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“The argument in the past has frequently been a process of
elimination: one observed certain phenomena, and one
investigated what part of the phenomena could be
explained; then the unexplained part was taken to show
the effects of the magnetic field. It is clear in this case that,

the larger one’s ignorance, the stronger the magnetic field.”
L. Woltjer, Proc. IAU Symp. 31, 479-485 (1967)

“As usual in astrophysics, the way out of a difficulty is to
invoke the poorly understood magnetic field. ... One tends

to ignore the field so long as one can get away with it.”
D. CoX, in The Interstellar Medium in Galaxies, Kluwer, 181-200 (1990)



1. Necessity of dynamo action

JCan the magnetic fields observed be primordial?

Do they need to be maintained by ongoing
dynamo action?

dDynamo action: conversion of kinetic energy into
magnetic energy with no electric currents at
infinity



1.1. Magnetic fields in a highly conducting turbulent medium

“If R,,>> 1, magnetic field decays only slowly and so does
not necessarily need to be continuously maintained.”

Wrong, if the system is turbulent:

energy is transferred along the spectrum and then dissipates
in a time of order [5/vg, and this time is much shorter than
the Ohmic decay time (2 /n if Ry, = lgvg/n > 1.

Conclusion: any (3D, MHD) magnetised, turbulent system

must host a dynamo
(unless the magnetic field is driven by external currents or decays).

Even without turbulence, a sufficiently strong random magnetic field
would drive random motions, and they will drain magnetic energy.



1.2. Magnetic field in a differentially rotating, turbulent disc

(A) The decay problem (Parker 1979)

Fully ionised plasma, the Ohmic decay of a large-scale magnetic field is
very slow:

n=107(T/10%)73/2 cm?/s, vg= 10 km/s, h =500 pc
= R, 010%(1?), Tyecay = N?/N TJ10%7 yr >> Hubble time

However, turbulent diffusion destroys the large-scale magnetic field
much faster:

8 = 3lovg ~10%5 em® Tyecay = N%/B 5X108 yr = ge“ac“g(')'fe“me
S

Without dynamo action, turbulent magnetic diffusion destroys a large-
scale magnetic field in a fraction of the galactic lifetime.




(B) The wrap-up problem (parker 1979)

Q,(r)

N &

Expulsion of
magnetic field
from a region with
closed streamlines

(Moffatt, Magnetic Field
Generation in Electrically

Conducting Fluids, CUP,
1978, §3.7)



The action of differential rotation on magnetic field:
flux expulsion from a region with closed streamlines

2

O, =e ", Blieo=(0,1,0).

A. Baggaley




= |rdS)/dr|: rotational shear rate,
C. = GRZ/(: turbulent Reynolds number

(: turbulent magnetic diffusivity.

Initial growth:

End of the growth phase, t = to: amplification time = diffusion time,

1 [Ar(t)]? o
o= S, plto) = —C5M2




Galactic discs:

Vo R
G:V()/Ro, ﬁZ%loon — CwZS 0 0

vo o

~ 6000,

p:—C;1/22—10, AT:ROC;UQ:H)OPC,

Buax = BoCY? ~0.1uG  for By = 10~°G.

p~—1° Ar ~100pc, B ~ 0.1 uG:
a configuration very different from that observed,
p~ —15°, Ar > lkpc, B ~ 3 uG.

Conclusion: to avoid twisting by differential rotation,
the large-scale galactic magnetic field
has to be supported (by a dynamo action).
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2. Disc dynamos and
dynamo control parameters

B = large-scale magnetic field

OB Lo -
EZVX (aB+V x B)+ 3V*B
Cylindrical coordinates (r, ¢,2), €. | ©,

—

V =(0,70,0), Q=Q(r).

Thindisc: |z| <h, <R, R>>h,
5’B
022"’

0/0z > d/0r, 0/rdp = V2B =

Axial symmetry: 9/0¢ = 0.



The physical picture of the galactic dynamo

(A) Helicity of interstellar turbulence:
consequence of angular momentum conservation
in a rotating, stratified layer

= B

o~ — (F. Krause, 1967)



(B) Differential rotation: (C) Helical turbulence:
B, produced from B, B, produced from B,

€




2.1. Basic equations

%—?zv x (aB+V x B)+ 3V?B
N mao hO
B(t,r) = B(t,r,z)e"™? | e=— <1



ot

- 9B,
dz{ aBy) + 5.2 + ¢
B,
R.GB, + R, o752 —(aB,) +
928,
:EE
h
e=— <1,

9* By
0dz2

df)
G ’I“d—r



Thin disc, axisymmetric solutions, a’w-dynamo:

= meB)

8(,%‘ - GB, -I-%(CEB )+Ja;i‘b
. 2R

aziz =P aaz; |

G = rd)dr

Equation for B. splits from the system.

