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1 Amplitudes in multi-Regge kinematics
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2 Analyticity, unitarity and bootstrap

Steinmann relations for overlapping channels
ASTAST+1M2—>2—|—H =0
Dispersion representation for Ms_,3 in the Regge ansatz
My 5 = Cl(_s)j(tQ)(_Sl)j(tl)_j(t2) 4+ 62(_S)j(t1)(_82)j(t2)—j(t1)
Dispersion representation for Ms_,4 in the Regge ansatz
My .4 = dl(—S)j3 (—8012)‘72_‘73 (_Sl)jl—jz —|—d2(—8)j1 (—8123)j2_j1 (_83)j3—j2
+d3(—8)j3 (_8012)j1 —J3 (_82)j2—j1 + d4(—8)j1 (_8123)j3—j1 (_82)j2—j3
_|_d5(_8)j2(_Sl)jl—jz(_SS)jB—Jé e = j(tr)
Bootstrap relation in LLA (BFKL (1975-1978 ))

mw(ty) Maoipn = E Ssop Ma—24n = E Ms_ oMoyt oy
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3 BFKL dynamics for colorless states

Balitsky-Fadin-Kuraev-Lipatov equation (1975)

as N,

EY(f),p2) = Hia U(py, p2) , o~ 57, A=— 27

L,

Holomorphic separability
His = hia + hiy, hi2 = In(pip2) + le In(p12) p1 + p% In(p12) p2 — 2v

Bartels-Kwiecinski-Praszalowicz equation at N. — oo

— — — — 1 - *
EU(,....pn) =HY(p,....0,), H= 5 Y Hypyr=h+h
k=1

Holomorphic factorization and Mobius invariance (L. (1986))
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n

o 1
M*W, =m(m—1)V,, M*U, =m(m—1)T,, m=g+iv+ s



4 Integrable closed spin chain

Monodromy and transfer matrices (L. (1993))
A(u)  B(u) I u+ PPk Dk
L=
C(u) D(u) —piDPk U — Pk Dk
T(u) = A(u) + D(u), [T(u),h] =0
Yang-Baxter equation (L. (1993))

£51 (u) £°2 (v) 1102 (v — w) = 1452 (0 —w) E52 (v) tol (w) , I =ul+iP
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Duality symmetry (L. (1999))

Pr — Pr4+1,r — Pr+1

Heisenberg spin model (L. (1994); F., K.(1995))
Sy = (prOk, O, —p20k)



5 Elastic BDS amplitude at s/t — oo

Regge asymptotics at s/t — oo
BDS —5\“"
Myy =T(¢) (p) I(t)
Reggeized gluon trajectory

w(t) = —Wif“) In ;§+/0 da‘f/ (71(4(:’/) + B(a ’)) ;v (a) = da+...

Reggeon residues

nr(t) = — [ 9 ( k(@) | 5(a’>> L Gl x(e)
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6 One particle production (BLS)
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7 Regge factorization violation (BLS)
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8 Mandelstam cuts in j5-plane

Figure 1: BFKL ladders in Ms_,4 and Ms3_,3



9 Factorization and exponentiation

Analyticity constraint and factorization hypothesis
My = MBS + Mg™, = c MPDP
BDS ansatz at s,s9 > 0,571,583 <0

’YK | |q1q3ka k|
n

MBDS MBDS 6—’i7TCU2 6715 ’ 5 —
2—4 ‘ 2—4 | |]€ 4+ kb| ‘(] ‘
Regge pole and cut contributions at s,s9 > 0,s1,53 <0
| 10 duw |k q3|
10 __ . hatedv el w NS a
ce'’ = cosTwgap + z/_ioo " (—s2)Y f(w), Wap = \ka1|
Prediction from the analyticity constraint
1 52 2 2 2 L1210y |2 L 12 ga|2
_ ?32 ( T Wab) _ o In ss In LA |(121| _In |kl |q§| '
1T 2 2 4 ‘ka"’kb‘ |q2| |ka+kb| ‘QQ‘

Factor c is not a phase
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10 BFKL equation for octets (BLS)

Regge singularity trajectories

—1 1
w(ty) = —a <E+ln—22——) , A= —aF
v €

BFKL hamiltonian for partial waves f;,

H=1n + s pipsInpio|”— + S pip2 In|pia|—— + 29
p1 +pof2 2717 pipy 270 Pipo

Eigenfunctions and eigenvalues

) iv+n/2 p* iv—m/2 |7’L‘
P2 Po 2
Factorization of infrared divergencies in LLA

M = (1 +i02a) MPT7

|S,82>O;81,83<0
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11 Mobius and conformal invariances

