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INTRODUCTION

Challenge: study strongly interacting itinerant
fermions at intermediate densities

A supersymmetric model

 Analytic tools

 Interesting features: 
 integrability and quantum criticality in 1D,

 superfrustration and possibly topological order 
in 2D



THE MODEL

 Hardcore spinless fermions

• spinless fermions

• hardcore

• hopping t

1V

InsulatorFermi liquid

Stripe phase
[Henley , et. al. ‘01] 

µ



THE MODEL

 Hardcore spinless fermions

• spinless fermions

• hardcore

• hopping t

1V

InsulatorFermi liquid

µ

Supersymmetry

[Fendley, et. al. ‘03] 



OUTLINE

 Supersymmetry

 The model

 1D chain: quantum critical (SCFT)

 2D lattices I: superfrustration

 2D lattices II: supertopological phases?



SUPERSYMMETRIC QM

  Q]Q,[,0)(Q,0)(Q 22

fN

Hamiltonian defined as

0],[,0]Q,[]Q,[  

fNHHH

Algebraic structure

Susy charges Q+, Q=(Q+) † and fermion number Nf:

  Q,QH
satisfies



SPECTRUM

 E  0  for all states

 E > 0  states are paired into doublets of the 

susy algebra

 E = 0  iff a state is a singlet under the susy

algebra

 if E = 0  ground state exist, supersymmetry is 

unbroken.



WITTEN INDEX

 E>0  doublets

with Nf = f, Nf = f+1 cancel in W

 only E=0 groundstates contribute

⇒|W| is lower bound on # of ground states



W  Tr(1)
N f



THE MODEL



SUSY LATTICE MODEL

configurations: 
lattice fermions with nearest 
neighbor exclusion 
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configurations: 
lattice fermions with nearest 
neighbor exclusion 



H  Q ,Q Hkin H pot

Hamiltonian: kinetic (hopping) plus potential terms 

nilpotent supercharges, respecting exclusion rule:

[Fendley - Schoutens - de Boer  ‘03]

SUSY LATTICE MODEL



Hamiltonian:

supercharges

SUSY MODEL IN 1D



Nf  = 0:   1  state

Nf  = 1 :   6  states

Nf  = 2:   9  states

Nf  = 3:   2  states

 W = 1 – 6 + 9 – 2 = 2



W  Tr(1)
N f

L=6 MODEL: WITTEN INDEX 



Nf

E

SPECTRUM FOR L=6 SITES



SUPERSYMMETRIC MODELS

Large variety in observed properties

 Choose underlying lattice

 Generalize hard-core constraint

 Introduce site-dependent coefficients



SUPERSYMMETRIC MODELS

Large variety in observed properties

 Choose underlying lattice

 Generalize hard-core constraint

Allow k particles to be nearest neighbors, 
but not k+1: Mk susy models

 Introduce site-dependent coefficients

[Fendley , Nienhuis , Schoutens ‘03]



SUPERSYMMETRIC MODELS

Large variety in observed properties

 Choose underlying lattice

 Generalize hard-core constraint

 Introduce site-dependent coefficients

 Supercharge: 

Example: staggered 1D chain

[Fendley , Hagendorf ‘10]



SUPERSYMMETRIC MODELS

Large variety in observed properties

 Choose underlying lattice

1D: Quantum criticality

2D: Superfrustration

2D: ‘Supertopological’ phases

 Generalize hard-core constraint

 Introduce site-dependent coefficients



1D CHAIN



QUANTUM CRITICAL BEHAVIOR 1D

• periodic chain: 
2 gs for L multiple of 3, else 1 gs

• exactly solvable via Bethe Ansatz

→ continuum limit: 

N=(2,2) SCFT with central charge c=1

[Fendley, Schoutens, de Boer ’03]



N=2 SCFT

 Virasoro algebra extended with two 
supercharges G± and a U(1) current J

 Supercharges have conformal dimension 3/2

 Minimal unitary series:



N=2 SCFT FIRST MINIMAL MODEL

 First minimal model: k=1 ⇒ c=1

 Free boson at R=√3

 Vertex operators

 Conformal dimensions

 Supercharges (hL,R=3/2)



SPECTRUM FOR 1D CHAIN, L=27, NF=9



N=2 SCFT DESCRIPTION FOR THE CHAIN

Different chain lengths and boundary conditions
correspond to different sectors

 (anti) periodic bc ↔ Ramond (NS) sector

 Chain length 

L =3l ↔ m ∈ ℤ

L =3l ± 1 ↔ m ∈ ℤ ± 1/3



N=2 SCFT DESCRIPTION FOR THE CHAIN

Identify lattice operators with operators in SCFT

 Energy

 Charge

 Momentum



SPECTRUM FOR 1D CHAIN, L=27, NF=9



SPECTRUM FOR 1D CHAIN, L=27, NF=9

V0,-1/2 V0,1/2

V0,+/-3/2

V0,5/2 V0,-5/2

L-1,LL-1,R

L-2,LL-2,R



DENSITY FLUCTUATIONS

Beccaria, De Angelis

Clear ℤ3 substructure for fermion density <nk> 

in chain with L Mod 3= 0 and open bc

Scaling dimension 
of 1/3 was extracted

[Beccaria, De Angelis ‘05]



DENSITY FLUCTUATIONS

Open bc: L and R movers couple

Operators: 

We identify:



DENSITY FLUCTUATIONS

SCFT Result: scaling dimension 1/3 and density 
fluctuations near boundary

SCFT Beccaria et. al.