B. is supported through B, and B via d/dr



Dimensionless variables

N_zjd_l 0 P t :>0 G 0
T h T 9z hOE T R2/3 T Ot h? ot
5 )
QQ
OB, s, 0°B,. aoh
or — feg@Be)+ T, Ras 3
OB, 0 52 B, Th?
¢ = R,B,+R B ®.,  R,= .
At T a“(a SR “T 3




Drop~at dimensionless variables:

OB, 0 J°B
: — _R] 'Bm = < ]
Ot o (f)::(ﬂ p) + 022

o

B,— B, via a-effect

B, 9, & B,
) = Pw‘ Br —|— R”— : BF_ + — () '

B,— B_ via differential rotation v
B, -J!?t_-'J via a-effect



oaw-Dynamo: |R | >> R,

JB, s, O° B,
o _R“E(“? )+ 5a
an;} aLBrFJ
— = R.B, +——.
Ot wBr & 072
Introduce new variable B, = R, B/ and drop the dash:
B, 9, 0°B,
I . : B I _|
ot 6).::'('(l :]Jr 0%
0B, - B,
_ ) _ DBI _ Q ‘
Ot i 0z2

where D = R, R, is the dynamo number.




Boundary conditions

Br =1 = BG-;, =1 = () (vacuum boundary conditions)
OB, OB, |
- = — — (quadrupole)
Br|._o= Brl._o =0 (dipole)
Dipolar symmetry Quadrupolar symmetry
! !
| |
e i e e ol
2 W A 8 SRR s
! !
| |



2.2. Dynamo control parameters

NB! The Solar neighbourhood of the Milky Way, where
these estimates apply, may not be a typical location.

V 12Q)
Rotation ) = —. Qo = OT ~ 0.4 km/s,
r
B~ Llgvg ~ 1026 cm? /s
Vo >~ 200km/s, r ~ 10 kpc, 30000 )
lonised gas scale height R, = aoh ~ 0.6
h >~ 0.5 kpc, b
dQ/dr)h?
turbulent velocity vg >~ 10km/s, R, = r g r) ~ —15

turbulent scale [j ~ 0.1 kpc. 2
Q

Vo



3. The ”nO'Z" apprOXimatiOn (Subramanian & Mestel, 1993)

Thin disc, dimensional aw-dynamo equations:

OB, i 82
0By 82B¢
o e

For solutions of a simple form, e.g., B, ,[1 cos ZIh  (see below),

s, 1 0? 1

Ny — A ———

0z b’ 0z2  h?

Kinematic solutions: B = By exp(7t).



( hg)BorJthocp = 0,

o
_GB()T + ( h2) BO¢ = 0.

Nontrivial solutions exist if

y+6/h* a/h |
-G v+

e, v~ }?—2(—1 ++/—-D),

. BT. Q R,
anp = —\ =T = — :
P=B,~ "\ —acn R,

Magnetic field grows if D < —1, with p ~ —arctan ; ~ —15°.

S =



Conclusions

Mean-field dynamo is a threshold phenomenon:

v > 0 only if |D| > | Dl

This inequality is plausible to be satisfied in galactic discs,
where D ~ —10, but a more accurate solution is required.

The pitch angle of the growing magnetic

field agrees with observations

(for parameter values typical of galactic discs).

For ag >~ 1392/ h, we have p ~ —Iy/h.
Since h grows with r, h o< e*",
|p| decreases with r

(if lo does not grow with r that fast),

as observed.
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4. Perturbation solutions

0B 0 0*B
¥ _ ——(CEB ) . r }
ot 0z ; 022
0B, 0-B
—2 = DB, +—=*,
ot 2z
0B IB, | |
(3‘;‘ 0 —— 8'::] 5= 0 ’ BT‘ = B(_-’}’ =] — U .
(Quadrupolar solution) (Vacuum around the disc)
. 2 8B
o independentof t = B = By(z)e. s e vB, -~ =const.

(Kinematic stage, where the Lorentz force is negligible, and so the velocity field is
unaffected by magnetic field.)



Introduce new variable By, = Bj,/|D|:

e @ d? By,
"}"Bn,. = —\/‘D| d—“'({-l.Ba"‘j) e ([’”; :
D .  &B,
= B" e . D
I 00 Vf ‘Dl 0 s d:"?

and drop subscript ‘0" and dash to simplify the notation:
= if] d* B,

A'.BF‘ = —y/ D —\E Br-";- i ’
' vl | dz o v dz2
g 1?B,

By = \,.f’]D\Hi:_z;n(D)B,-Jr (I, — .
az-

For |D| << 1, derive an approximate solution for 3



Plan of the solution

1. Rewrite the equations in a matrix operator form and isolate the
unperturbed operator IV and the perturbation operator V'

S 2e\ 3 = B,
B=(W+[D'V)B, B= ( B ) .

2. Derive the EIGENVALUES A, and EIGENFUNCTIONS 13.” of the
unperturbed equation

—

AMb, = Whb,. n=012 ... A, < 0.

The eigenfunctions should satisfy the same boundary conditions as B.

