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1 Amplitudes in multi-Regge kinematics

MBFKL
2→2+n ∼
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dΓn |M2→2+n|2

2



2 Analyticity, unitarity and bootstrap

Steinmann relations for overlapping channels

∆sr∆sr+1M2→2+n = 0

Dispersion representation for M2→3 in the Regge ansatz

M2→3 = c1(−s)j(t2)(−s1)j(t1)−j(t2) + c2(−s)j(t1)(−s2)j(t2)−j(t1)

Dispersion representation for M2→4 in the Regge ansatz

M2→4 = d1(−s)j3(−s012)j2−j3(−s1)j1−j2+d2(−s)j1(−s123)j2−j1(−s3)j3−j2

+d3(−s)j3(−s012)j1−j3(−s2)j2−j1 + d4(−s)j1(−s123)j3−j1(−s2)j2−j3

+d5(−s)j2(−s1)j1−j2(−s3)j3−j2 , jr = j(tr)

Bootstrap relation in LLA (BFKL (1975-1978 ))

πω(t1)M2→2+n =
∑

r

=s0rM2→2+n =
∑

t

M2→2+tM2+t→2+n
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3 BFKL dynamics for colorless states

Balitsky-Fadin-Kuraev-Lipatov equation (1975)

E Ψ(~ρ1, ~ρ2) = H12 Ψ(~ρ1, ~ρ2) , σt ∼ s∆ , ∆ = −αsNc

2π
E,

Holomorphic separability
H12 = h12 + h∗12 , h12 = ln(p1p2) + 1

p1
ln(ρ12) p1 + 1

p2
ln(ρ12) p2 − 2γ

Bartels-Kwiecinski-Praszalowicz equation at Nc →∞

E Ψ(~ρ1, ..., ~ρn) = H Ψ(~ρ1, ..., ~ρn) , H =
1
2

n∑

k=1

Hk,k+1 = h + h∗

Holomorphic factorization and Möbius invariance (L. (1986))

Ψ(~ρ1, ~ρ2, ..., ~ρn) =
∑
r,s

ar,s Ψr(ρ1, ..., ρn)Ψs(ρ∗1, ..., ρ
∗
n) ,

M2
aΨr = m(m− 1)Ψr , M∗2

a Ψs = m̃(m̃− 1)Ψs , m =
1
2

+ iν +
n

2
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4 Integrable closed spin chain

Monodromy and transfer matrices (L. (1993))

t(u) = L1...Ln =


 A(u) B(u)

C(u) D(u)


 , Lk =


 u + ρk pk pk

−ρ2
k pk u− ρk pk


 ,

T (u) = A(u) + D(u) , [T (u), h] = 0

Yang-Baxter equation (L. (1993))

ts1
r′1

(u) ts2
r′2

(v) l
r′1r′2
r1r2 (v − u) = ls1s2

s′1s′2
(v − u) t

s′2
r2(v) t

s′1
r1(u) , l̂ = u 1̂ + i P̂

Duality symmetry (L. (1999))

pr → ρr+1,r → pr+1

Heisenberg spin model (L. (1994); F., K.(1995))

~Sk = (ρk∂k, ∂k,−ρ2
k∂k)
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5 Elastic BDS amplitude at s/t →∞
Regge asymptotics at s/t →∞

MBDS
2→2 = Γ(t)

(−s

µ2

)ω(t)

Γ(t)

Reggeized gluon trajectory

ω(t) = −γK(a)
4

ln
−t

µ2
+

∫ a

0

da′

a′

(
γK(a′)

4ε
+ β(a′)

)
, γK(a) = 4a+...