2D LATTICES



POWERFUL TOOLS

Witten index 

gives lower bound to number of ground 
states: W=#GSB-#GSF

 Cohomology of Q

GS are in 1-1 correspondence with 
cohomology elements

gives total number of gs

gives fermion number of gs

often gives relation between gs and geometric 
object



WITTEN INDEX

Triangular lattice
N  M sites with periodic BC

[van Eerten, ‘05]



[van Eerten, ‘05]

WITTEN INDEX

Honeycomb lattice
N  M sites with periodic BC



COHOMOLOGY

Martini lattice
Number of ground states 

↔ 
number of dimer coverings of honeycomb lattice

[Fendley, et. al.  ‘05]

Ground state entropy:

Density: Nf/L=1/4

...16153.0]cos2ln[
1

3/

0

gs
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
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
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SUPERFRUSTRATION

Frustration

Competing terms in hamiltonian

→ multiple ground states

Supersymmetry

Subtle competition between kinetic and potential terms

→ for 2D, 3D lattices exponential ground state 
degeneracy 

→ extensive ground state entropy 

?



SUPERFRUSTRATION

‘3-rule’

 repulsive interactions favor 3-site

interparticle distance

 chemical potential favors higher densities

Combined with kinetic terms

→ quantum charge frustration at intermediate 
densities

[Fendley, Schoutens, ‘05]



REDUCED FRUSTRATION

Λ3 lattice nicely accommodates 3-rule

 1 gs @ Nf/L = 1/5
all particles on 
the corners

 1 gs @ Nf/L = 2/5
all particles resonating
on the bond-sites



SQUARE LATTICE

Witten index
N  M sites with periodic BC

[Fendley - Schoutens - van Eerten ‘05]



Theorem [Jonsson 2005]

with , ,

periodicities

Witten index related to rhombus tilings of the lattice



u,v

SQUARE LATTICE: WITTEN INDEX 



periodicities

Total # of ground states related to rhombus tilings



u,v

Conjecture [Fendley]

with

SQUARE LATTICE: GROUND STATES



Total # of ground states related to rhombus tilings

Theorem [LH - Schoutens 2010]

for and

with

SQUARE LATTICE: GROUND STATES



 # gs grows exponentially with the linear size of the 
system

for periodicities

 zero energy ground states found at intermediate density: 

SQUARE LATTICE: GROUND STATES 



SQUARE LATTICE: GROUND STATES 

Tilings as ground states? 



SQUARE LATTICE: GROUND STATES 

Tilings as ground states? 



SQUARE LATTICE: EDGE STATES 

• for „diagonal‟ open boundary 

conditions there is a unique gs; 

expect that „vanished‟ torus 

gs‟s form band of edge modes

• explicit evidence for critical

modes from ED studies of

various ladder geometries

[LH - Halverson - Fendley - Schoutens  ‘08]



SUPERTOPOLOGICAL PHASE?



OCTAGON-SQUARE LATTICE

 N  M plaquettes with open bc : unique gs with one 
fermion per plaquette

 N  M plaquettes with closed bc: 2M+2N-1 gs

 gapless defects by adding diagonal link on 
plaquette



WORK IN PROGRESS

Understand character of GS using insights from 
cohomology

 Unique gs: ‘filled Landau level’

 Defects: interpret extra link as flux through 
plaquette

With J. Vala and N. Moran

Numerical studies: 3x3 plaquettes



SINGLE PLAQUETTE

HV-defect
(3 gs)

V-defect
(2 gs)

H-defect
(2 gs)

plaquette
(1 gs)



PROJECTED SINGLE PARTICLE STATES

Single particle product state with n.n. occupancies 
projected out (PPS) • Fermion density per site

•

• 2 particles on 1 plaquette:



V-DEFECT

To test PPS for defect we need to lift gs degeneracy:

add small weight to extra link



IDENTIFY DEFECT STATE

Link weight: 
0.9999

Fermion density per site



2D LATTICE (OPEN) 

open bc
(1 gs)

“filled
Landau
level”



2D LATTICE (H-DEFECT) 

H-defect
(2 gs)



2D LATTICE (V-DEFECT) 

V-defect
(2 gs)



2D LATTICE (2 DEFECTS) 

H-defect
plus
V-defect
(4 gs)



2D LATTICE (2 DEFECTS) 

H-defect
plus
V-defect
(4 gs)



2D LATTICE (2 DEFECTS) 

H-defect
plus
V-defect
(4 gs)



SUPERTOPOLOGICAL PHASE?

need to understand

 gap above torus gs?

 edge modes for open system?

 topological interactions and braiding 

of H, V and HV defects?

 … 



CONCLUSION

Supersymmetry:

 Powerful analytic tools

 Subtle interplay between kinetic and 
interaction terms

 Variety of features: quantum criticality, 
superfrustration, edge modes, 
supertopological phase?, …
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