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“The argument in the past has frequently been a process of 

elimination: one observed certain phenomena, and one 

investigated what part of the phenomena could be 

explained; then the unexplained part was taken to show 

the effects of the magnetic field. It is clear in this case that,

the larger one’s ignorance, the stronger the magnetic field.”
L. Woltjer, Proc. IAU Symp. 31, 479-485 (1967)

“As usual in astrophysics, the way out of a difficulty is to 

invoke the poorly understood magnetic field. ... One tends 

to ignore the field so long as one can get away with it.”
D. Cox, in The Interstellar Medium in Galaxies, Kluwer, 181-200 (1990)



1. Necessity of dynamo action

�Can the magnetic fields observed be primordial? 

�Do they need to be maintained by ongoing 
dynamo action?

�Dynamo action: conversion of kinetic energy into 
magnetic energy with no electric currents at 
infinity 



1.1. Magnetic fields in a highly conducting turbulent medium 

“If Rm >> 1, magnetic field decays only slowly and so does 

not necessarily need to be continuously maintained.”

Wrong, if the system is turbulent:

energy is transferred along the spectrum and then dissipates 

in a time of order     ,  and this time is much shorter than l0/v0

Conclusion: any  (3D, MHD) magnetised, turbulent system 

must host a dynamo 
(unless the magnetic field is driven by external currents or decays).

in a time of order     ,  and this time is much shorter than 

the Ohmic decay time  
l0/v0

l2
0
/η if Rm = l0v0/η ≫ 1.

Even without turbulence, a sufficiently strong random magnetic field 

would drive random motions, and they will drain magnetic energy.



1.2. Magnetic field in a differentially rotating, turbulent disc

(A) The decay problem                    (Parker 1979)

Fully ionised plasma, the Ohmic decay of a large-scale magnetic field is 
very slow:

η= 107(T/104)−3/2 cm2/s,       = 10 km/s,  h = 500 pc 

⇒ Rm ≅ 1020 (!?), τdecay = h2/η ≅ 1027 yr >> Hubble time

v0

However, turbulent diffusion destroys the large-scale magnetic field 
much faster:

1026 ⇒ τdecay = h2/β ≅ 5×108 yr 

Without dynamo action, turbulent magnetic diffusion destroys a large-

scale magnetic field in a fraction of the galactic lifetime.

β = 1

3
l0v0 ≃

20

lifetime galactic=
s

cm2



(B) The wrap-up problem  (Parker 1979)

xB
)(rzΩ

B

tt0

Expulsion of 

magnetic field 

from a region with 

closed streamlines

(Moffatt, Magnetic Field 

Generation in Electrically 

Conducting Fluids, CUP, 

1978, §3.7)



Ωz = e−r
2

, B|t=0 = (0, 1, 0) .

The action of differential rotation on magnetic field: 

flux expulsion from a region with closed streamlines

A. Baggaley



∆r

R0

Initial growth:

G = |r dΩ/dr|: rotational shear rate,

Cω = GR2
0
/β: turbulent Reynolds number

β: turbulent magnetic diffusivity.

∆r ≃ R0
Gt

, p = arctan
Br
Bφ

≃ − 1

Gt
(magnetic pitch angle).

End of the growth phase, t = t0: amplification time = diffusion time,

1

G
=
[∆r(t0)]

2

β
⇒ t0 ≃

C
1/2
ω

G
, p(t0) ≃ −C−1/2ω .

Bmax ≃ B0Gt0 ≃ B0C
1/2
ω , ∆r(t0) ≃

R0

C
1/2
ω .



Galactic discs:

G = V0/R0, β = 1

3
l0v0 ⇒ Cω = 3

V0
v0

R0
l0
≃ 6000,

p ≃− C
−1/2
ω ≃ −1◦, ∆r ≃ R0C

−1/2
ω ≃ 100 pc,

Bmax = B0C
1/2
ω ≃ 0.1µG for B0 = 10

−9G.

p ≃ −1◦, ∆r ≃ 100 pc, B ≃ 0.1µG:
a configuration very different from that observed,
p ≃ −15◦, ∆r > 1 kpc, B ≃ 3µG.

Conclusion: to avoid twisting by differential rotation,
the large-scale galactic magnetic field
has to be supported (by a dynamo action).



M51 t λ6 cm

I-contours + B-vectors

(Effelsberg+VLA;

A. Fletcher & R. Beck)

Magnetic pitch angle:   Magnetic pitch angle:   

p ≈ −20°



−p p = arctan
Br
Bφ

Beck et al., ARAA, 1996



2. Disc dynamos and

dynamo control parameters



The physical picture of the galactic dynamo

(A)  Helicity of interstellar turbulence: 

consequence  of angular momentum conservation 

in a rotating, stratified layer

α ≃ l2
0
Ω

h
(F. Krause, 1967)



(B) Differential rotation: 

Bφ produced from Br

(C) Helical turbulence:

Br produced from Bφ



2.1. Basic equations

B(t, r) = B̃(t, r, z)eimφ , ǫ =
h0 ≪ 1 .B(t, r) = B̃(t, r, z)eimφ , ǫ =
R0

≪ 1 .



