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Motivation I: fast thermalization at RHIC

~
 1

0 
fm

„thermalized” after < 1 fm/c

There are significant evidences that relativistic heavy ion collision program at RHIC 
(now also at the LHC) created strongly coupled quark-gluon plasma (sQGP).
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Successful description of experimental data is based on hydrodynamic simulations 
of an almost perfect fluid of                      starting on very early (< 1 fm/c).

Heinz  (2004)

�/s = O(1/4⇥)

This very fast „thermalization” is a puzzle!!!

Holographic media seem to always „thermalize” that quickly.  This leads to questions

- (AdS/CFT and gravity) understand mechanisms ensuring fast „thermalization” on the gravity side;

- (phenomenology) derive predictions for HIC „thermalization” assuming strong coupling.

the stress tensor is described by hydrodynamics

=



Motivation II: close-limit approximation
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Holographic thermalization is a process in which a part of spacetime, dual to a non-
equilibrium state, evolves to become (a patch of) a static black hole*.

Existing studies of holographic thermalization are however based on solving 
numerically time-dependent Einstein’s equation in the nonlinear regime (hard).

If the non-equilibrium state is described by a slightly perturbed black hole solution, 
thermalization process is captured by QNMs/linearized Einstein’s equations (easy).

In black hole mergers, as soon as single horizon forms, linearized Einstein’s equations 
give a good approximation of radiation pattern at infinity (close-limit approximation)

Horowitz & Hubeny  (1999)

Chesler & Yaffe (2008, 2009, 2010), Heller, Janik & Witaszczyk (2011) and other studies

Price & Pullin (1994)

RHIC
0.5 fm/c x 350 MeV = T tiso = 0.63

lowest QNM of AdS BH
T / |Im(frequency)| = O(1)



Motivation III: going beyond „the Vaidya paradigm”
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The general lore is that time-dependent black branes require complicated numerics

Omnipresent toy-model in the literature is the AdS-Vaidya spacetime 

4

brings the metric (1) in the form

ds
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On the boundary, the coordinates v and t coincide. We take the mass function of the infalling shell to be

m(v) =
M

2

✓
1 + tanh

v

v

0

◆
, (4)

where v

0

parametrizes the thickness of the shell falling along v = 0. We will often be interested in the zero thickness
limit v

0

! 0. The Vaidya metric describes a shell composed of tensionless null dust, which represents an analytical
simplification of the tensionful shell models studied in [25] and of the model of [23].

The geometry outside the infalling shell (which corresponds to v > 0 in the zero thickness limit) is identical to
that of an AdS black brane geometry with Hawking temperature T = dM

1/d
/4⇡, while the geometry inside the shell

(v < 0 when v

0

! 0) is the same as that of pure AdS geometry. The causal structure of the Vaidya space-time is
shown in Fig. 1.

FIG. 1: The causal structure of the Vaidya spacetime (in the v

0

! 0 limit) shown in the Poincaré patch of AdS space. In this
presentation, the asymptotic boundary (vertical line on the right hand side) is planar, and the null lines on the left hand side
of the diagram represent the Poincaré horizon.

2. Probes of thermalization

In order to probe the dynamics of the thermalization process, one can study a variety of observables of the boundary
gauge theory. Expectation values of local gauge-invariant operators, such as the energy-momentum tensor and its
derivatives provide valuable information about the applicability of viscous hydrodynamics, but they cannot be used
to explore deviations from thermal equilibrium in detail. Nonlocal observables such as pair correlation functions,
Wilson loop expectation values, and entanglement entropy provide much more information about progress towards
thermalization. (They are also relevant to the physics probed in relativistic heavy ion collisions, e. g. through the jet
quenching parameter q̂ [35, 36] and the color screening length.)

To illustrate, consider spatially homogeneous states of a weakly interacting massless scalar field. The energy-
momentum tensor can be expressed as

T

µ⌫ =

Z
dk

k

0

k

µ
k

⌫
n(k), (5)

where n(k) = ha†kaki denotes the occupation number of a momentum mode of the scalar field. (There is no spatial
dependence of the stress tensor because the field configuration is homogeneous here.) It is obvious from (5) that
this observable contains only limited information about the particle distribution. In particular, Tµ⌫ cannot inform
us whether thermal equilibrium has been reached; it only tells us whether the pressure is locally isotropic. This is
not even a su�cient condition for the matching of the field theory to hydrodynamics, because the equation of state

ds

2 = 2drdv � r

2

✓
1� M(v)

r

4

◆
dv

2 + r

2
d~x

2

This is a solution of Rab �
1

2
Rgab � 6gab = Tab with

     of non-dynamical null dust (                                        ),T ab
T ab @a ⌦ @b =

3

2r3
M 0(v) @v ⌦ @v

e.g.                                    M(v) =
M

2
(1 + tanh v/v0)

The main issues with the AdS-Vaidya are

- it is not dynamical ( we can take any M(v) as long as M’(v)>0 )
- confusing „instantaneous thermalization” of local observables and no hydro tail

 Can one one do better by simple means, at least in some cases?
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Current state of the art

Collide 3-dimensional „heavy nuclei”
using 4+1D numerical relativity in AdS

Understand the imprint of color field 
fluctuations on the initial data for hydro

Collision of two infinite sheets
 using 2+1D simulation in AdS

Ultimate goals of holographic thermalization pheno

Scott Moreland (QM 2012)

3

E/µ4
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FIG. 1: Energy density E/µ4 as a function of time v and
longitudinal coordinate z.

disjoint support. Although this is not exactly true for our
Gaussian profiles, the residual error in Einstein’s equa-
tions is negligible when the separation of the incoming
shocks is more than a few times the shock width.

To find the initial data relevant for our metric ansatz
(1), we solve (numerically) for the di↵eomorphism trans-
forming the single shock metric (8) from Fe↵erman-
Graham to Eddington-Finkelstein coordinates. In par-
ticular, we compute the anisotropy function B± for each
shock and sum the result, B = B

+

+ B�. We choose the
initial time v

0

so the incoming shocks are well separated
and the B± negligibly overlap above the apparent hori-
zon. The functions a

4

and f
2

may be found analytically,

a
4

= � 4

3

[h(v
0

+z)+h(v
0

�z)] , f
2

= h(v
0

+z)�h(v
0

�z).
(10)

A complication with this initial data is that the metric
functions A and F become very large deep in the bulk,
degrading convergence of their spectral representations.
To ameliorate the problem, we slightly modify the initial
data, subtracting from a

4

a small positive constant �.
This introduces a small background energy density in
the dual quantum theory. Increasing � causes the regions
with rapid variations in the metric to be pushed inside
the apparent horizon, out of the computational domain.

We chose a width w = 0.75/µ for our shocks. The
initial separation of the shocks is �z = 6.2/µ. We chose
� = 0.014 µ4, corresponding to a background energy den-
sity 50 times smaller than the peak energy density of the
shocks. We evolve the system for a total time equal to
the inverse of the temperature associated with the back-
ground energy density, T

bkgd

= 0.11 µ.

Results and discussion.— Figure 1 shows the energy
density E as a function of time v and longitudinal position
z. On the left, one sees two incoming shocks propagating
toward each other at the speed of light. After the colli-
sion, centered on v = 0, energy is deposited throughout
the region between the two receding energy density max-
ima. The energy density after the collision does not re-
semble the superposition of two unmodified shocks, sepa-
rating at the speed of light, plus small corrections. In par-
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FIG. 2: Energy flux S/µ4 as a function of time v and longi-
tudinal coordinate z.
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FIG. 3: Longitudinal and transverse pressure as a function
of time v, at z = 0 and z = 3/µ. Also shown for compari-
son are the pressures predicted by the viscous hydrodynamic
constitutive relations.

ticular, the two receding maxima are moving outwards at
less than the speed of light. To elaborate on this point,
Figure 2 shows a contour plot of the energy flux S for
positive v and z. The dashed curve shows the location
of the maximum of the energy flux. The inverse slope
of this curve, equal to the outward speed of the maxi-
mum, is V = 0.86 at late times. The solid line shows the
point beyond which S/µ4 < 10�4, and has slope 1. Ev-
idently, the leading disturbance from the collision moves
outwards at the speed of light, but the maxima in E and
S move significantly slower.

