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Motivation

Three-dimensional conformal field theories are of interest in

@ M-theory: M2-branes, AdSs/CFT;
@ condensed matter: phase transitions, quantum critical points,...

@ mathematics: *'monopole operators’, 3d bosonization,
Here we will consider "Topologically Gauged "BLG" Theories":

@ i.e. matter/Chern-Simons gauge theory with N = 8 ("BLG")
superconformal symmetry coupled to conformal supergravity

o their Higgsing to chiral TMG supergravity
(similar to higgsing from M2 to D2 branes)

e comparison to similar results for ABJ(M) (N = 6)

o the possibility of a "sequential AdS/CFT"
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Background for the discussion: classical

We want to understand systems of N conformal M2 branes
with level k and 8 supersymmetries!
Examples of such field theories exist but relation to M2-branes tricky!

@ BLG: standard classical picture [Bagger, Lambert], [Gustavsson]
e parity symmetric N = 8 superconformal Chern-Simons-matter
theory
e only with SO(4) = SU(2) x SU(2) gauge group (i.e. N = 2)
e no U(1) factor i.e. no center of mass coordinates
e as a superconformal theory in 3d, any level k is possible
Reducing to 6 susy’s the M2-brane connection is clear [ABJM]
o ABJ(M) is a quiver theory with possible gauge groups
o Ui(N) x U_¢(N), for any k and any N
o SU(N) x SU_y(N), for any k and any N
(for N = 2 and k = 1,2 classically equivalent to BLG)
o SU(M) x SU_;(N) x U(1), for any k and any M, N
e Sp(N) x U(1), for any N
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Background for the discussion: quantum

The quantum picture for N = 8 is better:

monopole operators [ABJM, BKKS] can lead to enhanced symmetries
for ABJM theories and relations to BLG,

this can be checked by comparing moduli spaces [Lambert et al]

and by using localization techniques to compute partition functions
and indices [Kapustin et al]

@ supersymmetry enhancement:
Ex: ABJM Ui(N) x U_i(N) has 2 extra susy’s fork = 1,2

e U(1) enhancement

@ parity enhancement
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Motivation: some questions

Questions at the classical level:
e why is classical BLG restricted to only SO(4) ?
@ can CS(supergravity) help? (recall the role of CS(gauge)!)
@ what would such a CS-gravity construction (=topological
gauging) mean in M/string theory?
e in AdS/CFT?
@ role of HS (higher spin)?
Questions at the quantum level:

@ what aspects of CFT, can be taken over to CFT3?

e 3d bosonization? (recent speculations based on HS)
e vertex operator algebras?
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1. Brief review:
@ BLG: standard classical picture [Bagger, Lambert] [Gustavsson]

o N = 8 superconformal Chern-Simons-matter theory
o only with SO(4) = SU(2) x SU(2) gauge group (i.e. N = 2)

2. Some new results for Chern-Simons-matter theories with 8 susy’s

o the topological gauging of the global symmetries
[Gran,BN] [U. Gran, J. Greitz, P. Howe, BN]

@ higgsing to super-TMG (topologically massive supergravity)

@ the corresponding results in ABJ(M)
[Chu, BN], [Chu, Nastase, BN, Papageorgakis]

3. Summary and some speculations on
"Sequential AdS/CFT", Neumann b.c., etc [BN]
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3-dim N = 8 superconformal field theory : field content

The 3-dim BLG field content:
e scalars X/
e i: SO(8) R-symmetry vector index
o a: three-algebra index related to [T, T?, T¢] = f,T¢
(structure constants f here antisymmetric in a, b, ¢)
@ spinors ¢, (2-comp Majorana)
e with a hidden R-symmetry chiral spinor index (also real 8-dim),
o vector gauge potential A, % = A,cq [,

o conformal dimensions (deduced from their kinetic terms):
o -1/2 for X}
e -1 for 1y,
o -1for A, ("kinetic term" = Chern-Simons term)
[Schwarz]
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3-dim N = 8 superconformal field theory: Lagrangian

The BLG Lagrangian

L= —3(DuX")(D'X'a) + 50Dy Vg — FOHTX X g Wa f*
-V + %6“11)\ (fadeA,uabayA)\cd + %deagfefgbAuabAuch)\ef) )

where D,, = 0,, + A, and the potential (a "single trace")
V=L (XX XE ) (XXX f%y)

e can introduce a (quantized) level k by rescaling %,
large k = weak coupling (but on orbifolds k > 2 unclear)

@ no other free parameters!
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BLG transformation rules

The BLG transformation rules for (global) N = 8 supersymmetry are

oX{ = el 0,
(5‘1&1 = D/LX;’Y'MFIE + éXZIJX{*XS Fukebeda,

Demanding cancelation on the (Cov.der.)? terms in 6L implies
(5Auab = iE’)/NFiXél/}ddeab

Full susy needs the fundamental identity [Bagger, Lambert],
[Gustavsson]

fabcgfefgd _ 3fef[agfbc]gd 7

with the alternative but equivalent form [Gran, BN, Petersson]
f[abcgfelfgd —0.

