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Cold atoms in optical lattice : artificial
solids

Theory: Jaksch et al. PRL (1998)

Experiments: Kasevich et al., Science (2001);
Greiner et al., Nature (2001);
Esslinger et al., PRL (2004)...



Effective Hamiltonian for multicomponent
cold fermions



Effective Hamiltonian o 199s

Fermionic cold atoms with spin F =N - 1/2
5 Li (Izl,le/Q),40K (I =4, F=9/2)
Hyp: SU(2) invariance + contact interaction (s-wave)
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Pauli's principle: J even J=0, 2,.., 2N-2 \
Wannier's approach:
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Lattice effective Hamiltonian

F=N-1/2 Fermions with 2N internal states
H = —tz (CLJC(M;_l —|—H.C) ,uZnHrZ U] Z PI UfP] M.i
1,0 M=—J

a=1,....2N J=0,2,...,2N — 2

N =1 (F =1/2) Hubbard model: exactly solvable in1D

Attractive interaction (U < 0) + half-filling:
BCS Phase (charge 2e)

. . f
Metallic regime: Power-law decay (Fo0,i Py 0 3+I> T

For arbitrary Fin 1D:  Phase diagram at half-filling?



Spin F = 3/2 (N=2) case

H:HU—/J,ZC CQ?+UDZPUD?PDU;+UQT y: PQTm?PQmI

1 m=—2

Naive symmetry of H : U(2) = U(1) x SU(2)
SO(5) symmetry without fine tuning!!  wu, Ping, zhang 2003

H H.;] ¥ Z C, :Ca, + %Z n? + V Z PJ?U’?;PU?[},;’

U=2U,, V = UU — Uy QPJ,(],?' N C];ﬂj“ﬁc];a‘” J = (0 _[>

I 0
PJ?OJ invariant sous U € U(4), 'UJU =]

Symmetry group: Sp(4) ~ SO (5)



Sp(2N) symmetry spin F = N -1/2
Special Finetuning: Uy =Uy=...=Uyn_9
H=Hy—puy ccoit %Z n! + VY Bl P,
U:2UQ,V:U;—U2 |
V=0 U(2N) Hubbard model

V #£0 U(1)xSp(2N) symmetry



Low-energy approach



Low-energy Approach

Continuum limit:

Linearisation of the dispersion relation

2N Dirac fermions

Spin-charge separation: For N=1
H — HC + HS, [Hc, Hsl — 0

For N>1: no spin-charge separation at half filling:
charge and spin modes are strongly coupled



CFT approach

Symmetry of the non-interacting fixed point: SO(4N)1 CFT
Global symmetry group of the interaction:  U(1) x Sp(2N)

Conformal embedding:
SO(4N)1 ~ SU(2)n x Sp(2N)1 ~ U(1) x Zn X Sp(2N)-

Simplification for N=2 (free-field fermionic representation):
5 2 5 5
Hi = % (ZEEEF) v ERel Y ehel + 2 (el + ekel)
a=1 a=1

5
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Low-energy approach (N=2) at half-filling

Four fully gapped insulating phases
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Physical interpretation

of the insulating phases (2 atoms/site)
CDW phase

EAVE AVE BV VA

Rung singlet phase

o/ e/ e e e e e e e

Haldane insulating phase

K AVE AUAUAVATR: BV



Strong-coupling argument



Hidden SU(2) charge symmetry

2N component fermions Ca,i

Pseudo-spin operators:

SJ — %Cléjaﬁcfg,i SU(2) commutation relations
1 Sp(2N) spin-singlet
Si = 5(?’% — N)

Along the special line V = N U, at half-filling
the model has an extended SU(2)c x Sp(2N)s symmetry
N=1i.e. F=1/2 C. N. Yang 1989

Hubbard chain at half-filling has an SU(2) x SU(2) ~ SO(4) symmetry



Strong coupling analysis

» N[N
Along the V=NU line Hi—o = QUZ (85 ) (7 + 1))

Lowest energy states for U<0: N+1 states, pseudo spin N/2

N=1 0 N =2 >
0 = e —

0 > 1
IL¢>> - E _;; I{{?Mm o |5* =0)
2 | od0e ) o 8% = +1)

Strong-coupling Hamiltonian:  |U| >t
At?

Heisenberg Hamiltonian Fleff = st’i Si = N(@2N + 1)|U|

Heisenberg Hamiltonian for spin-singlet charged states!



Deviation from the V=NU line
Strong coupling analysis: Heisenberg model with a single-ion anisotropy

L ) ANU — V)
Heff:JZSf;'SHlJFDZ(S{)Q b=—=—%

Phase diagram is known from H. Schulz 1986

N even three fully gapped phases:
Haldane, Ising, large-D (singlet) phases

Ising <==> CDW Large-D phase «<==) Rung singlet

N odd: Ising and XY (gapless) phases



Summary: phases for N=2

Y AVAr ANAMAVAMA UV
e AVA AVA AVAT VA"

Large-D (rung singlet)

AR ANAANANANAT




Haldane charge conjecture

Along V=NU and attractive U, strong coupling approach gives:

N even Haldane insulating phase (SISTY = (PooiPlyii.) ~ -

N odd Metallic phase (Power-law decay)

Haldane insulating phase for N=2
\i{@l/\lf\é/ﬁ\;/ ﬁ\;/ ﬁ!/ﬁ\;/ﬁ\é/x /  Hidden ordering

However the generic cases are: N = 3 (F=5/2) and N=4 (F=7/2)
and not N =1 (F=1/2) and N=2 (F=3/2)



Low-energy approach for N>2



Low-energy approach N>2 at half-filling

Conformal embedding
SO(4N)1 ~ SU2)n x Sp(2N)1 ~ U(1) x Zn x Sp(2N)1

RG approach: always 2 doubly degenerate phases (CDW,SP)
+ others phases for V<0 depending on the parity N

Effective theory for V <0 (Integration of the
gapped Sp(2N) degrees of freedom)

Hint = g2 €1 + g3 (835(1)6)2 + g4 o €XP (i\/&fr/N(I)C) + H.c.



Phase diagram for N odd > 1

RG approach:
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Phase diagram for N even > 2
RG approach

CDW

-0.1 -0.05
I

apless phase

-0.1



DMRG results for N=2.3



Low-energy approach
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DMRG results (N=2)

((I) string order

(b) charge order

(C) Gap
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Edge states

Haldane insulating phases: edge states (spin-singlet)

Rung singlet phase: no edge state
2

| — U=-2 (CDW)
— U=-1 (HI)
L.5F — U=0(RS)

F(x)

0.5

0 8 16 24 32 40 48 56 64

F(z) = fl‘ dx(n(z) —2) Haldane insulating phase: the two added fermions

are localized at the boundaries



DMRG results (N=3)

Spin 5/2 (N=3); half-filling (L=72)
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correlations

DMRG results (N=3)
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Criticality XY phase Ising (gapped) phase
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Full agreement with the strong coupling analysis



Conclusion

Haldane's conjecture for attractive
half-filled 2N components cold fermions:

N even: Insulating Haldane phase with hidden ordering

N odd: Metallic phase

Charged spin-singlet modes and not neutral spin degrees
of freedom as in the standard Haldane's conjecture

The generic cases are for each family are: N=3 and N=4
and not N=1, N=2



Phase diagram F=3/2

Incommensurate filling
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