Figure 3 plots the transverse and longitudinal pressures
at z = 0 and z = 3/µ, as a function of time. At z = 0,
the pressures increase dramatically during the collision,
resulting in a system which is very anisotropic and far
from equilibrium. At v = �0.23/µ, where Pk has its
maximum, it is roughly 5 times larger than P?. At late
times, the pressures asymptotically approach each other.
At z = 3/µ, the outgoing maximum in the energy density
is located near v = 4/µ. There, Pk is more than 3 times
larger than P?.

The fluid/gravity correspondence [17] implies that at
su�ciently late times the evolution of Tµ⌫ will be de-
scribed by hydrodynamics. To test the validly of hydro-

Chesler & Yaffe (2010)

Motivation IV: simplifying gravity description



Key question
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or more concretely, to which extend do solutions of linearized 
Einstein’s equations („easy”) reproduce the full nonlinear result (hard)?

How complicated is holographic thermalization?

If some aspect of it is linear, this might lead to significant simplifications.



Holographic thermalization setup
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AdS/CFT correspondence and thermalization
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From applicational perspective AdS/CFT is a tool for computing correlation functions 
in certain strongly coupled gauge theories, such as          SYM at large      and N = 4

In its simplest instance, considered also here, AdS/CFT maps the dynamics of the 
stress tensor of a holographic CFT1+3 into (1+4)-dimensional asymptotically AdS 
geometry being a solution of

Nc �

Rab �
1

2
Rgab � 6 gab = 0

The stress tensor is read off from near-
boundary expansion of dual solution

Of interest are geometries which interpolate between far-from-equilibrium states at 
the boundary at initial time tini and thermalized ones at (some) larger time tiso

Skenderis et al. (2000)0

Minkowski spacetime

bulk of AdS

x

0 = t

tini

The criterium for (local) thermalization 
is that the stress tensor is to a good 
accuracy described by hydrodynamics

z=1/r

x

1



Setup (field theory)
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Imposing conservation and tracelessness (CFT!) reduces it to

The field theory dynamics of interest is isotropization of stress tensor (without 
any sources). The matter fills the whole spacetime and is translationally invariant.

The most general stress tensor retaining (for simplicity) SO(2) symmetry reads

Field theory state in this sector of dynamics is thus specified by the energy density 
(constant in time) and a single function of time measuring pressure anisotropy         

✏

There are two simplifying features intrinsic to this setup:

2) Due to translational invariance no hydrodynamic modes are excited.
1) The final configuration is known precisely from the start;

Thermalization criterium is thus based on the smallness of pressure anisotropy 

hTµ⌫i = diag {✏(t), PL(t), PT (t), PT (t)}

hTµ⌫i = diag

⇢
✏,

1

3
✏� 2

3
�P (t),

1

3
✏+

1

3
�P (t),

1

3
✏+

1

3
�P (t)

�

�P (t)

�P (t)



Setup (gravity side)

11/35

The symmetries of boundary stress tensor dictate the following metric ansatz

where there is a redundancy in the choice of ftr(t,r), ftt(t,r) and frr(t,r)

Following Chesler and Yaffe (2008) we choose ftr(t,r)=1 and frr(t,r)=0 being 
generalized ingoing Eddington-Finkelstein coordinates.

The coordinates are regular at the horizon and extend also behind it. Ingoing radial 
light rays propagate along curves of constant t, x1, x2, x3. 

The unique regular time-independent solution of Einstein’s equations with negative 
cc is isotropic and is just the usual AdS-Schwarzschild black brane reading

A patch of this solution will be the end point of studied isotropization process.

Janik & Witaszczyk (2008)

A = r2(1� ⇡4T 4

r4
) ⌃ = r B = 0                   ,               and  

ds

2 = �fttdt
2 + 2ftrdtdr + frrdr

2 + ⌃2
e

�2B
dx

2
1 + ⌃2

e

B(dx2
2 + dx

2
3)

ds

2 = 2dtdr �Adt

2 + ⌃2
e

�2B
dx

2
1 + ⌃2

e

B(dx2
2 + dx

2
3)



Solving Einstein’s equations in time
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Let’s look closer at Einstein’s equations

2

as an absorber of gravitational radiation — any radiation
which passes through the horizon cannot escape back to
the boundary. At late times when the boundary geom-
etry is no longer changing, the bulk geometry outside
the horizon will relax and asymptotically become static.
This is the gravitational description of thermalization in
SYM.

Di↵eomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =�A dv2 + ⌃2

⇥
eBdx

2

? + e�2Bdx2

||
⇤
+ 2dr dv , (3)

where A, B, and ⌃ are all functions of the radial coor-
dinate r and time v only. Infalling radial null geodesics
have constant values of v (as well as x? and x||). Out-
going radial null geodesics satisfy dr/dv = 1

2

A. At the
boundary, located at r = 1, the coordinate v coincides
with the boundary time t. The geometry in the bulk at
v > 0 corresponds to the causal future of t > 0 on the
boundary. The form of the metric (3) is invariant under
the residual di↵eomorphism r ! r + f(v), where f(v) is
an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of di↵erential equations:

0 = ⌃ (⌃̇)0 + 2⌃0 ⌃̇� 2⌃2 , (4a)
0 = ⌃ (Ḃ)0 + 3

2

�
⌃0Ḃ + B0 ⌃̇

�
, (4b)

0 = A00 + 3B0Ḃ � 12⌃0 ⌃̇/⌃2 + 4 , (4c)
0 = ⌃̈ + 1

2

�
Ḃ2 ⌃�A0 ⌃̇

�
, (4d)

0 = ⌃00 + 1

2

B02 ⌃ , (4e)

where, for any function h(r, v),

h0 ⌘ @rh, ḣ ⌘ @vh + 1

2

A @rh . (5)

Eqs. (4d) and (4e) are constraint equations; the radial
derivative of Eq. (4d) and the time derivative of Eq. (4e)
are implied by Eqs. (4a)–(4c).

The above set of di↵erential equations must be solved
subject to boundary conditions imposed at r = 1. The
requisite condition is simply that the boundary metric
gB

µ⌫(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r!1

⌃(r, v)/r ⌘ 1 , lim
r!1

B(r, v) ⌘ B
0

(v) . (6)

One may fix the residual di↵eomorphism invariance by
demanding that

lim
r!1

⇥
A(r, v)� r2

⇤
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If S

G

denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµ⌫(x) = (2/

p�gB(x)) �S
G

/�gB

µ⌫(x) .

