I" J # Ĵ ! ÿgY M $IJ # Ĵ
ÿ" I øQĴ J $

+ h.c. (2.14)

V(gY M , ÿgY M ) = g2
Y M Tr

#1
2

[ø! , ! ]2 + M I
I (! ø! + ø!! ) + M J

I M I
J !

1
2

M I
I M J

J
$

+ÿg2
Y M Tr

#1
2

[øÿ! , ÿ! ]2 + ÿM I
I( ÿ! øÿ! + øÿ! ÿ! ) + ÿM I

J ÿM J
I !

1
2

ÿM I
I ÿM J

J
$

+ gY M ÿgY M Tr
#

! 2QIÎ
ÿ! øQÎI ø! + h.c.

$
!

1
Nc

Vd.t. , (2.15)

6Had we started with U(2Nc) group, we would also have an extra diagonal U(1), which would completely
decouple since no Þelds are charged under it.
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The components that survive the projection are

Aµ =

!
Aa

µb 0
0 ÿAÿa

µÿb

"

(2.9)

Z =

!
φa

b 0
0 ÿφÿa

ÿb

"

(2.10)

λI =

!
λa
Ib 0
0 ÿλÿa

Iÿb

"

(2.11)

λöI =

!
0 ψa

öIÿa
÷ψÿb

öIb
0

"

(2.12)

XIöI =

!
0 Q a

IöIÿa

−εIJ εöI öJ
øQ

ÿb öJJ
b 0

"

. (2.13)

The gauge group is broken to SU (Nc)×SU (Nÿc)×U (1), where the U (1) factor is the relative6

U (1) generated by τ (equ.(2.7)): it must be removed by hand, since its beta function is
non-vanishing. The process of removing the relative U (1) modifies the scalar potential by
double-trace terms, which arise from the fact that the auxiliary fields (in N = ∞ superspace)
are now missing the U (1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their fixed point [].

Supersymmetry organizes the component fields into the N = 2 vector multiplets of each
factor of the gauge group, (φ, λI , Aµ) and ( ÿφ, ÿλI , ÿAµ), and into two bifundamental hypermulti-
plets, (QI,ö+ , ψö+ , ÷ψö+ ) and (QI,ö! , ψö! , ÷ψö! ). Table 2 summarizes the field content and quantum
numbers of the orbifold theory.

The two gauge-couplings gY M and ÿgY M can be independently varied while preserving
N = 2 superconformal invariance, thus defining a two-parameter family of N = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so that N = 2
supersymmetry is preserved. We find

LY ukawa(gY M , ÿgY M ) = i
√

2Tr
#
− gY M εIJ øλIøλJ φ− ÿgY M εIJ øÿλI

øÿλJ ÿφ

+ gY M ε
öI öJ ÷ψöIφψ öJ + ÿgY M ε

öI öJψ öJ
ÿφ ÷ψöI

+ gY M ε
öI öJ ÷ψ öJ λIQIöI + ÿgY M ε

öI öJQIöI
ÿλI ÷ψ öJ

−gY M εIJ øQ
öJIλJψ öJ − ÿgY M εIJψ öJ

ÿλI øQ
öJJ $

+ h.c. (2.14)

V(gY M , ÿgY M ) = g2
Y MTr

#1
2

[øφ, φ]2 + M I
I (φøφ + øφφ) + M J

I M
I
J −

1
2
M I

I M J
J

$

+ÿg2
Y MTr

#1
2

[øÿφ, ÿφ]2 + ÿMI
I( ÿφøÿφ + øÿφÿφ) + ÿMI

J ÿMJ
I −

1
2

ÿMI
I ÿMJ

J
$

+ gY M ÿgY MTr
#
− 2QIöI

ÿφ øQ
öII øφ + h.c.

$
− 1

Nc
Vd.t. , (2.15)

6Had we started with U(2Nc) group, we would also have an extra diagonal U(1), which would completely
decouple since no Þelds are charged under it.
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!
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0 ÿ" ÿa

I ÿb

"

(2.11)

" öI =

!
0 # a

öI ÿa
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0

"
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!
0 Q a
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! $IJ $öI öJ
øQ

ÿb öJ J
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"

. (2.13)

The gauge group is broken toSU(Nc) " SU(Nÿc) " U(1), where theU(1) factor is the relative6

U(1) generated by %(equ.(2.7)): it must be removed by hand, since its beta function is
non-vanishing. The process of removing the relativeU(1) modiÞes the scalar potential by
double-trace terms, which arise from the fact that the auxiliary Þelds (inN = # superspace)
are now missing theU(1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their Þxed point [].

