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INTRODUCTION
Electrodynamics of conducting moving matter
and the kinematic dynamo problem

MEAN-FIELD ELECTRODYNAMICS

MEAN-FIELD MAGNETOFLUIDDYNAMICS

MEAN-FIELD ASPECTS OF THE KARLSRUHE DYNAMO
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THE KARLSRUHE DYNAMO EXPERIMENT
Muller, Stieglitz, ... 2000, ..

R=0.85m
H=0.71m
a=021m

h =0.19 m - pitch

52 "spin generators”

liquid sodium
n~0.17m%s
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Experiment proposed by Busse
1975
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Dynamo action in spatially periodic flows
G. O. Roberts 1972
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Two branches in the theory of the experiment

— Direct nummerical simulations
Busse, Tilgner 1996 ... 2004

— Investigations based on mean-field electrodynamics

Apstein, Brandenburg, Fuchs, Radler,
Rheinhardt, Schuler 1996 ... 2003

Good agreement of the results of both approaches
concerning onset and behavior of the dynamo
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The Roberts dynamo

® ®
Fluid velocity, e.g., —/),/, M h
uy = —u | (7/2) sin(rz/a) cos(ry/a) ] T g
® .@
uy = | (m/2) cos(mx/a) sin(my/a) | ) [\
@)

3]

uz = —uy(7/2) sin(rz/a) cos(my/a) j I
®
Non-decaying magnetic field modes ﬁ (’-\') |

B = R(B(z,y) exp(ikz + pt))
16

it Rm | R-'n'z,-H o(Rm |, k) > —ak

o

S

Rm | =wuja/2n, Rm) = ua /n
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The Roberts dynamo

Non-decaying magnetic modes if

, 16
Rm | Rm o(Rm k) > > ak
1.5 |
1.0 7
Most easily excitable modes
contain part .~
independent of x and y o5~ N  TTmmeealll |
(limit of small k)
0.0 .
0 o 10 15 20
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Mean-field electrodynamics with Roberts-like flows

Start with nV?B+V x(UxB)-8B=0, V.-B=0, V.U =0.

Define mean fields by

s 1 a a
Fz,y,2) =~ F(x—&y—mn,z)dEdy.
4(12 J—a J—a

S _ ®
Put B=B4band U=U +4u. ://U

Assume U = 0, @
u periodic in z and y, |
changes sign if 1
r—x-+aory—y+a, @‘_
steady. >

=\

8
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Mean-field electrodynamics with Roberts-like flows
Start with nV?B+V x(UxB)-8B=0, V.-B=0, V.U =0.

Define mean fields by
(I )

F(z,y,z) = 1/

442 Pz —~&y—umyyz) dEdy.

—a J—a

Pit B=B+band U=U 4 u.

Assume U = 0,
u periodic in x and y,
changes sign if
r—x-+aory—y+a,
steady.
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Mean-field electrodynamics with Roberts-like flows

Mean—field induction equation

nW?B+VxE-9B=0, V.-B=0.
E = (u x b)

Assume 83' = Q’IJPJ —|— bwk@PJ/i?mk

Definition of the mean fields

= a;; and b, independent of x and y
Assumed properties of u

= a;; and b;;, axisymmetric tensors w.r.t z axis

KHR Stockholm, January 2010



Recall:

e Other simple examples:

w axisymmetric turbulence, U = 0

E.g., inhomogeneous turbulence showing intensity gradient (V{(u?) # 0)
homogeneous turbulence subject to Coriolis force (angular velocity )
homogeneous turbulence influenced by a mean magnetic field (F)

Assume again & = a;;B; + b;;,0B;/0x,

AXxis of symmetry defined by unit vector e
a;j = a10;j+aze;je+aze;e;
bij. = b1€;jp 4 b20ijer + 030;p€5 + baojpe;
tbs€jjiep el +beepeje+brejpieiep +bgejejey.