Near the boundary one may solve Einstein’s equations
with a power series expansion in r. Specifically, A, B and
⌃ have asymptotic expansions of the form

A(r, v) =
X

n=0

[ an(v) + ↵n(v) log r] r2�n , (8a)

B(r, v) =
X

n=0

[ bn(v) + �n(v) log r] r�n , (8b)

⌃(r, v) =
X

n=0

[ sn(v) + �n(v) log r] r1�n . (8c)

The boundary conditions (6) and (7) imply that b
0

(v) ⌘
B

0

(v), s
0

(v) ⌘ 1, a
0

(v) ⌘ 1, and a
1

(v) ⌘ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coe�cient, b

4

(v).
All other coe�cients are determined by the boundary
geometry, Einstein’s equations, and b

4

(v) [10].
By substituting the above series expansions into the

variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coe�cients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coe�cients, the SYM
stress tensor reads

Tµ
⌫ = (N2

c /2⇡2) diag(�E ,P?,P?,P||) , (9)

where (with b(k)

0

⌘ @k
v b

0

):

�E = 3

4

a
4

+ 1

256

h
3(b(1)

0

)4 + 14(b(2)

0

)2 � 4b(1)

0

b(3)

0

i
, (10a)

P? = � 1

4

a
4

+ b
4

+ 1

768

h
21(b(1)

0

)4 � 468(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

+ 64b(4)

0

i
, (10b)

P|| = � 1

4

a
4

� 2b
4

+ 1

768

h
21(b(1)

0

)4 + 936(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

� 128b(4)

0

i
. (10c)

Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives ⌃̇, Ḃ, and A00. Define

⇥(r, v) ⌘
Z 1

r
dw

⇥
⌃(w, v)3 � h

1

(w, v)
⇤�H

1

(r, v) ,

(11a)

�(r, v) ⌘
Z 1

r
dw

h
2⇥(w, v)B0(w, v) ⌃(w, v)�3/2

� h
2

(w, v)
i
�H

2

(r, v) , (11b)

where Hn is an indefinite (radial) integral of hn,

hn = H 0
n . (12)

Then Eqs. (4a)–(4c) are solved by

⌃̇ = �2⇥ ⌃�2, (13a)
Ḃ = � 3

2

�⌃�3/2 , (13b)

A00 = �4� 24⇥ ⌃0⌃�4 + 9

2

�B0 ⌃�3/2 . (13c)

0 = ⌃00 +
1

2
(B0)2⌃

0 = ⌃̈+
1

2
(Ḃ2⌃�A0⌃̇)

dynamical equations (EOMs) constraintsif obeyed at const. r + EOMs 
then obeyed everywhere

if obeyed at const. t + EOMs 
then obeyed everywhere

(                  ,                                           )h0 = @rh(t, r) ḣ = @th(t, r) +
1

2
A(t, r)@rh(t, r)

On a constant t slice    and B are related by a constraint                        .  As B 
appears quadratically (important later on), we choose it to characterize initial state.          

B is not completely arbitrary - it needs to satisfy near-boundary (large r) expansion 
with AdS asymptotics (no sources - flat boundary metric, see the next slide).

Once B and    are known on a given time slice, one can use EOMs to obtain first
   , then    and finally A. Having those guys one can solve    and     for       and       
and choose your favorite finite difference scheme for making a step in time 

⌃ ⌃00 +
1

2
(B0)2⌃ = 0

⌃̇

Chesler & Yaffe (2008)

Ḃ

⌃

Ḃ ⌃̇ @tB @t⌃

The only remaining issue is the choice of the bulk cut off for radial integration. By 
trials and errors we put it behind the event horizon on the initial time hypersurface.



What’s new?
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Holographic isotropization was considered before in Chesler and Yaffe (2008)

4

FIG. 2: The congruence of outgoing radial null geodesics.
The surface coloring displays A/r2. The excised region is
beyond the apparent horizon, which is shown by the dashed
green line. The geodesic shown as a solid black line is the
event horizon; it separates geodesics which escape to the
boundary from those which cannot escape.

FIG. 3: Area elements of the true event horizon and the
apparent horizon as a function of time.

|c| 1 1.5 2 2.5 3 3.5 4

⌧ T 0.23 0.31 0.41 0.52 0.65 0.79 0.94

⌧
iso

T 0.67 0.68 0.71 0.92 1.2 1.5 1.8

⌧
iso

/⌧ 3.0 2.2 1.7 1.8 1.8 1.9 1.9

TABLE I: Final equilibrium temperature T and isotropization
time ⌧

iso

(in units of T�1 or ⌧), for various values of c. The
isotropization time ⌧

iso

is the time at which the pressures
deviate from their equilibrium values by less than 10%.

In contrast, the area of the true horizon grows in the dis-
tant past long before the boundary geometry is signifi-
cantly perturbed. This is a reflection of the global nature
of event horizons — the location of the event horizon de-
pends on the entire history of the geometry. It has been
argued [8] that it is the area element of the apparent
horizon, pulled back to the boundary along v = const.
infalling null geodesics, which should be identified with
the entropy density (times 4GN ) in the dual field theory.

Table I shows, for various values of c, the final equilib-
rium temperature T and a measure of the isotropization

time ⌧
iso

. (These quantities only depend on |c|.) We
define ⌧

iso

as the time when the transverse and longi-
tudinal pressures equal their final values to within 10%.
When |c| & 2, we find that ⌧

iso

⇡ 2⌧ , while for |c| . 2,
⌧
iso

⇡ 0.7/T . Since ⌧
iso

is only a few times longer than
the time scale ⌧ over which the boundary geometry (1) is
changing, this measure of isotropization time should best
be viewed as an upper bound on isotropization times as-
sociated with plasma dynamics alone. Nevertheless, it
is interesting to note that ⌧

iso

⇡ 0.7/T corresponds to a
time of 1

2

fm/c when T = 350MeV, similar to estimates of
thermalization times inferred from hydrodynamic mod-
eling of RHIC collisions [3].
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The functions hn(r, v) are not constrained by Einstein’s
equations — their presence inside the integrands of
Eq. (11) are compensated by the subtraction of their
integrals Hn(r, v). However, since we have chosen the
upper limit of integration in Eq. (11) to be r = 1, the
functions hn(r, v) must be suitably chosen so that the
integrals (11) are convergent. The simplest choice to ac-
complish this is to set h

1

(r, v) equal to the asymptotic
expansion of ⌃(r, v)3 up to order 1/rk, for some k > 1,
and to set h

2

(r, v) equal to the asymptotic expansion of
2⇥(r, v)B0(r, v)/⌃(r, v)3/2 up to order 1/rk. In our nu-
merical solutions reported below, we use k � 4. This
choice makes the large r contribution to the integrals in
Eq. (11) quite small. As the coe�cients of the series ex-
pansions (8) only depend on b

0

(v) and b
4

(v) and their
v derivatives, this choice determines hn(r, v) in terms of
one unknown function b

4

(v).
With the subtraction functions hn specified by the

aforementioned asymptotic expansions, integrating Eq.
(12) fixes the compensating integrals Hn up to an in-
tegration constant which is an arbitrary function of v.
Integrating Eq. (13c) for A(r, v) introduces two further
(v dependent) constants of integration. The most direct
route for fixing these constants of integration is to match
the large r behavior of the expressions (13a) and (13b)
and the integrated version of Eq. (13c) to the correspond-
ing expressions obtained from the series expansions (8).
This fixes all integration constants in terms of b

0

and b
4

.
Our algorithm for solving the initial value problem

with time dependent boundary conditions is as fol-
lows. Given an initial geometry defined by B(r, v

0

),
one knows b

4

(v
0

). Integrating the constraint equation
(4e), with the fully determined asymptotic behavior (8c),
yields ⌃(r, v

0

). From this information, one can com-
pute A(r, v

0

) by integrating Eq. (13c). With A(r, v
0

),
B(r, v

0

) and ⌃(r, v
0

) known, one can then compute the
time derivative @vB(r, v

0

) from Eq. (13b) and step for-
ward in time,

B(r, v
0

+ �v) ⇡ B(r, v
0

) + @vB(r, v
0

) �v . (14)

Repeating the above process using this updated profile
of B determines ⌃ and A at time v

0

+ �v, from which
one computes @vB for the next time step. For an initial
geometry corresponding to the SYM vacuum, plus the
choice (2) of boundary data, one has

B(r,�1) = c , ⌃(r,�1) = r , A(r,�1) = r2 . (15)

An important practical matter is fixing the computa-
tion domain in r — how far into the bulk does one want
to compute the geometry? If a horizon forms, then one
may excise the geometry inside the horizon as this re-
gion is causally disconnected from the geometry outside
the horizon. Furthermore, one must excise the geome-
try to avoid singularities behind horizons [6] . To per-
form the excision, one first identifies the location of an

apparent horizon (an outermost marginally trapped sur-
face) which, if it exists, must lie inside a true horizon
[7] . We have chosen to make the incision slightly inside
the location of the apparent horizon. For the metric (3),
the location rh(v) of the apparent horizon is given by
⌃̇(rh(v), v) = 0 or, from Eq. (13a), ⇥(rh(v), v) = 0 .