Supersymmetry organizes the component Þelds into theN = 2 vector multiplets of each
factor of the gauge group,(! , " I , Aµ) and ( ÿ! , ÿ" I , ÿAµ), and into two bifundamental hypermulti-
plets, (QI , ö+ , # ö+ , ÷# ö+ ) and (QI , ö! , # ö! , ÷# ö! ). Table 2 summarizes the Þeld content and quantum
numbers of the orbifold theory.

The two gauge-couplingsgY M and ÿgY M can be independently varied while preserving
N = 2 superconformal invariance, thus deÞning a two-parameter family ofN = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so thatN = 2
supersymmetry is preserved. We Þnd

L Y ukawa (gY M , ÿgY M ) = i
$

2Tr
#

! gY M $IJ ø" I ø" J ! ! ÿgY M $IJ øÿ" I
øÿ" J ÿ!

+ gY M $
öI öJ ÷# öI !# öJ + ÿgY M $

öI öJ # öJ
ÿ! ÷# öI

+ gY M $
öI öJ ÷# öJ " I QI öI + ÿgY M $

öI öJ QI öI
ÿ" I ÷# öJ

! gY M $IJ øQ
öJ I " J # öJ ! ÿgY M $IJ # öJ

ÿ" I øQ
öJ J $

+ h.c. (2.14)

V(gY M , ÿgY M ) = g2
Y M Tr

#1
2

[ø! , ! ]2 + M I
I (! ø! + ø!! ) + M J

I M I
J !

1
2

M I
I M J

J

$

+ÿg2
Y M Tr

#1
2

[øÿ! , ÿ! ]2 + ÿM I
I ( ÿ! øÿ! + øÿ! ÿ! ) + ÿM I

J
ÿM J

I !
1
2

ÿM I
I

ÿM J
J

$

+ gY M ÿgY M Tr
#

! 2QI öI
ÿ! øQ

öII ø! + h.c.
$

!
1

Nc
Vd.t. , (2.15)

6Had we started with U(2Nc) group, we would also have an extra diagonal U(1), which would completely
decouple since no Þelds are charged under it.
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The components that survive the projection are

Aµ =

(
Aa

µb 0
0 Ǎÿa

µÿb

)
(2.9)

Z =

(
! a

b 0
0 !̌ ÿa

ÿb

)
(2.10)

" I =

(
" a
Ib 0
0 "̌ ÿa

Iÿb

)
(2.11)

" öI =

(
0 # a

öIÿa
#̃ÿb

öIb
0

)
(2.12)

XIöI =

(
0 Q a

IöIÿa

! $IJ $öI öJ Q̄
ÿb öJJ

b 0

)
. (2.13)

The gauge group is broken toSU(Nc) " SU(Nÿc) " U(1), where theU(1) factor is the relative6

U(1) generated by %(equ.(2.7)): it must be removed by hand, since its beta function is
non-vanishing. The process of removing the relativeU(1) modiÞes the scalar potential by
double-trace terms, which arise from the fact that the auxiliary Þelds (inN = # superspace)
are now missing theU(1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their Þxed point [].

Supersymmetry organizes the component Þelds into theN = 2 vector multiplets of each
factor of the gauge group,(! , " I , Aµ) and (!̌ , "̌ I , Ǎµ), and into two bifundamental hypermulti-
plets, (QI, ö+ , # ö+ , #̃ ö+ ) and (QI, ö! , # ö! , #̃ ö! ). Table 2 summarizes the Þeld content and quantum
numbers of the orbifold theory.