Analytic result in LLA in the region alnsy ~ 1

a > n oC dv *NIV—2 i A(v,n
(5241_:5 Z(_l)/ (Vo) ry +2<S2( )_1)

2 | n?
n=-—00 —oo V¥ 4

Duality transformation to the Mobius representation

g3k 203201

V=———
kaqq 2073201
Perturbation theory expansion
. . ki + k ki1 + k
2(52H4:—227ra21n321n‘ = QHQQ‘ln‘ 1 2||¢2|
k2|[q1]| k1|]q3]
Functions of 4-dimensional anharmonic ratios
2
a tos tos SS
10244 = —L’i2(X)1nX 2915 1), X22502 +o,x=1——
1 s3t1 {381 50125123
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12 Multi-gluon states in octet channels

n-gluon Mandelstam cut contribution

n

n—1
MM, = / [T &2k ®(kr, . ken1) [ s“*) ®(k1, .. n1)

r=1 t=1

Physical region for a non-vanishing result
$1552y 3 Sn—15Sn+1, -+ S2n < 07 Sy Sp > 0

Schrodinger equation for gluon composite states

—t 1 a g*> N,
HY = FEV, w(t):a(—ln?%—E) —§E, “= "

Holomorphic separability

n—1
* P1Pn
H=h+h", h=In p + ) Rl

r=1
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13 Mobius invariance in the p-space

Duality transformation and Mobius invariance

.0 P azg +b
= ZL_ = 1— =1 Ll —
Pk kE—1,ks Pk,k+1 O ks Rk 2 + d
Hamiltonian in the z-space
n—2
_ 2 _ _
h=In(z701) = 20(1) + 01+ Y hppy1, 20 =0, 2, =00,

k=1

h1,2 = 111(2%281) + ln(z%2(92) — 2In 212 — 2¢(1)

Normalization conditions

2 d*zn 1 1 Par 2 2 T * 2
H\IjHl: |21’2 H| 2‘\1]‘ ) H\Ij||2: Hd ZT\IJ H|at‘ W

Zr,r—l—ll
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14 Integrable open spin chain

Helpful identity

(Lo (w) L1 (), b ya ] = =3 (Le(u) = L1 (w))

Integrals of motion: [D,h] =0

n—1 k—1 k
D(u)=> u"""Fq, g = - > zy || 2reirein 0,
k=0 O<ri1<...<rp<n s=1 t=1
Sklyanin ansatz and Baxter equation
n—2 n—1 1
Q=[] Q). w=1]] T B =0,
k=1 =1

D(u)Q(u) = (u+149)""'Qu+ 1)
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15 Hamiltonian and integrals of motion

Baxter function

n—2

Q(u) = ﬁ Py D = [](w—ia)

=1

Constraints for parameters a;, a;

: _|_nz ~ . nj
a; — 1V —-— ., a] =] — —
2’ 2

Separability of A’ at large relative scales

h' = i (@D(Zlal) + @D(—Zlal) — 2?70(1)) ; (21 << 29 <K ---Zn—l)

Separability of the holomorphic energy

e= Y elar), elar) = wla) + (—ar) - 26(1)
=1
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16 Three-gluon composite state

Wayve function in the dual representation

~

- d? . -1 \“ *—1 \“
U — Zgl-l—ag (Z§)a1+a2 _:g y—a2 (y*)CLQ ( Yy > ( *y - *>
Y| Y — 22/ 21 y* — 25 /2]

Fourier transformation

U(21,22) = /d2p1 d*py exp(ip171) exp(ipaZ2) ¥(P1,p2) , E = E(a1)+E(az)

Baxter-Sklyanin representation

V() = P (e [ ewaou () (2

D2 D5

sk

Baxter function

_. T'(~u)l(~u) I'(u—a1) (u— as) 0
QD) = e T i T v

n
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17 Discussion

Steinmann relations and analytic properties.

Integrability of BFKL dynamics in LLA.

BDS amplitudes and Mandelstam cuts.

Two loop contribution to Ms_.4 from analyticity.

Two reggeon state and dual Mobius and conformal invariance.

Integrable open spin chain for multi-reggeon composite states.

o gt L=

Baxter function and energy separability:.
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