Results and Discussion.—Fig. 1 shows a plot of the
energy density and transverse and longitudinal pressures
produced by the changing boundary geometry (1), with
c = 2. These quantities begin at zero in the distant past
when the system is in its vacuum state, and at late times
approach thermal equilibrium values given by

Tµ⌫
eq

= (⇡2N2

c T 4/8) diag(3, 1, 1, 1), (16)

where T is the final equilibrium temperature. Non-
monotonic behavior is seen when the boundary geometry
changes most rapidly around time zero [11].

FIG. 1: Energy density, longitudinal and transverse pressure,
all divided by N2

c

/2⇡2, as a function of time for c = 2.

Fig. 2 displays the congruence of outgoing radial null
geodesics, for c = 2. The surface coloring shows A/r2.
In the SYM vacuum (i.e., at early times) this quantity
equals 1, while at late times A/r2 = 1 � (rh/r)4. Ex-
cised from the plot is a region of the geometry behind
the apparent horizon. In the SYM vacuum, outgoing
geodesics are given by 1/r + v/2 = const., and appear as
straight lines in the early part of Fig. 2 . In the vicin-
ity of v = 0, when the boundary geometry is changing
rapidly and producing infalling gravitational radiation,
the geodesic congruence changes dramatically from the
zero temperature form to a finite temperature form. As
is evident from the figure, at late times some outgoing
geodesics do escape to the boundary, while others fall
into the bulk and never escape. Separating the ‘escap-
ing’ and ‘plunging’ geodesics is one geodesic which does
neither — this geodesic, shown as the black line in Fig. 2,
defines the true event horizon of the geometry.

Fig. 3 plots the area of the apparent and true event
horizons, again for c = 2. Nearly all growth of the ap-
parent horizon area occurs in the interval �2 < v < 0,
during which the boundary geometry is changing rapidly.

The key innovations of our paper are

4

FIG. 2: The congruence of outgoing radial null geodesics.
The surface coloring displays A/r2. The excised region is
beyond the apparent horizon, which is shown by the dashed
green line. The geodesic shown as a solid black line is the
event horizon; it separates geodesics which escape to the
boundary from those which cannot escape.

FIG. 3: Area elements of the true event horizon and the
apparent horizon as a function of time.

|c| 1 1.5 2 2.5 3 3.5 4

⌧ T 0.23 0.31 0.41 0.52 0.65 0.79 0.94

⌧
iso

T 0.67 0.68 0.71 0.92 1.2 1.5 1.8

⌧
iso

/⌧ 3.0 2.2 1.7 1.8 1.8 1.9 1.9

TABLE I: Final equilibrium temperature T and isotropization
time ⌧

iso

(in units of T�1 or ⌧), for various values of c. The
isotropization time ⌧

iso

is the time at which the pressures
deviate from their equilibrium values by less than 10%.

In contrast, the area of the true horizon grows in the dis-
tant past long before the boundary geometry is signifi-
cantly perturbed. This is a reflection of the global nature
of event horizons — the location of the event horizon de-
pends on the entire history of the geometry. It has been
argued [8] that it is the area element of the apparent
horizon, pulled back to the boundary along v = const.
infalling null geodesics, which should be identified with
the entropy density (times 4GN ) in the dual field theory.

Table I shows, for various values of c, the final equilib-
rium temperature T and a measure of the isotropization

time ⌧
iso

. (These quantities only depend on |c|.) We
define ⌧

iso

as the time when the transverse and longi-
tudinal pressures equal their final values to within 10%.
When |c| & 2, we find that ⌧

iso

⇡ 2⌧ , while for |c| . 2,
⌧
iso

⇡ 0.7/T . Since ⌧
iso

is only a few times longer than
the time scale ⌧ over which the boundary geometry (1) is
changing, this measure of isotropization time should best
be viewed as an upper bound on isotropization times as-
sociated with plasma dynamics alone. Nevertheless, it
is interesting to note that ⌧

iso

⇡ 0.7/T corresponds to a
time of 1

2

fm/c when T = 350MeV, similar to estimates of
thermalization times inferred from hydrodynamic mod-
eling of RHIC collisions [3].
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Using gauge/gravity duality, we study the creation and evolution of anisotropic, homogeneous
strongly coupled N = 4 supersymmetric Yang-Mills plasma. In the dual gravitational description,
this corresponds to horizon formation in a geometry driven to be anisotropic by a time-dependent
change in boundary conditions.

Introduction.—The realization that the quark-gluon
plasma (QGP) produced at RHIC is strongly coupled
[1] has prompted much interest in the study of strongly
coupled non-Abelian plasmas. Hydrodynamic simula-
tions of heavy ion collisions have demonstrated that the
QGP produced at RHIC is well modeled by near-ideal
hydrodynamics [2], which is a signature of a strongly
coupled system. The success of hydrodynamic mod-
eling of RHIC collisions suggests that the produced
plasma locally isotropizes over a time scale ⌧

iso

. 1
fm/c [3] . Understanding the dynamics responsible for
such rapid isotropization in a far-from-equilibrium non-
Abelian plasma is a challenge.

Because of the di�culty in studying real time dynam-
ics in QCD at strong coupling, it is useful to have a toy
model where one can study the dynamics of a far from
equilibrium, strongly coupled non-Abelian plasma in a
controlled setting. One such toy model is strongly cou-
pled N = 4 supersymmetric Yang-Mills theory (SYM),
where one can use gauge/gravity duality to study the the-
ory in the limit of large N

c

and large ’t Hooft coupling �.
This has motivated much work devoted to studying var-
ious non-equilibrium properties of thermal SYM plasma.

We are interested in exploring the physics of isotropiza-
tion in far-from-equilibrium non-Abelian plasmas, in the
simplest setting which allows complete theoretical con-
trol. This leads us to focus on the dynamics of ho-
mogeneous, but anisotropic, states in strongly coupled,
large N

c

SYM. A conceptually simple way to create non-
equilibrium states is to turn on time-dependent back-
ground fields coupled to operators of interest. To cre-
ate states in which the stress tensor is anisotropic, it is
natural to consider the response of the theory to a time-
dependent change in the spatial geometry. For simplic-
ity, we limit attention to geometries which have spatial
homogeneity (i.e., translation invariance in all spatial di-
rections), an O(2) rotation invariance, and a constant
spatial volume element. The most general metric satis-
fying these conditions may be written as

ds2 = �dt2 + eB0(t) dx

2

? + e�2B0(t) dx2

|| , (1)

where x? ⌘ {x1

, x
2

}.
The function B

0

(t) describes a time-dependent shear in
the geometry; neglecting (4-dimensional) gravity, B

0

(t)

is a function one is free to choose arbitrarily. We will
choose B

0

(t) to be asymptotically constant as t ! ±1.
We will also choose the initial state to be the SYM vac-
uum. A time-dependent geometry will do work on the
quantum system. Consequently, the state in the distant
future will be a non-vacuum state which (when the geom-
etry is once again static) will be indistinguishable from
a thermal state. During the evolution, because the met-
ric (1) changes in an anisotropic fashion, the resulting
plasma will also be anisotropic with di↵erent pressures
(i.e., stress tensor eigenvalues) in the longitudinal (x||)
and transverse (x?) directions. Spatial translation in-
variance implies that no hydrodynamic modes can be ex-
cited. Therefore, the non-equilibrium plasma produced
by the changing metric (1) provides a nice laboratory
to study the relaxation of non-hydrodynamic degrees of
freedom in a far from equilibrium setting. We choose

B
0

(t) = 1

2

c [1� tanh(t/⌧)] . (2)

For c 6= 0, this represents a time-dependent rescaling of
lengths in transverse directions relative to those in the
longitudinal direction, over a period of order ⌧ . The lack
of any other scale in conformally invariant SYM implies
that the final state energy density will be O(⌧�4). With-
out loss of generality we measure all quantities in units
where ⌧ = 1.