Without loss of generality by = 0 and bg = bg

(€ijick + €jrici + €kiej)er = €k

KHR Stockholm, January 2010



Recall:

e Other simple examples [2]

Change of notation

a] — —Q1, Ao — —Q1, A3 — —Qo

b1, bo, b3, bs, b7, bg — combinations of 31, 31,31, K1, K2, K3
—
£ = —a;B—-ar(e-B)e—~vex B

— 31 VxB—-03>(e-(VxB)e—dex (V x B)
—k1e-(VB)®) —rsex (e (VB)S)) —ks(e-(e- (VB)®))e

(VB)} = L(9B,/0x; + 9B;/0x;)

KHR Stockholm, January 2010



Mean-field electrodynamics with Roberts-like flows

Under the assumptions made so far
E = —CELP—(C&H —«a)(e-B)e —~ve x B
~B1(V xB)— (8~ B)(e- (V xB))e
—B3e x (V(e-B)+ (e-V)B)
—51V(e-B) —é>5(e-V)B —53(e-V(e-B))e

Assume that «w independent of z
—> (?6H="}’=51=52=53=O
=& = —a | (B - (e-B)e)

—B.(VxB) - (B —BL)(e (VxB)e
—Bze x (V(e-B)+ (e-V)B)

KHR Stockholm, January 2010



Mean-field electrodynamics with Roberts flows

E = —a,(B-(e-B)e)

—B1(VxB) - (B —BL)(e-(VxDB))e
—Bze x (V(e-B)+ (e-V)B)

£=-a-B+-
0
o
0

o O O

Q|
o = 0
0

If B = B(zonly) then
El=—-a, B — (B +33)(VxB)|
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Mean-field dynamo models with Roberts-like flows

n"V?B—-a, Vx(B-(e-B)e)—9,B=0, V.-B=0

o R . .
C = —+" dimensionless measure of o effect
7]
C* marginal value of C £ = Coxt/O
a-effect region |[shape of dynamo module ._COHdUCtWItF . i e
in outer space of B
all infinite space m =0 7.66
: gy cylinder with £E=0 - 0921
ifinite slab B/ — 2l 1 gy = 0 A
infinite cylinder =1.21 e = w— ':'2
£ =il 6.1
/z. =0 AS 8.35
. s i 2o m =0 SA 8.34
sphere sphere =1 — 6.09
g = 8.80
Gailitis 1967
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Mean-field dynamo models with Roberts-like flows

n"V?B—-a, Vx(B-(e-B)e)—9,B=0, V.-B=0

o R . .
C = L7t dimensionless measure of a effect
n

C* marginal value of C

, | model m=0|m=0|m=1|m=2

8.22 8.46 8.62

- \ P
w (i) €=001 | 864 | 918 || 7.70 || 9.67
, ‘o

e (1) 001 | 9.02 9.60 8.12 || 10.12
(i) — R/H=1 (ii) 8.55 | 8.55 || 6.28 || 8.55

(i) — R/H = 1.21

KHR Stockholm, January 2010
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Dependence of the a-effect on the flow rates
£E=(uxb)=—-a,(B—(e-B)e)+ -
nV2b4+Vx (uxb) —-9b=-Vx(uxB), V-b=0

Uy = —u | (7/2) sin(wx/a) cos(ny/a)

uy = u | (7w/2) cos(rx/a) sin(ry/a)
Uy = — u||(7r/2) sin(mx/a) cos(my/a)

Roberts flow

NS
'v‘ ‘n' r\r“I @
7o)
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Dependence of the a-effect on the flow rates
E=(uxb=—a, (B—-(e-B)e)+---
nV2b4+Vx (uxb) —-9b=-Vx(uxB), V-b=0
Uy = —u | (7/2) sin(wx/a) cos(ny/a)
uy = u | (7w/2) cos(rx/a) sin(ry/a)

Uy = — u||(7r/2) sin(mx/a) cos(my/a)
Second-order correlation approximation

Roberts flow

- 2a
(IL — 3—277’KLLU/H
2
TN uja uja
= —Rm | BRm Rm| =—— Rmj=—"—
16a L LT oy =
2V, V,
TV
= 16a2h ah 2
a=nr VJ_:?’U;J_ V”:(J,’LL”

KHR Stockholm, January 2010



Dependence of the a-effect on the flow rates

Roberts flow

General result (for arbitrary Rm)

71'2(1 u

1 a
@ULUH Cb( 277

2
™
16a

)

Sl

1.5

"\ . Rm ¢(Rm )

1.0

0.0 1 l l l
0 5 10 15 20
Rm |

KHR
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Dependence of the a-effect on the flow rates
Roberts flow

8

a oy
I~

AN

All quantities in units of an, h/a = 0.905
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Dependence of the a-effect on the flow rates