The two gauge-couplingsgY M and ǧY M can be independently varied while preserving
N = 2 superconformal invariance, thus deÞning a two-parameter family ofN = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so thatN = 2
supersymmetry is preserved. We Þnd

L Y ukawa (gY M , ǧY M ) = i
$

2Tr
[

! gY M $IJ "̄ I "̄ J ! ! ǧY M $IJ ¯̌" I ¯̌" J !̌

+gY M $
öI öJ #̃ öI !# öJ + ǧY M $

öI öJ # öJ !̌ #̃ öI

+gY M $
öI öJ #̃ öJ " IQIöI + ǧY M $

öI öJQIöI "̌ I #̃ öJ

! gY M $IJ Q̄
öJI" J # öJ ! ǧY M $IJ # öJ "̌ IQ̄

öJJ ]
+ h.c. (2.14)

V(gY M , ǧY M ) = g2
Y M Tr

[1
2
[!̄ , ! ]2 + M I

I (! !̄ + !̄! ) + M J
I M I

J !
1
2

M I
I M J

J
]

+ǧ2
Y M Tr

[1
2
[ ¯̌! , !̌ ]2 + M̌ I

I(!̌
¯̌! + ¯̌! !̌ ) + M̌ I

J M̌ J
I !

1
2

M̌ I
IM̌ J

J
]

+gY M ǧY M Tr
[

! 2QIöI !̌ Q̄
öII !̄ + h.c.

]
!

1
Nc

Vd.t. , (2.15)

6Had we started with U(2Nc) group, we would also have an extra diagonal U(1), which would completely
decouple since no Þelds are charged under it.
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An interpolating family of super CFTs

N = 2 SCQCD can be viewed as a limit of a family ofN = 2 SCFTs.

In opposite limit the family reduces to a well-knownZ2 orbifold ofN = 4 SYM

Start with N = 4 SYM: X AB , λA
α , Aµ, A, B SU(4)R indices

Pick SU(2)L ! SU(2)R ! U(1)r subgroup ofSU(4)R

I , J = ± SU(2)R indices,öI , öJ = ö± SU(2)L indices

Geometrically,SU(2)L ! SU(2)R "= SO(4) are 6789 rotations,
U(1)R "= SO(2) 45 rotations.
In R-space, orbifold byZ2 # SU(2)L, Z2 = {± I2! 2}

(X 6, X 7, X 8, X 9) $ ± (X 6, X 7, X 8, X 9)

In color space, start withSU(2Nc) and declare non-trivial element of orbifold

Top-down: embedding in string theory
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Two gauge-couplingsgY M and ÿgY M can be independently varied
while preservingN = 2 superconformal invariance

For ÿgY M ! 0, recoverN = 2 SCQCD" decoupledSU(Nč) vector multiplet

For ÿgY M = 0, global symmetry enhancementSU(Nč) # SU(2)L ! U(Nf = 2Nc):
(ÿa, öI) $ i = 1, . . . Nf = 2Nc

c = a =
N 2

c

2

along the whole marginal deformation
For ÿgY M = 0, interpret as

a =
(

7
24

+
5
24

)
N 2

c c =
(

8
24

+
4
24

)
N 2

c

Fields surviving the projections are:

24



The components that survive the projection are

Aµ =

!
Aa

µb 0
0 ÿAǎ

µb̌

"

(2.9)

Z =

!
! a

b 0
0 ÿ! ǎ

b̌

"

(2.10)

" I =

!
" a

I b 0
0 ÿ" ǎ

I b̌

"

(2.11)

" Î =

!
0 # a

Î ǎ
÷# b̌

Î b
0

"

(2.12)

XI Î =

!
0 Q a

I Î ǎ

! $IJ $̂I Ĵ
øQb̌Ĵ J

b 0

"

. (2.13)

The gauge group is broken to SU (Nc) " SU (Nč) " U (1), where the U (1) factor is the relative6

U (1) generated by % (equ.(2.7)): it must be removed by hand, since its beta function is
non-vanishing. The process of removing the relative U (1) modifies the scalar potential by
double-trace terms, which arise from the fact that the auxiliary fields (in N = # superspace)
are now missing the U (1) component. Equivalently we can evaluate the beta function for the
double-trace couplings, and tune them to their fixed point [].

Supersymmetry organizes the component fields into the N = 2 vector multiplets of each
factor of the gauge group, (! , " I , Aµ) and ( ÿ! , ÿ" I , ÿAµ), and into two bifundamental hypermulti-
plets, (QI ,+̂, # +̂, ÷# +̂) and (QI ,!̂ , #!̂ , ÷#!̂ ). Table 2 summarizes the field content and quantum
numbers of the orbifold theory.