B(t, r) = B̃(t, r, z)eimφ , ǫ =
h0
R0

≪ 1 , G = r
dΩ

dr
.



Thin disc, axisymmetric solutions, α2ω-dynamo:









Dipolar symmetry                                                              Quadrupolar symmetry



2.2. Dynamo control parameters

NB! The Solar neighbourhood of the Milky Way, where 

these estimates apply, may not be a typical location.

Rotation Ω =
V0
r
,

V0 ≃ 200 km/s, r ≃ 10 kpc,

α0 ≃
l2
0
Ω

h
≃ 0.4 km/s,

β ≃ 1

3
l0v0 ≃ 1026 cm2/s,≃ ≃

ionised gas scale height
h ≃ 0.5 kpc,

turbulent velocity v0 ≃ 10 km/s,

turbulent scale l0 ≃ 0.1 kpc.

≃ ≃

Rα =
α0h

β
≃ 0.6

Rω =
(r dΩ/dr)h2

β
≃ −15

D = RαRω ≃ −
(
3Ωh

v0

)2
≃ −10



3. The “no-z” approximation (Subramanian & Mestel, 1993)

Thin disc, dimensional αω-dynamo equations:

∂Br
∂t

= − ∂

∂z
(αBφ) + β

∂2Br
∂z2

,

∂Bφ
∂t

= GBr + β
∂2Bφ
∂z2

.

For solutions of a simple form, e.g., Br,φ ∝ cos z/h    (see below),

∂

∂z
≃ 1

h
,

∂2

∂z2
≃ − 1

h2
.

Kinematic solutions: �B = �B0 exp(γt).

∂t ∂z2



(
γ +

β

h2

)
B0r +

α

h
B0φ = 0,

−GB0r +
(
γ +

β

h2

)
B0φ = 0.

Nontrivial solutions exist if
∣∣∣∣
γ + β/h2 α/h
−G γ + β/h2

∣∣∣∣ = 0,
∣∣∣∣ −G γ + β/h

∣∣∣∣

i.e., γ ≃ β

h2
(−1 +

√
−D),

tan p =
Br
Bφ

≃ −
√

α

−Gh = −
√

Rα
|Rω|

.

Magnetic field grows if D <∼ −1, with p ≃ − arctan 1
4
≃ −15◦.



Conclusions

• Mean-field dynamo is a threshold phenomenon:
γ > 0 only if |D| > |Dcr|.

• This inequality is plausible to be satisfied in galactic discs,
where D ≃ −10, but a more accurate solution is required.

• The pitch angle of the growing magnetic
field agrees with observationsfield agrees with observations
(for parameter values typical of galactic discs).

• For α0 ≃ l2
0
Ω/h, we have p ≃ −l0/h.

Since h grows with r, h ∝ ekr,

|p| decreases with r

(if l0 does not grow with r that fast),

as observed.
−p

, 
d

e
g

re
e

s



4. Perturbation solutions   

(Quadrupolar solution)                                           (Vacuum around the disc)

(Kinematic stage, where the Lorentz force is negligible, and so the velocity field is 

unaffected by magnetic field.)







4.1. An operator form of the equations



4.2. Free decay modes of quadrupolar symmetry



4.3. The form of the asymptotic solution



γ �B = (Ŵ + ǫV̂ ) �B, �B = C0�b0 + C ′
0
�b′
0
+ . . . , γ = γ0 + ǫγ1 + . . . ,

Ŵ�b0 = λ0�b0, Ŵ�b′
0
= λ0�b

′

0
,

∫
1

0

�b2
0
dz =

∫
1

0

�b′2
0
dz = 1.

Terms of order ǫ0 : γ0 = λ0.

Terms of order ǫ : C0γ1�b0 + C ′
0
γ1�b

′

0
= C0V̂�b0 + C ′

0
V̂�b′

0
.

∫
1

�

̂ ̂
∫
1

0

(· · ·) ·�b0 dz : C0(γ1 − V00)− C ′
0
V00′ = 0.

∫
1

0

(· · ·) ·�b′
0
dz : −C0V0′0 + C ′

0
(γ1 − V0′0′) = 0.

Matrix elements: Vmn =

∫
1

0

�bm · V̂�bn dz, Vm′n′ =

∫
1

0

�b′m · V̂�b′n dz.



4.4. First order results, Vnm =

∫
1

0

�bn · V̂�bm dz

C ′
0
= C0

√
V0′0
V

= − 2√
π
C0.C ′

0
= C0

√

V00′
= −√

π
C0.



4.5. Second order results



Vn′0 = −
1√

1 + 4/π
×
{
1, n = 0;
0, n �= 0.











The asymptotic solution developed for |D| << 1 remains 

applicable at  |D| ≅ |Dcr| > 1. 

Why?

Asymptotics formally applicable for |D| << 1 and |D| >>1 

happen to be consistent with each other, so both are 

reasonably accurate for |D| = O(1).



5. Random magnetic fields in the ISM

The fluctuation dynamo in the ISM:


