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What is penetrative convection?

Schwarzschild’s criterionv2 ∝ δT
T g!

Fconv = ρvcpδT

δT
T ∝ ∇−∇ad

⇒ v = δT = Fconv = 0 when ∇ = ∇ad

∇ = ∇ad ⇒ δT = δρ = 0⇒ d#v

dt
∝ Archimedes + #g = #0 and not #v = #0

Pe =
V L

χ
where χ = K/ρcpKey parameter governing the penetration:



Our former local 2-D DNS using the Stein & Nordlund code
(2003 & 2005)






D ln ρ
Dt = −∇ · !v,

D"v
Dt = −(γ − 1)(e∇ ln ρ +∇e) + !g + 1

ρ∇ · (2νρS),

De
Dt = −(γ − 1)e∇ · !v + 1

ρ∇ · (K∇e) + 2νS2 − e−e0
τ(z)

✓ monatomic perfect gas under constant gravity 
✓ BCs: horizontal=periodic; vertical=stress-free for velocity/cst 

temperature at the top/cst flux at the bottom
✓ numerics: 6th-order compact finite differences and 3th-order in time



Example of a 2-D DNS: fluxes, entropy and penetration

Fluxes Penetration depth Peclet’s number

Pe =
V L

χ

FradFconv

Fkin

OVERSHOOT



Detecting g-modes using the anelastic subspace

Computation of the eigenmodes of the box:

v̂z(k, z, t) =
+∞∑

n=0

< !ψkn, v̂z > !ψkn

simulation eigenmode
projection coefficient

Ckn(t) ∝ exp(iωknt)

ω2

(
ξz −

1
k

dξx

dz

)
= N2ξz,

−kξx +
dξz

dz
+

d ln ρ

dz
= 0,

ξz = 0 for z = z1, z4

⇒

∣∣∣∣∣∣∣∣

[A]$ψ = ω2[B]$ψ

$ψ =
(

ξx

ξz

)



Example: time evolution of the mode l=1, n=0

comparison with the ‘classical’ wayCkn(t)⇒ Ĉkn(ω)



We want to solve the dynamics of the whole star

Spherical harmonics codes
(e.g. ASH)

star-in-a-box codes
(e.g. Pencil code)

sphere = surface of coordinates
spectral precision (Chebyshev+Legendre)

center = no pb
highly parallelizable (linear scalability)
non-linear termes (v.∇) = no pb

center = singularity!
nonlinear terms (v.∇) in the physical space
(spectral ↔ physical transformations)
non-trivial parallelization (transposition...)

~half of the grid points are lost
non-spectral precision
boundary conditions are quite problematic

The turning to global simulations



Our first global star-in-a-box simulations of 
penetration convection with the Pencil Code

✓as in a slab: 2 superposed polytropic layers (radiation below 
convection) + 1 cooling zone at the surface

✓a gaussian volume heating profile inspired from Dobler et al. (2006):

−div !F + ε = 0 where ε(r) =
L0

2πσ2
exp(−r2/2σ2)

⇒ 1
r

d(rF )
dr

= ε and 2πrF =
∫ r

0
2πt ε dt = L(r)

⇒ L(r) = L0

[
1− exp(−r2/2σ2)

]

⇒ F =
L

2πr
=

L0

2πr

[
1− exp(−r2/2σ2)

]
= −K

dT

dr



The hydrostatic equilibrium gives the analytic gravity profile:
dT
dr = − L(r)

2πrK = − g(r)
(m+1)R∗

⇒ g(r) = L(r)
2πr

m+1
K R∗

m=0
convection

m=5
radiation
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The astrophysical context: the Cepheids instability 
strip

BLUERED

What is the influence of the convection onto the growth rate of a 
mode when the convective turnover timescale ≈ mode period?



Mode excitation by the kappa-mecanism

Eddington’s valve mecanism (1917)

‘Normal way’ Ionization zone

L ∝ T 4

κ
d lnT

dr with Kramer’s law κ ∝ ρT−3.5 ⇒ δL
L ∼ 4 δT

T



Our simplified model



The linear stability analysis (Gastine & Dintrans 2007)

General oscillations equations

Pb: one first needs to solve a 
non-linear equilibrium 

(hydrostatic + radiative)

fixed-point algorithm



Computation of the eigenmodes

We compute the whole spectrum (QZ 
solver) or a given eigenvalue/eigenvector 

(iterative Arnoldi-Chebyshev solver)



Parametric survey and the corresponding instability strips



The physical criterion 
for instability: 

Ψ≈1

Why we got instability strips?

work integral



Let’s go back to the Pencil Code...

What we are doing What we are supposed to do! ;-)



The big problem: the radiative diffusion

One needs to deal implicitly the radiative diffusion term

The most favorable setups lead to                               at the surfaceχ = K
ρcp

∼ 1

Why? Because of the condition Ψ = <cvT0>∆m
ΠL ∼ 1



Our semi-implicit approach: The Rosenbrock scheme

dT
dt = 1

ρcp
div(K(T )!∇T )⇒ T n+1−T n

dt = Λx(T n)+Λx(T n+1)
2 + Λy(T n)+Λy(T n+1)

2

Λx(T ) = 1
ρi,jcp2dx2 [(Ki+1,j + Ki,j)(Ti+1,j − Ti,j)− (Ki,j + Ki−1,j)(Ti,j − Ti−1,j)]

where Ki,j means K(Ti,j)

Λ(Tn+1) ! Λ(Tn) +
(

∂Λ
∂T

)
n

(Tn+1 − Tn)

jacobian matrix J

(
I − dt

2 Jx − dt
2 Jy

)
Tn+1 =

(
I − dt

2 Jx − dt
2 Jy

)
Tn + dt [Λx(Tn) + Λy(Tn)]



(
I − dt

2 Jx − dt
2 Jy

)
(Tn+1 − Tn) = dt [Λx(Tn) + Λy(Tn)]

matrix A of size N²x N² quite heavy to invert 
using SOR or conjuguate gradient methods

The operator-splitting approach: 

A(Tn+1 − Tn) =
(
I − dt

2 Jx

) (
I − dt

2 Jy

)
(Tn+1 − Tn)− dt2

4 JxJy(Tn+1 − Tn)

enclosed in the explicit 
RK3 errors 

⇒
(
I − dt

2 Jx

) (
I − dt

2 Jy

)
(Tn+1 − Tn) = dt [Λx(Tn) + Λy(Tn)]



Rosenbrock splitting:





(
I − dt

2 Jx

)
α = Λx(Tn) + Λy(Tn)

(
I − dt

2 Jy

)
β = α

Tn+1 = Tn + dtβ

Now the final question is: where should we put this 
implicit stuff in the code?

Our try: the explicit physics become a source term after 
the rk_2n call in run.f90

⇒ two ways to do that...
source =

T n+1
explicit−T n

explicit
dt



First way: half of this source term is added in each direction





(
I − dt

2 Jx

)
α = Λx(Tn) + Λy(Tn) + source

2

(
I − dt

2 Jy

)
β = α + source

2

Tn+1 = Tn + dtβ

Second way: the source term is added at the end





(
I − dt

2 Jx

)
α = Λx(Tn) + Λy(Tn)

(
I − dt

2 Jy

)
β = α

Tn+1 = Tn + dt (β + source)



And the winner is...