Gravitational description.— Gauge/gravity duality [4]
provides a gravitational description of large N

c

SYM in
which the 5d dual geometry is governed by Einstein’s
equations with a cosmological constant. Einstein’s equa-
tions imply that the boundary metric gB

µ⌫(x), which char-
acterizes the geometry of the spacetime boundary, is dy-
namically unconstrained. The specification of the bound-
ary metric serves as a boundary condition for the 5d Ein-
stein equations. This reflects the fact that the dual field
theory (which resides on the boundary) does not back-
react on the boundary geometry, whereas the boundary
geometry can influence the dynamics of the field theory.

We consider a 5d geometry which coincides with AdS
5

in the distant past. This geometry is dual to the vacuum
of SYM. A time dependent boundary metric gB

µ⌫(x) will
create gravitational radiation which propagates from the
boundary into the bulk. This infalling gravitational radi-
ation will lead to the formation of a horizon , which acts
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Using gauge/gravity duality, we study the creation and evolution of anisotropic, homogeneous
strongly coupled N = 4 supersymmetric Yang-Mills plasma. In the dual gravitational description,
this corresponds to horizon formation in a geometry driven to be anisotropic by a time-dependent
change in boundary conditions.

Introduction.—The realization that the quark-gluon
plasma (QGP) produced at RHIC is strongly coupled
[1] has prompted much interest in the study of strongly
coupled non-Abelian plasmas. Hydrodynamic simula-
tions of heavy ion collisions have demonstrated that the
QGP produced at RHIC is well modeled by near-ideal
hydrodynamics [2], which is a signature of a strongly
coupled system. The success of hydrodynamic mod-
eling of RHIC collisions suggests that the produced
plasma locally isotropizes over a time scale ⌧

iso

. 1
fm/c [3] . Understanding the dynamics responsible for
such rapid isotropization in a far-from-equilibrium non-
Abelian plasma is a challenge.

Because of the di�culty in studying real time dynam-
ics in QCD at strong coupling, it is useful to have a toy
model where one can study the dynamics of a far from
equilibrium, strongly coupled non-Abelian plasma in a
controlled setting. One such toy model is strongly cou-
pled N = 4 supersymmetric Yang-Mills theory (SYM),
where one can use gauge/gravity duality to study the the-
ory in the limit of large N

c

and large ’t Hooft coupling �.
This has motivated much work devoted to studying var-
ious non-equilibrium properties of thermal SYM plasma.

We are interested in exploring the physics of isotropiza-
tion in far-from-equilibrium non-Abelian plasmas, in the
simplest setting which allows complete theoretical con-
trol. This leads us to focus on the dynamics of ho-
mogeneous, but anisotropic, states in strongly coupled,
large N

c

SYM. A conceptually simple way to create non-
equilibrium states is to turn on time-dependent back-
ground fields coupled to operators of interest. To cre-
ate states in which the stress tensor is anisotropic, it is
natural to consider the response of the theory to a time-
dependent change in the spatial geometry. For simplic-
ity, we limit attention to geometries which have spatial
homogeneity (i.e., translation invariance in all spatial di-
rections), an O(2) rotation invariance, and a constant
spatial volume element. The most general metric satis-
fying these conditions may be written as

ds2 = �dt2 + eB0(t) dx

2

? + e�2B0(t) dx2

|| , (1)

where x? ⌘ {x1

, x
2

}.
The function B

0

(t) describes a time-dependent shear in
the geometry; neglecting (4-dimensional) gravity, B

0

(t)

is a function one is free to choose arbitrarily. We will
choose B

0

(t) to be asymptotically constant as t ! ±1.
We will also choose the initial state to be the SYM vac-
uum. A time-dependent geometry will do work on the
quantum system. Consequently, the state in the distant
future will be a non-vacuum state which (when the geom-
etry is once again static) will be indistinguishable from
a thermal state. During the evolution, because the met-
ric (1) changes in an anisotropic fashion, the resulting
plasma will also be anisotropic with di↵erent pressures
(i.e., stress tensor eigenvalues) in the longitudinal (x||)
and transverse (x?) directions. Spatial translation in-
variance implies that no hydrodynamic modes can be ex-
cited. Therefore, the non-equilibrium plasma produced
by the changing metric (1) provides a nice laboratory
to study the relaxation of non-hydrodynamic degrees of
freedom in a far from equilibrium setting. We choose

B
0

(t) = 1

2

c [1� tanh(t/⌧)] . (2)

For c 6= 0, this represents a time-dependent rescaling of
lengths in transverse directions relative to those in the
longitudinal direction, over a period of order ⌧ . The lack
of any other scale in conformally invariant SYM implies
that the final state energy density will be O(⌧�4). With-
out loss of generality we measure all quantities in units
where ⌧ = 1.

Gravitational description.— Gauge/gravity duality [4]
provides a gravitational description of large N

c

SYM in
which the 5d dual geometry is governed by Einstein’s
equations with a cosmological constant. Einstein’s equa-
tions imply that the boundary metric gB

µ⌫(x), which char-
acterizes the geometry of the spacetime boundary, is dy-
namically unconstrained. The specification of the bound-
ary metric serves as a boundary condition for the 5d Ein-
stein equations. This reflects the fact that the dual field
theory (which resides on the boundary) does not back-
react on the boundary geometry, whereas the boundary
geometry can influence the dynamics of the field theory.

We consider a 5d geometry which coincides with AdS
5

in the distant past. This geometry is dual to the vacuum
of SYM. A time dependent boundary metric gB

µ⌫(x) will
create gravitational radiation which propagates from the
boundary into the bulk. This infalling gravitational radi-
ation will lead to the formation of a horizon , which acts
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- clean separation between creation of non-equilibrium state and its subsequent equilibration

- evolving large number of initial states (O(2000) vs. O(10) in all previous studies!)

- detailed comparison with linearized gravity and quasinormal modes decomposition



Generating a large number of states

14/35



Specifying initial states: near boundary behavior

15/35

Near-boundary expansion of warp-factors to O(1/r8) takes the form

where                   and                             .

The initial state in the bulk contains information about all time derivatives of pressure 
anisotropy at a given instance of time!

see Beuf, Heller, Janik & Peschanski (2009) for a similar observation for the Bjorken flow

B =
1

r4

⇢
b4(t) +

1

r
b04(t) +

2

12r6
b004(t) +

1

4r3
b(3)4 (t) + . . .

�
⌃ = r

⇢
1� 1

7r8
b4(t)

2 + . . .

�
,

A = r2
⇢
1� 1

r4
a4 �

2

7r8
b4(t)

2 � 3

7r9
b4(t)b

0
4(t) + . . .

�
and

✏ =
3

8⇡2
N2

c a4 �P (t) =
3

8⇡2
N2

c b4(t)

But that is not enough to solve the dynamics, e.g. Bini = 1/r^4:

(blue curve: pressure anisotropy)

2



Specifying initial states: bulk analysis

16/35

Due to                         and AdS asymptotics (        ),     goes to 0 for some r > 0.⌃00 +
1

2
(B0)2⌃ = 0 ⌃ ⇠ r

We also found that for a given initial profile B there seems to be a minimal value of 
the energy density for which this singularity is covered by the event horizon.

As the near-bdry analysis turns out to be not enough, we have to solve for the bulk 

Let’s look again at Einstein’s equations

2

as an absorber of gravitational radiation — any radiation
which passes through the horizon cannot escape back to
the boundary. At late times when the boundary geom-
etry is no longer changing, the bulk geometry outside
the horizon will relax and asymptotically become static.
This is the gravitational description of thermalization in
SYM.