Reggeon residues

ln Γ(t) = ln
−t

µ2

∫ a

0

da′

a′

(
γK(a′)

8ε
+

β(a′)
2

)
+

C(a)
2

+
γK(a)

2
ζ2

−
∫ a

0

da′

a′
ln

a

a′

(
γK(a′)

4ε2
+

β(a′)
ε

+ δ(a′)
)
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6 One particle production (BLS)

MBDS
2→3 = Γ(t1)

(
c12
1 (−sκ12)ω2(−s1)ω12 + c12

2 (−sκ12)ω1(−s2)ω21
)
Γ(t2) ,

κ12 =
s1s2

s
= |ka|2 , c12

1 = |Γ12| sinπω1a

sin πω12
, c12

2 = |Γ12| sin πω2a

sin πω21
,

(Γ12)s,s1,s2>0 = |Γ12| exp(iπ ωa) , ωa =
γK

8
ln

|ka|2λ2

|q1|2|q2|2 , λ2 = µ2 exp(1/ε)
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7 Regge factorization violation (BLS)

MBDS
2→4 |s,s2>0; s1,s3<0 = C Γ1

(−s1

µ2

)ω(t1)

Γ21

(−s2

µ2

)ω(t2)

Γ32

(−s3

µ2

)ω(t3)

Γ3 ,

C = exp

[
γK(a)

4
iπ

(
ln

t1t3

(~ka + ~kb)2µ2
− 1

ε

)]
,

Mpole
2→4

|MBDS
2→4 |

= e−iπω2 cosπωab
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8 Mandelstam cuts in j2-plane

Figure 1: BFKL ladders in M2→4 and M3→3
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9 Factorization and exponentiation

Analyticity constraint and factorization hypothesis

M2→4 = Mpole
2→4 + M cut

2→4 = c MBDS
2→4

BDS ansatz at s, s2 > 0, s1, s3 < 0

MBDS
2→4 = |MBDS

2→4 | e−iπω2eiδ , δ =
γK

4
ln

|q1q3kakb|
|ka + kb|2|q2

2 |
Regge pole and cut contributions at s, s2 > 0, s1, s3 < 0

c eiδ = cos πωab + i

∫ i∞

−i∞

dω

2πi
(−s2)ω f(ω) , ωab =

γK

4
ln
|kaq3|
|kbq1|

Prediction from the analyticity constraint

c−1 =
ln s2

iπ

(
δ2

2
− π2ω2

ab

2

)
= −2πi

a2

4
ln s2 ln

|kb|2|q1|2
|ka + kb|2|q2|2 ln

|ka|2|q3|2
|ka + kb|2|q2|2

Factor c is not a phase
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10 BFKL equation for octets (BLS)

Regge singularity trajectories

ω(t2) = −a

(
E + ln

−t2
µ2

− 1
ε

)
, ∆ = −aE

BFKL hamiltonian for partial waves fj2

H = ln
|p1p2|2
|p1 + p2|2 +

1
2

p1p
∗
2 ln |ρ12|2 1

p1p∗2
+

1
2

p∗1p2 ln |ρ12|2 1
p∗1p2

+ 2γ

Eigenfunctions and eigenvalues

Ψn,ν =
(

p1

p2

)iν+n/2 (
p∗1
p∗2

)iν−n/2

, En,ν = 2Re ψ(iν +
|n|
2

)− 2ψ(1)

Factorization of infrared divergencies in LLA

M2→4
|s,s2>0;s1,s3<0

= (1 + iδ2→4) MBDS
2→4 ,
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11 Möbius and conformal invariances

Analytic result in LLA in the region a ln s2 ∼ 1

δ2→4 =
a

2

∞∑
n=−∞

(−1)n

∫ ∞

−∞

dν

ν2 + n2

4

(V ∗)iν−n
2 V iν+ n

2

(
s
∆(ν,n)
2 − 1

)

Duality transformation to the Möbius representation

V =
q3k1

k2q1
→ z03z0′1

z0′3z01

Perturbation theory expansion

iδ2→4 = −2iπ a2 ln s2 ln
|k1 + k2||q2|
|k2||q1| ln

|k1 + k2||q2|
|k1||q3| + ...