@ one finite dim. realization, A4, with SO(4) gauge symmetry
(i.e. with levels (k, —k)) [Papadopoulos||Gauntlett, Gutowski]
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BLG: more properties

@ parity: interchanges the two quiver gauge fields for
SO(4) = SU(2) x SU(2) with levels (k, —k)

@ k= 1,2 related to M2-branes via ABIM with quantum U(1)
sector [Lambert, Papageorgakis],[Bashkirov, Kapustin]

@ The field equations for the Chern-Simons gauge field is
Fua+ €up(X0°Xg + 30" Wa)f*Pa = 0

i.e. it is not dynamical. In the light-cone gauge one can solve for
the entire vector potential!
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3-dim N = 8 superconformal gravity

Introduce CS-gravity by gauging the global symmetries of the BLG
theory

o Off-shell field content of 3-dim. N = 8 conformal supergravity :
euaa Xllu,v BZ; bijk17 Pijks Cijkl,

but no lagrangian exists[Howe.Izquierdo,Papadopoulos, Townsend]

@ On-shell Lagrangian = three Chern-Simons-like terms [Gran,BN]
(compare N = 1 [Deser,Kay(1983)], [van Nieuwenhuizen|, and for
any N [Lindstrom,Rocek] )

L= 3P Tro(@,0,0, + 30,0,0,)
- - 2
—ie_lea“”(Dufg,,’yg’yaDpXU)eﬁpg—e””pTri(B#&,Bp—l—gBuB,,Bp),

@ supercovariant spin connection: @,q5(e., X),)
@ CS terms are of 3rd, 2nd and 1st order in derivatives, respectively
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Symmetries of 3-dim N = 8 superconformal gravity

The local symmetries are here
@ 3-dim diff’s and local SO(8) R-symmetry

@ local N = 8 supersymmetry (f* is the spin 3/2 field strength)
de,* = i€(xX)Y*Xp, OXp = Dp,e(x),
5B = — Je()Ty f”,
@ local scale invariance

5Ae,ua = _¢(x)e,ua7 6AX,LL = —%¢(X)Xm 5ABZ = 07

@ and local N = 8 superconformal symmetry

5S€MO¢ = 07 5SXM = 7#77(')6)7
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Symmetries of 3-dim N = 8 superconformal gravity: Fierz

A proof a la Deser-Kay requires some nice Fierzing! [Gran, BN]

Typical expressions that arise multiplying each other are
@ the variation of supercovariant dual spin connection

8@ = =2i(ev,f* — Seu “enf”)
@ and the triple dual of the Riemann tensor
R = i
@ which can be expanded in the Fierz basis
(Gran’s GAMMA is very useful here!)

(—) (EXH)(fvfp)ewp =0,

(=) (Exa)(FPyfs) =0,

(1) (Exa)(F*Yfp),

(2) ("X p):

(3) e (about 30 basis elements)
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Topologically gauged BLG theory

e This supergravity theory has no propagating degrees of freedom!

o clear in the light-cone gauge: all non-zero field components (plus
04 on them) can be solved for [BN]
=> "topologically gauged BLG"
e Conformal supergravity can be coupled to BLG by Noether
methods

o to order (Cov.der.)* and (Cov.der.)* |Gran,BN|
o the full action now derived [Gran, Greitz, Howe, BN]

@ or other methods like

o demanding on-shell susy (as originally done for BLG)
[Gran, Greitz, Howe, BN]
o superspace |Gran, Greitz, Howe, BN],
following "the Dragon window" in 3d [Cederwall, Gran, BN]
see also [Howe, Izquierdo, Papadopoulos, Townsend]
and recently [Greitz, Howe],
[Kuzenko, Lindstrom, Targaglino-Mazzucchelli]
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Topologically gauged BLG theory: details

Supersymmetry to order (D,,)* gives the conformal coupling — £ X?R:
(f* is the dual field strength of the spin 3/2 field x,) [Gran, BN]

top _ conf cov

Lgrg = Lgay +Lpic
1 . = iV 3 ia [ S )
+%lexuffy ~YHWID, X" (Vihe supercurrent term’)

_ﬁ.ewpxupjxv (Xébpxjc;) + ﬁfMFiVM\I/aXQ

—EXR+ X!y,
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Topologically gauged BLG theory: more details

The extended transformation rules at order (D,,)? in 6L are

de,* = i\fZE’yaxu,

5X“ = \/EDME,
0B, = _ﬁgrij%%aft:\ii\ﬂI‘M’V(XZIJX!?’+u»i\/i(l‘ﬁ\“xz

7%‘(,@111‘/\1”’./7//")(1/\, - %@uf/zlwrifxﬂy
0X? = el 04,
60, = (DuX,— -, U )T e + LXpXIXATURe f24

1
V2

5A“ab = ig’y”FiXZ\dedeab*%é\Nl‘[/(X([XZ/fH/“/p
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Topologically gauged BLG theory: the transformation rules

The complete transformation rules with explicit coupling constants:
the level parameter A = <% and the gravitational coupling g
from rescaling of the trace (em = A€g and A% = 2)

Seu® = i€V Xps Oxp = Dyeg,
5BZ = _zieggf"j’Yu'YﬂfV*%\/11‘/\7/(’\<’X{/JX1/\1 i:: 2 Xl (X_

ig ijk k w/\ i il
- IE\ \l[ l ;1(111X \llu //1 [ emXa

6X! = i, I,

50, = AV'Tlen(DuXl — Ay, I'V,) + gxg;xfc'xgrff'ke e
+§r"e,,,x,,x,’)xt/, 5L enXaX °, (NEW)
0AL Y = NGy DXLy €y e X e,
g

+Ie,,,7,,r"<,g(,x;; T gq,,r’/gqx;;x}, (NEW)
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Topologically gauged BLG theory: the Lagrangian

The most interesting terms in L are

1 e

L o= L + Lo’ — 1 X°R—= V"
g

g

. 44%%){2 — 109,90, XX} + 20,070, X. X))

+

LBLG

the scalar potential has a single-trace (st) contribution from L.

Vi = 25 (XX, XK ey (X1, X0 XK €78 )
and a new triple-trace (tt) term

th‘

new

2 2\3 2\ vi vi vk vk ivivivi vkyk
= 5 () = 80O)XXLXEX] + 16XX,X, X X)X

@ but no new double-trace terms as in the ABJ(M) case

Topologically gauged '"M2-brane' theories with 8 supersymmetries: some new results Bengt E.W. Nilsson, Chalmers



13d

Topologically gauged BLG theory: new properties

The above Lagrangian has also a new kind of parity non-symmetric
Chern-Simons sector [Gran, Greitz, Howe, BN]

1 1
Lesay = ELCS(AL) + JLCS(AR)

where g 2
=2 -\ d:=2+A
a 3 , a 3 +
This is easy to see from the form of &Z\ﬁl = 0A% [, where gauging
=>
far = M = fu™ = S04 (1)

Note: In superspace one starts from a non-parity invariant quiver
Chern-Simons theory with independent level parameters a and o’
which in the Noether and on-shell susy 3-algebra approaches arise as
alevel A and a gravitational coupling constant (or level) g!

[Chu, Nastase, BN, Papageorgakis]
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Topologically gauged BLG theory: new properties

New theories?

Lesa) = ;LCS(AL) + JLCS(AR)

where
8

a::§—>\, a/::§+)\
New theories arise as follows
o for A = 0 the three-algebra indices can be extended arbitrarily:
—> gauge group SO(N) for any N
e even with non-zero A there is an additional new SO(3) theory for
certain values of the parameters

@ not parity symmetric but that is already so in the gravity sector!
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3-dim N = 6 superconformal field theory: ABJM basics

Stacks with more than two M2’s require less susy than N = 8§ —>
ABIM (classical): N = 6, any k and gauge group U(N) x U(N)
e scalar fields now complex Z4: in bifundamental of the gauge
group (A-index a 4 of the R-symmetry SU(4) x U(1))

e the ABJM quiver version uses no three-algebra f symbols,

@ but f can be reinstated [Bagger,lLambert]
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3-dim N = 6 superconformal field theory: more structure

It is natural to use |BN.Palmkvist]
o % ., where [ab] and [cd]
o (ZM* =Z4, (Wa,)* = WA
Then the ABJM theory is (with V on the next slide!)

L o= —NDZHDIZY) + LV D,y
—Lf O U S ZPZE + i caVaa Vs ZE Z
—Leapenf b g VAUBIZEZD TeAPCPF b VU ZZ4
Vo S LA, 05 3 AL A,
and the fundamental identity (solutions classified by Palmkvist)

TP gy = £ o e
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Topologically gauged N = 6 superconformal ABJ(M)

The BLG type of new potential was found first for ABJ(M) [Chu, BN]

@ The complete topologically gauged ABJM lagrangian has about
25 new terms including a new Ug(1) CS gauge field

e New scalar interaction terms (with explicit A and g) :
First: Recall the original ABJ(M) potential (single trace in 3-alg.)

Visson = 21TPral’s YPpa = NP eaZSZ0 25 N cably 2075 2.
The new terms with one structure constant are (double trace)
Vel = —SNalZPZEZ)ZEZ — SN Zi 2 (20 Z5) 20 2 -

and without structure constant (triple trace)

Vier = =& (e (121P) = 5121°12I* + 5121°) -

o also new Yukawa-like terms without structure constant
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Higgsing of topologically gauged ABJIM

Two observations:

o Higgsing to D2 branes leaves the theory at an AdS chiral point
similar to the one of Li, Song, Strominger [Chu, BN]

@ Scaling limits can be taken in different ways
[Chu, Nastase, BN, Papageorgakis]
Several steps needed:

@ introduce two parameters A = 27” and g
(via the triple product and the trace)

o expand the theory around a real VEV v: Z4 = y§4* 4 74

@ limits are taken in A, g, v with various combinations kept fixed
(including the gauge group): see below

@ identify the six new ordinary supersymmetries:
Quas = Qcrr + Scrr(n = ....€)
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Higgsing of topologically gauged ABJM: the chiral point

The appearance of the chiral point is seen from the
scalar/gravitational terms [Chu, BN| (before introducing A and gxs)

LA BIM __ 6

e .2 e
higgsed — LCS(grav) — 3V R — 7567

o thus % = % and comparison to chiral gravity implies that
p=r"=r2ie pul=1

o The sign of the Einstein-Hilbert and cosmological terms are as in
TMG, i.e., opposite to the signs used by Li, Song and Strominger
=> negative energy black holes, non-unitarity, etc
(see Deser and Franklin)

o these features are dictated by the sign of the ABJM scalar kinetic
terms (via conformal invariance)!

e introducing more parameters (levels) does not alter this
conclusion
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Higgsing of topologically gauged theories with 8

supersymmetries: the chiral points of the SO(N) model

The appearance of the chiral point for N = 8§ is seen from the terms

L5OM) = Ly — 6X°R — 555 (X2)° — 8X°X* 4 16X°)
where (a=1,2,...,N and i=1,2,..,8)
XU =X.X], X*=wr(XV), x*=XxIxV, X°=xIX'x" (2

Compare to the TMG version of Li, Song and Strominger:

LLSS - ﬁ(iLCS(gmv) - (R - 2A)>7 A=—1

12
2 2.6
@ one non-zero <X>=> Kk’j = g, &= é, ﬁ = %
o =>ul=1/37

Topologically gauged '"M2-brane' theories with 8 supersymmetries: some new results
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Higgsing of topologically gauged theories with 8

supersymmetries: the chiral points of the SO(N) model

2

L) = L1 g gra) — 16X°R — 58535 (X7)? — 8X°X* + 16X°)
where (a=1,2,...,N and i=1,2,..,8)
XV =x.X, X*=wr(X"), x*=Xxx X°=XIx*x" (3)

aar

There are two critical points on the market:

@ chiral AdS with ul =1

o null-warped AdS with ul = 3
A more general set of VEV’s are matrix VEV’s: set < X!, >= vd},
with1,A=1,2,..,p

@ critical AdS forp =2

o null-warped AdS forp = 3,6

@ Minkowski for p = 4
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Higgsing of topologically gauged ABJM: the scaling limits

ABIJIM: After introducing A and gjs (=g above) the relevant terms are
schematically:

L = LCS —|Z*R + ;(AdA + A?) — DZDZ
)\2 1- trace) - )\gMV(Z—trace) o gilv(3—tmce)

e in the ABJM formulation (no ”f”) there are two gauge fields, A"
and AR with opposite signs of the levels: for higgsing we need to
o let AT and A~ be their sum and difference
o then the gauge theory CS-term reads: +A~F ' (with At in D))
o the Z kinetic terms gives a term v? (A~ )2
e combining these two last steps gives a kinetic term ﬁ (FT)?

thus with £ — co we need v — oo to keep gy fixed,
fixing also the cosm constant requires taking gy — 0
gravitational coupling & is prop. to %

no subleading terms after taking the scaling limits
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Higgsing of topologically gauged ABJM: the scaling limits