Di↵eomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =�A dv2 + ⌃2

⇥
eBdx

2

? + e�2Bdx2

||
⇤
+ 2dr dv , (3)

where A, B, and ⌃ are all functions of the radial coor-
dinate r and time v only. Infalling radial null geodesics
have constant values of v (as well as x? and x||). Out-
going radial null geodesics satisfy dr/dv = 1

2

A. At the
boundary, located at r = 1, the coordinate v coincides
with the boundary time t. The geometry in the bulk at
v > 0 corresponds to the causal future of t > 0 on the
boundary. The form of the metric (3) is invariant under
the residual di↵eomorphism r ! r + f(v), where f(v) is
an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of di↵erential equations:

0 = ⌃ (⌃̇)0 + 2⌃0 ⌃̇� 2⌃2 , (4a)
0 = ⌃ (Ḃ)0 + 3

2

�
⌃0Ḃ + B0 ⌃̇

�
, (4b)

0 = A00 + 3B0Ḃ � 12⌃0 ⌃̇/⌃2 + 4 , (4c)
0 = ⌃̈ + 1

2

�
Ḃ2 ⌃�A0 ⌃̇

�
, (4d)

0 = ⌃00 + 1

2

B02 ⌃ , (4e)

where, for any function h(r, v),

h0 ⌘ @rh, ḣ ⌘ @vh + 1

2

A @rh . (5)

Eqs. (4d) and (4e) are constraint equations; the radial
derivative of Eq. (4d) and the time derivative of Eq. (4e)
are implied by Eqs. (4a)–(4c).

The above set of di↵erential equations must be solved
subject to boundary conditions imposed at r = 1. The
requisite condition is simply that the boundary metric
gB

µ⌫(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r!1

⌃(r, v)/r ⌘ 1 , lim
r!1

B(r, v) ⌘ B
0

(v) . (6)

One may fix the residual di↵eomorphism invariance by
demanding that

lim
r!1

⇥
A(r, v)� r2

⇤
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If S

G

denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµ⌫(x) = (2/

p�gB(x)) �S
G

/�gB

µ⌫(x) .

Near the boundary one may solve Einstein’s equations
with a power series expansion in r. Specifically, A, B and
⌃ have asymptotic expansions of the form

A(r, v) =
X

n=0

[ an(v) + ↵n(v) log r] r2�n , (8a)

B(r, v) =
X

n=0

[ bn(v) + �n(v) log r] r�n , (8b)

⌃(r, v) =
X

n=0

[ sn(v) + �n(v) log r] r1�n . (8c)

The boundary conditions (6) and (7) imply that b
0

(v) ⌘
B

0

(v), s
0

(v) ⌘ 1, a
0

(v) ⌘ 1, and a
1

(v) ⌘ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coe�cient, b

4

(v).
All other coe�cients are determined by the boundary
geometry, Einstein’s equations, and b

4

(v) [10].
By substituting the above series expansions into the

variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coe�cients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coe�cients, the SYM
stress tensor reads

Tµ
⌫ = (N2

c /2⇡2) diag(�E ,P?,P?,P||) , (9)

where (with b(k)

0

⌘ @k
v b

0

):

�E = 3

4

a
4

+ 1

256

h
3(b(1)

0

)4 + 14(b(2)

0

)2 � 4b(1)

0

b(3)

0

i
, (10a)

P? = � 1

4

a
4

+ b
4

+ 1

768

h
21(b(1)

0

)4 � 468(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

+ 64b(4)

0

i
, (10b)

P|| = � 1

4

a
4

� 2b
4

+ 1

768

h
21(b(1)

0

)4 + 936(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

� 128b(4)

0

i
. (10c)

Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives ⌃̇, Ḃ, and A00. Define

⇥(r, v) ⌘
Z 1

r
dw

⇥
⌃(w, v)3 � h

1

(w, v)
⇤�H

1

(r, v) ,

(11a)

�(r, v) ⌘
Z 1

r
dw

h
2⇥(w, v)B0(w, v) ⌃(w, v)�3/2

� h
2

(w, v)
i
�H

2

(r, v) , (11b)

where Hn is an indefinite (radial) integral of hn,

hn = H 0
n . (12)

Then Eqs. (4a)–(4c) are solved by

⌃̇ = �2⇥ ⌃�2, (13a)
Ḃ = � 3

2

�⌃�3/2 , (13b)

A00 = �4� 24⇥ ⌃0⌃�4 + 9

2

�B0 ⌃�3/2 . (13c)

0 = ⌃00 +
1

2
(B0)2⌃

0 = ⌃̈+
1

2
(Ḃ2⌃�A0⌃̇)

dynamical equations (EOMs) constraintsif obeyed at const. r + EOMs 
then obeyed everywhere

if obeyed at const. t + EOMs 
then obeyed everywhere

(                  ,                                           )h0 = @rh(t, r) ḣ = @th(t, r) +
1

2
A(t, r)@rh(t, r)

On a given slice it is sufficient to know     or     and the energy density (a4).  ⌃

⌃

Numerical studies indicate that it is a curvature singularity (need to be behind EH).

B



Obtaining representative set of initial states
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In order to produce a large set of initial data (and so hopefully a good statistics) we 

Setting up initial states at tini and letting them evolve unforced is more generic than 
quenching and can be used to obtain a variety of behaviors

2) generate B as the ratio of two 10th order polynomials with random coefficients modulo 
minimal subtraction necessary for having AdS asymptotics; normalize B in a convenient way;

1) without any loss of generality fix units by setting a4=1;

3) run simulation for a given B and store data increasing at each run B 1.15-folds until we obtain 
profiles close to „maximally far-from-equilibrium ones” (typically multiplication is repeated ~ 8x);
4) return to step 2);

see Heller, Janik & Witaszczyk (2011) for a similar approach to the holographic Bjorken flow

10 examples of initial states 
encoded geometrically 
including once supported 
mostly in the UV, mostly in the 
IR, in the middle and spread 
evenly between UV and IR

              (z = 1/r)



Thermalization
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Typical holographic thermalization process

19/35

Numerical
experiment:

Theory:

Bo
un

da
ry

 (
at

 z
=

0)

Curvature (BH subtracted)



Linearized Einstein’s equations
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Linearized approximation
Let’s look yet again at Einstein’s equations

2

as an absorber of gravitational radiation — any radiation
which passes through the horizon cannot escape back to
the boundary. At late times when the boundary geom-
etry is no longer changing, the bulk geometry outside
the horizon will relax and asymptotically become static.
This is the gravitational description of thermalization in
SYM.

Di↵eomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =�A dv2 + ⌃2

⇥
eBdx

2

? + e�2Bdx2

||
⇤
+ 2dr dv , (3)

where A, B, and ⌃ are all functions of the radial coor-
dinate r and time v only. Infalling radial null geodesics
have constant values of v (as well as x? and x||). Out-
going radial null geodesics satisfy dr/dv = 1

2

A. At the
boundary, located at r = 1, the coordinate v coincides
with the boundary time t. The geometry in the bulk at
v > 0 corresponds to the causal future of t > 0 on the
boundary. The form of the metric (3) is invariant under
the residual di↵eomorphism r ! r + f(v), where f(v) is
an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of di↵erential equations:

0 = ⌃ (⌃̇)0 + 2⌃0 ⌃̇� 2⌃2 , (4a)
0 = ⌃ (Ḃ)0 + 3

2

�
⌃0Ḃ + B0 ⌃̇

�
, (4b)

0 = A00 + 3B0Ḃ � 12⌃0 ⌃̇/⌃2 + 4 , (4c)
0 = ⌃̈ + 1

2

�
Ḃ2 ⌃�A0 ⌃̇

�
, (4d)

0 = ⌃00 + 1

2

B02 ⌃ , (4e)

where, for any function h(r, v),

h0 ⌘ @rh, ḣ ⌘ @vh + 1

2

A @rh . (5)

Eqs. (4d) and (4e) are constraint equations; the radial
derivative of Eq. (4d) and the time derivative of Eq. (4e)
are implied by Eqs. (4a)–(4c).