Functions of 4-dimensional anharmonic ratios

iδ2→4 =
a2

4
Li2(χ) ln

χt2s13

s3t1
ln

χt2s02

t3s1
+ ... , χ = 1− ss2

s012s123
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12 Multi-gluon states in octet channels

n-gluon Mandelstam cut contribution

M
(n)
2→2n =

∫ n−1∏
r=1

d2kr Φ(k1, ..kn−1)
n∏

t=1

sω(kt) Φ(k1, ..kn−1)

Physical region for a non-vanishing result

s1, s2, ..., sn−1, sn+1, ..., s2n < 0 , s, sn > 0

Schrödinger equation for gluon composite states

HΨ = EΨ , ω(t) = a

(
− ln

−t

µ2
+

1
ε

)
− a

2
E , a =

g2Nc

8π2

Holomorphic separability

H = h + h∗ , h = ln
p1pn

q2
+

n−1∑
r=1

ht
r,r+1
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13 Möbius invariance in the p-space

Duality transformation and Möbius invariance

pk = zk−1,k , ρk,k+1 = i
∂

∂zk
= i∂k , zk → azk + b

czk + d

Hamiltonian in the z-space

h = ln(z2
1∂1)− 2ψ(1) + ln ∂n−1 +

n−2∑

k=1

hk,k+1 , z0 = 0 , zn = ∞ ,

h1,2 = ln(z2
12∂1) + ln(z2

12∂2)− 2 ln z12 − 2ψ(1)

Normalization conditions

||Ψ||21 =
∫

d2zn−1

|z1|2
n−2∏
r=1

d2zr

|zr,r+1|2 |Ψ|
2 , ||Ψ||22 =

∫ n−1∏
r=1

d2zr Ψ∗
n−1∏
t=1

|∂t|2 Ψ
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14 Integrable open spin chain

Helpful identity

[Lk(u)Lk+1(u), hk,k+1] = −i (Lk(u)− Lk+1(u))

Integrals of motion: [D, h] = 0

D(u) =
n−1∑

k=0

un−1−kq′k , q′k = −
∑

0<r1<...<rk<n

zr1

k−1∏
s=1

zrs,rs+1

k∏
t=1

i∂rt

Sklyanin ansatz and Baxter equation

Ω =
n−2∏

k=1

Q(ûk) Ω0 , Ω0 =
n−1∏

l=1

1
|zl|4 , B(ûk) = 0 ,

D(u)Q(u) = (u + i)n−1Q(u + i)
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15 Hamiltonian and integrals of motion

Baxter function

Q(u) =
n−2∏

l=1

Γ(−iu− al)
Γ(−iu + 1)

, D(u) =
n−2∏

l=1

(u− ial)

Constraints for parameters al, ãl

al = iνl +
nl

2
, ãl = iνl − nl

2
Separability of h′ at large relative scales

h′ =
n−1∑

l=1

(ψ(zl∂l) + ψ(−zl∂l)− 2ψ(1)) , (z1 << z2 << ...zn−1)

Separability of the holomorphic energy

ε =
n−1∑

l=1

ε(ar) , ε(ar) = ψ(al) + ψ(−al)− 2ψ(1)
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16 Three-gluon composite state

Wave function in the dual representation

Ψ = za1+a2
2 (z∗2)ã1+ã2

∫
d2y

|y|2 y−a2 (y∗)ã2

(
y − 1

y − z2/z1

)a1
(

y∗ − 1
y∗ − z∗2/z∗1

)ã1

Fourier transformation

Ψ(~z1, ~z2) =
∫

d2p1 d2p2 exp(i~p1~z1) exp(i~p2~z2)Ψ(~p1, ~p2) , E = E(a1)+E(a2)

Baxter-Sklyanin representation

Ψt(~p1, ~p2) = P−a1−a2 (P ∗)−ã1−ã2

∫
d2uu ũQ(u, ũ)

(
p1

p2

)u (
p∗1
p∗2

)u∗

Baxter function

Q(u, ũ) =
Γ(−u) Γ(−ũ)

Γ(1 + u) Γ(1 + ũ)
Γ(u− a1) Γ(u− a2)

Γ(1− ũ + ã1) Γ(1− ũ + ã2)
,

∫
d2u =

∫
dν

∑
n
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17 Discussion

1. Steinmann relations and analytic properties.
2. Integrability of BFKL dynamics in LLA.
3. BDS amplitudes and Mandelstam cuts.
4. Two loop contribution to M2→4 from analyticity.
5. Two reggeon state and dual Möbius and conformal invariance.
6. Integrable open spin chain for multi-reggeon composite states.
7. Baxter function and energy separability.
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