The two gauge-couplings gY M and ÿgY M can be independently varied while preserving
N = 2 superconformal invariance, thus defining a two-parameter family of N = 2 SCFTs.
Some care is needed in adjusting the Yukawa and scalar potential terms so that N = 2
supersymmetry is preserved. We find

LY ukawa(gY M , ÿgY M ) = i
$

2Tr
#

! gY M$IJ ø" I ø" J ! ! ÿgY M$IJ øÿ" I
øÿ" J ÿ!

+ gY M$Î Ĵ ÷# Î !# Ĵ + ÿgY M$Î Ĵ # Ĵ
ÿ! ÷# Î

+ gY M$Î Ĵ ÷#Ĵ " I QI Î + ÿgY M$Î Ĵ QI Î
ÿ" I ÷#Ĵ

! gY M$IJ øQĴ I " J # Ĵ ! ÿgY M$IJ #Ĵ
ÿ" I øQĴ J $

+ h.c. (2.14)

V(gY M , ÿgY M ) = g2
Y MTr

#1
2

[ø! , ! ]2 + M I
I (! ø! + ø!! ) + M J

I M
I

J !
1
2
M I

I M J
J

$

+ÿg2
Y MTr

#1
2

[øÿ! , ÿ! ]2 + ÿMI
I ( ÿ! øÿ! + øÿ! ÿ! ) + ÿMI

J
ÿMJ

I !
1
2

ÿMI
I

ÿMJ
J

$

+ gY M ÿgY MTr
#

! 2QI Î
ÿ! øQÎ I ø! + h.c.

$
!

1
Nc
Vd.t. , (2.15)

6Had we started with U (2Nc) group, we would also have an extra diagonal U (1), which would completely
decouple since no Þelds are charged under it.
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Interpolating theory has vastly more protected ÒclosedÓ states thanN = 2 SCQD:

towers of states with arbitrary high (and equal)SU (2)L andSU (2)R spins

For ÿg → 0, they are re-interpreted asmultiparticle states of short open strings

20



Spin chain for interpolating SCFT

More compactly, using theZ2-projectedSU (2Nc) adjoint Þelds

whereg± ! (g ± ÿg)/2.

At the orbifold pointg = ÿg, same asN = 4 SYM apart from global twist
(Beisert-Roiban)

For g "= ÿg, bulk Hamiltonian truly di! erent.

Parity is broken for genericÿg, but is recovered forÿg # 0, as seen more clearly in terms
of composite mesonic operators.
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Dynamics of the interpolating spin chain

For ǧ != 0, magnons are conventional, “elementary” Q or Q̄, with dispersion relation

where ! ≡ ǧ/g.

Note that Q has a " vacuum to its left and a "̌ vacuum to its right, viceversa for Q̄.
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Two-body scattering

The 2-body S-matrix is deÞned as usual, forQ øQ

(pure reßection)

and similarly forøQQ,

Clearly we have

Each magnon is in the spin 1/2 representation of bothSU (2)L andSU (2)R.

Solving the 2-body problem in the four sectors with di! erentSU (2) quantum numbers,

The magnon S-matrix factorizes into ÒleftÓ and ÒrightÓ

SQ øQ(p1, p2, ! ) = ! SL(p1, p2, ! )SR(p1, p2, ! )

S(p1, p2, ! ) " !
1 ! 2! eip1 + ei(p1+ p2)

1 ! 2! eip2 + ei(p1+ p2)
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The 2-body S-matrix of the interpolating theory reveals a rich spectrum of bound and
anti-bound states:

The asymptotic wave-functions behave as
eiP x1+ x2

2 ! q(x2! x1) for bound states,
(! 1)x2! x1eiP x1+ x2

2 ! q(x2! x1) for anti-bound states.

Remarkably, forÿg " 0 the ÒdimericÓ excitationsT(p), T̃(p) and M 3 of the SCQCD
chain are recovered smoothly for! " 0 as ÔÔinÞnitely tightÓbound states(p " ± i# )

Recall the two-magnon energy:

For these special bound states, as! " 0 the ÒzeroÓ in front of the kinetic energy mul-
tiplies the ÒinÞnityÓ arising from the large imaginary momenta.

In the limit ! " 0 the elementaryQ and øQ excitations freeze, but their bound states
retain a non-trivial dynamics.
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Yang-Baxter

The YB equation for the 2-body magnon S-matrix obviously holds forg = ÿg.