The above set of di↵erential equations must be solved
subject to boundary conditions imposed at r = 1. The
requisite condition is simply that the boundary metric
gB

µ⌫(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r!1

⌃(r, v)/r ⌘ 1 , lim
r!1

B(r, v) ⌘ B
0

(v) . (6)

One may fix the residual di↵eomorphism invariance by
demanding that

lim
r!1

⇥
A(r, v)� r2

⇤
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If S

G

denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµ⌫(x) = (2/

p�gB(x)) �S
G

/�gB

µ⌫(x) .

Near the boundary one may solve Einstein’s equations
with a power series expansion in r. Specifically, A, B and
⌃ have asymptotic expansions of the form

A(r, v) =
X

n=0

[ an(v) + ↵n(v) log r] r2�n , (8a)

B(r, v) =
X

n=0

[ bn(v) + �n(v) log r] r�n , (8b)

⌃(r, v) =
X

n=0

[ sn(v) + �n(v) log r] r1�n . (8c)

The boundary conditions (6) and (7) imply that b
0

(v) ⌘
B

0

(v), s
0

(v) ⌘ 1, a
0

(v) ⌘ 1, and a
1

(v) ⌘ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coe�cient, b

4

(v).
All other coe�cients are determined by the boundary
geometry, Einstein’s equations, and b

4

(v) [10].
By substituting the above series expansions into the

variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coe�cients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coe�cients, the SYM
stress tensor reads

Tµ
⌫ = (N2

c /2⇡2) diag(�E ,P?,P?,P||) , (9)

where (with b(k)

0

⌘ @k
v b

0

):

�E = 3

4

a
4

+ 1

256

h
3(b(1)

0

)4 + 14(b(2)

0

)2 � 4b(1)

0

b(3)

0

i
, (10a)

P? = � 1

4

a
4

+ b
4

+ 1

768

h
21(b(1)

0

)4 � 468(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

+ 64b(4)

0

i
, (10b)

P|| = � 1

4

a
4

� 2b
4

+ 1

768

h
21(b(1)

0

)4 + 936(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

� 128b(4)

0

i
. (10c)

Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives ⌃̇, Ḃ, and A00. Define

⇥(r, v) ⌘
Z 1

r
dw

⇥
⌃(w, v)3 � h

1

(w, v)
⇤�H

1

(r, v) ,

(11a)

�(r, v) ⌘
Z 1

r
dw

h
2⇥(w, v)B0(w, v) ⌃(w, v)�3/2

� h
2

(w, v)
i
�H

2

(r, v) , (11b)

where Hn is an indefinite (radial) integral of hn,

hn = H 0
n . (12)

Then Eqs. (4a)–(4c) are solved by

⌃̇ = �2⇥ ⌃�2, (13a)
Ḃ = � 3

2

�⌃�3/2 , (13b)

A00 = �4� 24⇥ ⌃0⌃�4 + 9

2

�B0 ⌃�3/2 . (13c)

0 = ⌃00 +
1

2
(B0)2⌃

0 = ⌃̈+
1

2
(Ḃ2⌃�A0⌃̇)

dynamical equations (EOMs) constraintsif obeyed at const. r + EOMs 
then obeyed everywhere

if obeyed at const. t + EOMs 
then obeyed everywhere

All the equations, but one, are quadratic in B.

This implies that at the linear order A and    are that of AdS-Schwarzschild (and so 
do not evolve) and B undergoes decoupled dynamics captured by the equation 

⌃

In the following we will scan through a large set of initial data (B’s at t=0) and 
compare solutions of linearized Einstein’s equations with solutions of the non-linear 
problem focusing mostly on predictions for dual stress tensor operator

2

as an absorber of gravitational radiation — any radiation
which passes through the horizon cannot escape back to
the boundary. At late times when the boundary geom-
etry is no longer changing, the bulk geometry outside
the horizon will relax and asymptotically become static.
This is the gravitational description of thermalization in
SYM.

Di↵eomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =�A dv2 + ⌃2

⇥
eBdx

2

? + e�2Bdx2

||
⇤
+ 2dr dv , (3)

where A, B, and ⌃ are all functions of the radial coor-
dinate r and time v only. Infalling radial null geodesics
have constant values of v (as well as x? and x||). Out-
going radial null geodesics satisfy dr/dv = 1

2

A. At the
boundary, located at r = 1, the coordinate v coincides
with the boundary time t. The geometry in the bulk at
v > 0 corresponds to the causal future of t > 0 on the
boundary. The form of the metric (3) is invariant under
the residual di↵eomorphism r ! r + f(v), where f(v) is
an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of di↵erential equations:

0 = ⌃ (⌃̇)0 + 2⌃0 ⌃̇� 2⌃2 , (4a)
0 = ⌃ (Ḃ)0 + 3

2

�
⌃0Ḃ + B0 ⌃̇

�
, (4b)

0 = A00 + 3B0Ḃ � 12⌃0 ⌃̇/⌃2 + 4 , (4c)
0 = ⌃̈ + 1

2

�
Ḃ2 ⌃�A0 ⌃̇

�
, (4d)

0 = ⌃00 + 1

2

B02 ⌃ , (4e)

where, for any function h(r, v),

h0 ⌘ @rh, ḣ ⌘ @vh + 1

2

A @rh . (5)

Eqs. (4d) and (4e) are constraint equations; the radial
derivative of Eq. (4d) and the time derivative of Eq. (4e)
are implied by Eqs. (4a)–(4c).

The above set of di↵erential equations must be solved
subject to boundary conditions imposed at r = 1. The
requisite condition is simply that the boundary metric
gB

µ⌫(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r!1

⌃(r, v)/r ⌘ 1 , lim
r!1

B(r, v) ⌘ B
0

(v) . (6)

One may fix the residual di↵eomorphism invariance by
demanding that

lim
r!1

⇥
A(r, v)� r2

⇤
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If S

G

denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµ⌫(x) = (2/

p�gB(x)) �S
G

/�gB

µ⌫(x) .

Near the boundary one may solve Einstein’s equations
with a power series expansion in r. Specifically, A, B and
⌃ have asymptotic expansions of the form

A(r, v) =
X

n=0

[ an(v) + ↵n(v) log r] r2�n , (8a)

B(r, v) =
X

n=0

[ bn(v) + �n(v) log r] r�n , (8b)

⌃(r, v) =
X

n=0

[ sn(v) + �n(v) log r] r1�n . (8c)

The boundary conditions (6) and (7) imply that b
0

(v) ⌘
B

0

(v), s
0

(v) ⌘ 1, a
0

(v) ⌘ 1, and a
1

(v) ⌘ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coe�cient, b

4

(v).
All other coe�cients are determined by the boundary
geometry, Einstein’s equations, and b

4

(v) [10].
By substituting the above series expansions into the

variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coe�cients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coe�cients, the SYM
stress tensor reads

Tµ
⌫ = (N2

c /2⇡2) diag(�E ,P?,P?,P||) , (9)

where (with b(k)

0

⌘ @k
v b

0

):

�E = 3

4

a
4

+ 1

256

h
3(b(1)

0

)4 + 14(b(2)

0

)2 � 4b(1)

0

b(3)

0

i
, (10a)

P? = � 1

4

a
4

+ b
4

+ 1

768

h
21(b(1)

0

)4 � 468(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

+ 64b(4)

0

i
, (10b)

P|| = � 1

4

a
4

� 2b
4

+ 1

768

h
21(b(1)

0

)4 + 936(b(1)

0

)2b(2)

0

+ 10(b(2)

0

)2 + 4b(1)

0

b(3)

0

� 128b(4)

0

i
. (10c)

Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives ⌃̇, Ḃ, and A00. Define

⇥(r, v) ⌘
Z 1

r
dw

⇥
⌃(w, v)3 � h

1

(w, v)
⇤�H

1

(r, v) ,

(11a)

�(r, v) ⌘
Z 1

r
dw

h
2⇥(w, v)B0(w, v) ⌃(w, v)�3/2

� h
2

(w, v)
i
�H

2

(r, v) , (11b)

where Hn is an indefinite (radial) integral of hn,

hn = H 0
n . (12)