Roberts flow .
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Dependence of the a-effect on the flow rates

Spin generator flow

KHR Stockholm, January 2010



Dependence of the a-effect on the flow rates

Spin generator flow

Second-order correlation approximation

a 1
2—?7’£L_J_(’ILHC —|- EuHH)

|

7 1
1
a?hn

1
Vi (Ve + EVH)

’tua

RmL=

ah 9
Vy = UL = ety

RmHC —

’tLHCCL ’tLHHCL

RmHH —

Ui Ui

2
VC = a uHC

KHR

Stockholm, January 2010



Dependence of the a-effect on the flow rates

Spin generator flow

General result (for arbitrarv Rm)

1
) + SUH P (

a u | a u | a
—U u C
> 1 (uyc oc( > o ))

.. 1
— ER‘TTLJ_(R’TTLHC dc(Rm ) + ER’TTLHH o (Rm ))
a
1

I Vi 1., Vi
= S —Vu(Vcoc(-=) + SVHon())
a<hn hn 2 hn

|

KHR Stockholm, January 2010



Dependence of the a-effect on the flow rates

Spin generator flow

6

All quantities in units of an, h/a = 0.905
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Dependence of the a-effect on the flow rates

Spin generator flow Isolines of C
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Experimental results
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Experimental results
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Experimental results

200 T
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Steps towards a refined mean-field theory of the experiment

— Boundary effects

— at plane bottom and top boundaries of the dynamo module
— at the curved boundary of the dynamo module

-- Mean-field conductivity etc due to the Roberts-like flow

-- Turbulence effects
— Limits of the mean-field concept

-- Saturation of the dynamo

KHR Stockholm, January 2010



The Karlsruhe dynamo with (u - (V x u)) = 0

Recall:

Homogeneous isotropic turbulence, SOCA, low-conductivity limit
1 d3g 1

o= [ {u@ ) (VX u@+60) = = 5wy
where u =YV X
For Roberts-like flows applies analogously 1
| = 2—77(“ - 1)

(w - %)  can well be unequal zero

evenif (u-(V xu)) =20 ”'

KHR Stockholm, January 2010



The Karlsruhe dynamo with (& - (V x u)) = O

An example

_ur =up =0, uz; =u

Lur = 0, up = wr,uy = ewa/2

otherwise . = O

(u- ) = (c1 Ve + ecaViy) Vy

KHR Stockholm, January 2010



The Karlsruhe dynamo with (& - (V x u)) = O

An example

Marginal dynamo states with ak = 0.9 7 = V/an

Case 2rila 2ry/a 2r3/a g VC VH
(1) 0.5 0.5 1.0 0.228 2 0.736
(ii) 0.5 0.5 1.0 0 2 0.805
(iii) 0.5 0.7 1.0 0 2 0.965

Radler and Brandenburg 2008

Helicity is unnecessary for Roberts dynamos, but it helps!!!

Cf. Gilbert et al. 1988
Helicity is unnecessary for a-effect dynamos, but it helps

KHR Stockholm, January 2010



Disc dynamo

df w
L—+RI=—06.
dt—l_ O,

—

il

dI
L+ (R-Q)I=0.

= I(#)=1(0)exp(— K _LW ,

R > decay

R <QF dynamo
B)‘

Werit — 2?'7?

Newark July 2008



Disc dynamo

considering the back-reaction
of the magnetic field

on the rotation rate

(,eddy current braking"™)

df w
L — R = o O = I'I
dt T 27 |

1d O w2

— @uﬁz L[z — Dw —
2cit(' T ) -

Newark July 2008



Disc dynamo

Back-reaction of the magnetic field
on the rotation rate

Steady case

- aa o M mm i dH e mm e e e e e mm e e e m = e = = = —— e

unstable

stable

Newark July 2008



Disc dynamo

considering the back-reaction
of the magnetic field

on the rotation rate

and an imposed magnetic field

—

i

dl W
L a7 + RI = o, b= g+ L'I

O w?

ale
T~

1d
_I’R

——(OWw+ LI =Dw—
Qdﬁ( T ) T

. _ Dr*

Newark July 2008



Disc dynamo

Back-reaction
of the magnetic field
plus imposed magnetic field Steady case

unstable

stable

Newark July 2008
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