A second version of the scaling limit is obtained multiplying the
whole action by glzuz

2 _
L = Lesw) — 8ulZIPR+ %L(AdA + A%) — gy DZDZ
_)\Zgjzwv(l—trace) o )\gﬁ/IV(Z—trace) _ gg/IVG—tmce)

Sending k to co now leads to two fixed but tunable parameters:
122
° gy = g%’: and x? = @
The higgsed lagrangian reads
L = Leg) — (54 )R+ -(F")? — -DiDz
8ym 8ym
— (= (2)* + subleading) — (= (2)* + subleading)
8ym K*8ym
—(& + == (2) + =1~ (2)* + subleading)

KO Kgym KA ghy

@ "subleading" refers to higher powers of 8;11}1
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Summary

@ SO(N) gauge groups for any N possible
in topologically gauged "free BLG"
o Topologically gauged theories exhibit spontaneous symmetry
breaking to YM/matter theories coupled to chiral TMG gravity:
o Chiral point in the "free BLG": critical AdS or null warped AdS!
e Chiral point in the ABJ(M) case: critical AdS
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Summary

@ SO(N) gauge groups for any N possible
in topologically gauged "free BLG"
o Topologically gauged theories exhibit spontaneous symmetry
breaking to YM/matter theories coupled to chiral TMG gravity:
o Chiral point in the "free BLG": critical AdS or null warped AdS!
o Chiral point in the ABJ(M) case: critical AdS

@ "Sequencial AdS/CFT" 7?7: [BN] ( [Marolf et al], [Vasiliev(2012)])
AdSY?< /TGCFTs — CPAdS;/CFT»

° AdSiV'b"" = AdS w/ Neumann b.c. ( [de Haro][Compere, Marolf])
o TGCFT; =top. gauged CFT3
o CPAdS; = 3d TMG at the Chiral Point
o CFT, 7

Change of foliation in AdS4 = 3d higgsing ? HS ?

AdS foliations, see |Andrade, Uhlemann (2011)]

and [Ohl, Uhlemann (2012)] (unitarity issues (for singletons))

Topologically gauged '"M2-brane' theories with 8 supersymmetries: some new results Bengt E.W. Nilsson, Chalmers



Some relevant aspects of AdS4/CFT3: 1

Start from the Fefferman-Graham metric [Compere,Marolf] [de Haro]

2 .
ds* = r—z(dr2 + (mij + hij(r, x))dx'dx’) )

@ h;j = 0 gives the AdS metric with its boundary at r = 0
@ h;(r,x) is the deviation from AdS allowed by Einstein’s eq’s

2.
h; fh i+ Ohyj=0, (hy=hl","=0,) (5)

y

e given in even and odd power series in the radial coordinate r

hy(r,p) = (14 5 (p) + ((pr) + )0 (p) — (©)
@ both D and N b.c. are possible
@ at the AdS boundary one may impose

0V2h) = tewdihy” @)
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Some relevant aspects of AdS4/CFT3:11

This corresponds to adding a grav. Chern-Simons term to the 3d
boundary CFT: (below Cj; is the Cotton tensor)

o with D b.c.: A is a fixed source and < T;; >= hl(f) — Cy(h®)
@ this defines the usual CFT, that is CFTp
A second CFT, CFTy, is obtained for Neumann b.c.,i.e. < Tj;; >= 0,
or hgj‘?’) = Cy(h?): we need a dual pair (b0, < T;; >)
o Set C;;(h®)) =< T;; > and solve for /() using the
corresponding dual equation < Tj; >= Cy(h")
@ can be done in momentum space [de Haro] or in light-cone [BN]
hiy =—207°T,_
hiy=—073T__
Ophyy =20"Ty, —2073(8:T»)
Orhin = 30T — 02 (0 To-)
Phyy=—0""Tiy + 07 (03Tn)
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Some relevant aspects of AdS4/CFT3:111

Thus, we have the two dual CFT’s of opposite parity both
AdS/CFT-dual to the bulk theory:
o T;j = C; and Tjj = Cj; in the two CFT’s are like
electric-magnetic variables
@ S-duality between the two CFT’s:[de Haro]
o actually a Legendre transformation: W(h) = W(h) + V(h, h)
o with V(h,h) = CS(h, h) (= 2’nd variation of the CS functional)
3d boundary theories with supersymmetries
@ N = 1 susy: see [de Haro| [Amsel, Compere] [Becker et al]
@ N =6 and N = 8: This talk!
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