The eigenfunctions form an ORTHOGONAL seton () < z < 1:

1 o .
]{} b, b, dz2=0 1f n<m.

—_ —

3. Expand v = o+ €y, + ..., B ~ S € (Crbp + CLDL)
substitute into the equations, take a dot product with b,,,,
integrate over = from 0 to 1 to obtain algebraic equation for C,,.



4.1. An operator form of the equations

d d“B,
’"‘r"Br = —|D W Bu : ’
| DI d= (aBy) + dz?
‘_ °By
vBy = \D\l/zsign(D)B?-—l-{ "

d =2

~ B = (W +|D|'7) B

72
k. = i \ - ; d
dz* = i My va )
(]2 V= dz
() sign D 0

D <0,signD =-1; €= |D|1/2? O = SINnT2



4.2. Free decay modes of quadrupolar symmetry

7

—

A\, = —7° (n.. - %)

with two eigenfunctions corresponding to each eigenvalue,

n=2012...,

Normalization
0 o_ ( br ) _ ( V2cos 2=, ) and orthogonality:
" 0 ’

, 1
WA r o 0 _ AN 5
5= (1)~ (Vawmiymm )| = ) BBtz =,
by, - b

T

=0, foranyn,m



4.3. The form of the asymptotic solution

")/é — Wé + Ef}é ; Wgn. — )\-n..gn-: ngz — )\ﬂgil

3a. First order: the perturbation removes the degeneracy
giving an O(1) correction to the eigenfunction and an O(g)

correction to the eigenvalue (e.g., Landau & Lifshitz, Quantum Mechanics).

B=Cobo+Cbh+.... y=Xo+ey+...

Substitute these expansions into the equation,

take dot product with by and iIntegrate over z from 0 to 1.
Repeat with 5’0.

Remember that the free decay modes are orthonormal.



yéz(w+e‘7)§, §:C050+0656+..., Y= +ey1+...,

1 1
Wg() — )\()g(), Wg/ — )\()_’/, 52 dz = [72 dz = 1.
0 0 0 0 0 0

Terms of order €’ 1~y = Ao.

Terms of order ¢ :  Coy1by + Chy1bly = CoVby + CLV b,
1
/ () bodz: Co(y1 — Voo) — CoVoor = 0.
0

1
/ (--)-bhdz: —CoVio+ Ch(vi — Vo) = 0.
0

1 1
Matrix elements: V,,,, = / b - Vb dz, Vi = / bV dz.
0 0



1
4.4. First order results, V. = / b, - Vb, dz
0

VUD — VCI"O’ — Vlo — V1f0 — V1f0f — 0:

3’7T T
V[]fo — —]_: Vlof — _I3 VUO" — _Z'
Voo 2
Ch = Co — Ch.
Voo N

- . . 1
’o : normalisation [, B*dz =1

2 1 T2
R cos —, Y1 =
0 1+4/7 2/ /T 2 &

1

1
o~ e



4.5. Second order results

’}/é — Wg -+ EVB},, an — )\nbnj WE;L — )\ﬂ»g;L

g — NO T € Z( jﬂg'n.. =+ (::Lg;

n=1

v=MXo+ ey €2y

Proceed as before.

)+ ...,






3

C,=0for n£01: ) =— ;
: 4732\ /1 + 4 /7

C! =0 for n#0.

o0
Ny = E Vrzﬁvﬁn T Vra’ﬁvﬁn"

N — = (0 forany a(z).

n=1



Second order results

_ > 3 1 —
B = by+ e— b-
ARVPRIE V1+4/m LT

va TZ 3 ~nc 3TZ
\/ 9 COS 5~ + €373 COS =5
1+4/7 — 2 cog Iz ’

2
T VT
YT T T

&

+O(e?).



In terms of original (physical) variables:

B,

&

_ TZ 3 3Tz
R,Cy |cos | —/—D cos
| 473/2 2

2

/%), D <.




Perturbation solution Numerical solution

2.0
1.5
5 B T I T T T | T T T 'I T T I ] T T i
- - 1.0
e ]
O E —

0.5 ¢




The asymptotic solution developed for |D| << 1 remains
applicable at |D| U|D,| > 1.

AR

Why?

Asymptotics formally applicable for |D| << 1and |D]| >>1
happen to be consistent with each other, so both are
reasonably accurate for |D| = O(1).



5. Random magnetic fields in the ISM

The fluctuation dynamo in the ISM:

# Dynamo time scale [y /vy == 107 years.
% Field within the ropes b,,,.. =~ \/47pvi = 5 uG.
# Ropes of length {; ~ 100 pc, thickness ig ~ loRml? ~ 15 pC.

lol2 .
% Volume filling factor f =~ % = Rl = 3% assuming
0
that there is one rope per turbulent cell,
and 3n% If there are n ropes.

# Other sources of turbulent magnetic fields:
tangling of the large-scale magnetic field,
compression by shock waves.