We Þnd that is is generically violated forÿg != g, showing conclusively that
the interpolating spin-chain isnot integrable.

Remarkably, YB holds again forÿg " 0!

Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.

In the limit ÿg " 0 the elementaryQ and øQ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.
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Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.
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In the limit ǧ → 0 the elementary Q and Q̄ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.

30

Yang-Baxter

The YB equation for the 2-body magnon S-matrix obviously holds forg = ÿg.

We Þnd that is is generically violated forÿg != g, showing conclusively that
the interpolating spin-chain isnot integrable.

Remarkably, YB holds again forÿg " 0!

Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.

In the limit ÿg " 0 the elementaryQ and øQ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.

30

Yang-Baxter

The YB equation for the 2-body magnon S-matrix obviously holds forg = ÿg.

We Þnd that is is generically violated forÿg != g, showing conclusively that
the interpolating spin-chain isnot integrable.

Remarkably, YB holds again forÿg " 0!

Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.

In the limit ÿg " 0 the elementaryQ and øQ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.

30

Yang-Baxter

The YB equation for the 2-body S-matrix obviously holds forg = ÿg.

We Þnd that is is generically violated forÿg != g, showing conclusively that
the interpolating spin-chain isnot integrable.

Remarkably, YB holds again forÿg " 0!

Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.

In the limit ÿg " 0 the elementaryQ and øQ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.

30



Yang-Baxter

The YB equation for the 2-body magnon S-matrix obviously holds forg = ÿg.

We Þnd that is is generically violated forÿg != g, showing conclusively that
the interpolating spin-chain isnot integrable.

Remarkably, YB holds again forÿg " 0!

Hint that N = 2 SCQCD may be integrable, at least at one loop.
Algebraic structure (to be discussed shortly) gives hope for higher-loops.
Ordinarily, YB is strong evidence, but in our case things may be more subtle.

In the limit ÿg " 0 the elementaryQ and øQ excitations freeze, and their S-matrix
degenerates, however their bound states retain a non-trivial dynamics.
Smooth limit is reason for optimism.

30



Outlook: Symmetry

We have focused on the scalar sector, where the S-matrix has
SU(2)L × SU(2)R symmetry.

¥ In the full theory, the S-matrix has symmetrySU(2)L × SU(2)! × PSU(2|2)R × R.
In the right sector, same asN = 4 SYM, but the representation is now reducible
(two copies of the fundamental).

Repeating BeisertÕs argument, it appears one can constrain theright S-matrix
to all orders (up to overall phase of course): we Þnd a certain function of" , which is
consistent with the one-loop S-matrix in the scalar sector.

¥ Calculation of the complete one-loop Hamiltonian is also in progress.
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Outlook: Integrability?

¥ Elegant way to conclusely show integrability for theN = 2 SCQCD chain
would be to Þnd an algebraic Bethe ansatz.
Simplest guess for the R-matrix does not appear to work.

¥ Numerical checks of integrability are in progress.
Difficult to work at! ! 0
(for example it seems hard to Þnd the S-matrix of the dimeric magnons).

Instead, use small! as aregulator.

Write Bethe equations for small! , taking ! " 0 in the Þnal result for the energies.
Then compare with brute force diagonalization ofHSCCD.

Similarly, determine the S-matrix of the bound states by fusion for small! .

Consistency of the procedure (?) would hinge on smoothness of the! " 0 limit.
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Outlook: String Theory

• Dual sigma-model is in principle known for large g, finite κ ≡ ǧ/g.
Start from orbifold sigma-model. Taking ǧ "= g amounts to changing the period of
BNSNS through the collapsed cycle of the orbifold.

2-body S-matrix at strong coupling?

Natural to expect integrability only at the two parity-invariant values of B ,
corresponding to ǧ = g and ǧ = 0.
(Somewhat similar story in the ABJ model).

• On the string theory side, κ→ 0 limit is singular, need to change duality frame.
In our first paper, argued that in the limit one finds a non-critical string background.

Field theory results in qualitative agreement with this picture:
protected states consistent with KK spectrum,
counting of gapless magnons consistent with counting of transverse directions.
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Conclusion

N = 2 SCQCD is perhaps the simplest theory outside the N = 4 universality class.

Continuously connected to the N = 4 class by an interpolating N = 2 SCFT.

Already the simplest calculations reveal a rich dynamics.

There is a lot more that you can do!
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