Then Eqs. (4a)–(4c) are solved by

⌃̇ = �2⇥ ⌃�2, (13a)
Ḃ = � 3

2

�⌃�3/2 , (13b)

A00 = �4� 24⇥ ⌃0⌃�4 + 9

2

�B0 ⌃�3/2 . (13c)

The solutions of interest are such that satisfy AdS boundary condition (no sourcing 
= flat boundary metric).
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,    where           and  ⌃ = r ḣ = @th+
1

2
r2(1� (⇡T )4

r4
)@rh



Time evolution of pressure anisotropy (L/NL)
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51%

34%

25%

22%

69%

10%

83%

32%

69%

53%

67%

27%

32%

22%

47%

54%



Evolution of 10 sample profiles

Linearized Einstein’s equations 
again do a surprisingly good 
job in reproducing boundary 
stress tensor (dotted curves in 
the plot below)

              (z = 1/r)

Bini(z)/z
4

z

t

�P (t)
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Isotropization time as a function of initial entropy

The closer initial entropy to 
the final one, the faster the 
thermalization (in units of a4 ~ 
initial=final energy density)

Relative difference in 
thermalization time obtained 
from linearized and full 
Einstein’s equation does not 
exceed 30% !!!

results of the analysis of
1210 different initial states
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Linearized gravity and quasinormal modes
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Quasinormal modes arise here as solutions of the same equation for B

2

as an absorber of gravitational radiation — any radiation
which passes through the horizon cannot escape back to
the boundary. At late times when the boundary geom-
etry is no longer changing, the bulk geometry outside
the horizon will relax and asymptotically become static.
This is the gravitational description of thermalization in
SYM.

Di↵eomorphism and translation invariance allows one
to chose the metric ansatz

ds2 =�A dv2 + ⌃2

⇥
eBdx

2

? + e�2Bdx2

||
⇤
+ 2dr dv , (3)

where A, B, and ⌃ are all functions of the radial coor-
dinate r and time v only. Infalling radial null geodesics
have constant values of v (as well as x? and x||). Out-
going radial null geodesics satisfy dr/dv = 1

2

A. At the
boundary, located at r = 1, the coordinate v coincides
with the boundary time t. The geometry in the bulk at
v > 0 corresponds to the causal future of t > 0 on the
boundary. The form of the metric (3) is invariant under
the residual di↵eomorphism r ! r + f(v), where f(v) is
an arbitrary function.

With a metric of the form (3), Einstein’s equations may
be reduced to the following set of di↵erential equations:

0 = ⌃ (⌃̇)0 + 2⌃0 ⌃̇� 2⌃2 , (4a)
0 = ⌃ (Ḃ)0 + 3

2

�
⌃0Ḃ + B0 ⌃̇

�
, (4b)

0 = A00 + 3B0Ḃ � 12⌃0 ⌃̇/⌃2 + 4 , (4c)
0 = ⌃̈ + 1

2

�
Ḃ2 ⌃�A0 ⌃̇

�
, (4d)

0 = ⌃00 + 1

2

B02 ⌃ , (4e)

where, for any function h(r, v),

h0 ⌘ @rh, ḣ ⌘ @vh + 1

2

A @rh . (5)

Eqs. (4d) and (4e) are constraint equations; the radial
derivative of Eq. (4d) and the time derivative of Eq. (4e)
are implied by Eqs. (4a)–(4c).

The above set of di↵erential equations must be solved
subject to boundary conditions imposed at r = 1. The
requisite condition is simply that the boundary metric
gB

µ⌫(x) coincide with our choice (1) of the 4d geometry.
In particular, we must have

lim
r!1

⌃(r, v)/r ⌘ 1 , lim
r!1

B(r, v) ⌘ B
0

(v) . (6)

One may fix the residual di↵eomorphism invariance by
demanding that

lim
r!1

⇥
A(r, v)� r2

⇤
/r = 0 . (7)

These boundary conditions, plus initial data satisfying
the constraint (4e) on some v = const. slice, uniquely
specify the subsequent evolution of the geometry.

Given a solution to Einstein’s equations, the SYM
stress tensor is determined by the near-boundary be-
havior of the 5d metric [5] . If S

G

denotes the gravi-
tational action, then the SYM stress tensor is given by
Tµ⌫(x) = (2/

p�gB(x)) �S
G

/�gB

µ⌫(x) .

Near the boundary one may solve Einstein’s equations
with a power series expansion in r. Specifically, A, B and
⌃ have asymptotic expansions of the form

A(r, v) =
X

n=0

[ an(v) + ↵n(v) log r] r2�n , (8a)

B(r, v) =
X

n=0

[ bn(v) + �n(v) log r] r�n , (8b)

⌃(r, v) =
X

n=0

[ sn(v) + �n(v) log r] r1�n . (8c)

The boundary conditions (6) and (7) imply that b
0
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B

0

(v), s
0

(v) ⌘ 1, a
0

(v) ⌘ 1, and a
1

(v) ⌘ 0. Substitut-
ing the above expansions into Einstein’s equations and
solving the resulting equations order by order in r, one
finds that there is one undetermined coe�cient, b

4

(v).
All other coe�cients are determined by the boundary
geometry, Einstein’s equations, and b

4

(v) [10].
By substituting the above series expansions into the

variation of the on-shell gravitational action, one may
compute the expectation value of the stress tensor in
terms of the expansion coe�cients. This procedure has
been carried out in Ref. [5], so we simply quote the re-
sults. In terms of the expansion coe�cients, the SYM
stress tensor reads

Tµ
⌫ = (N2

c /2⇡2) diag(�E ,P?,P?,P||) , (9)

where (with b(k)
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Numerics.—One may solve the Einstein equations
(4a)–(4c) for the time derivatives ⌃̇, Ḃ, and A00. Define

⇥(r, v) ⌘
Z 1

r
dw

⇥
⌃(w, v)3 � h
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⇤�H
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where Hn is an indefinite (radial) integral of hn,

hn = H 0
n . (12)

Then Eqs. (4a)–(4c) are solved by

⌃̇ = �2⇥ ⌃�2, (13a)
Ḃ = � 3

2

�⌃�3/2 , (13b)

A00 = �4� 24⇥ ⌃0⌃�4 + 9

2

�B0 ⌃�3/2 . (13c)

,    where           and  ⌃ = r ḣ = @th+
1

2
r2(1� (⇡T )4

r4
)@rh

with B written as              and satisfying ingoing bdry conditions at EH

This leads to complex frequencies with Im(  )>0 and so to the exponential decay.!

1
2
3

ei!tf(r)

and zH =
1

⇡T
z =

1

R

Note that none of the modes carries momentum (follows from homogeneity)



Connection with quasinormal modes
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Quasinormal modes fit using the 10 lowest modes (least squares fit to Bini):

linearized
gravity

nonlinear
gravity

QNMs

IR profile: UV profile:middle (spread) profile:

Bini(z) = 1.6 (z/zh)
20 Bini(z) = 2 (z/zh)

4 Bini(z) = 400 (z/zh)
4
exp (�20 z/zh)



Corrections to linearized Einstein’s equations
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Linearized approximation in the bulk
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We saw that linearized gravity reproduces well       also when        hTµ⌫i

But     is not included at first order:                      and                      then.             A(t, r) = ABH(t, r) ⌃(t, r) = ⌃BH(t, r)�s

�s = O(50%)

That is the chief motivation for going to the third order:

A = ABH(t, r) + ✏2�A2 +O(✏4)

⌃ = ⌃BH(t, r) + ✏2�⌃2 +O(✏4)

B = ✏ �B1 + ✏3�B3 +O(✏4)

linearized gravity

NLO correction to �P (t)

leading order modification of EH position

leading order modification of EH area

idea: do better than
linearized gravity

idea: do better than
linearized gravity



Linearized approximation in the bulk / NLO
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Holographic isotropization simplified?
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Mathematica code for simplified isotropization
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Comments and thoughts
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Wider applicability of linearized gravity 
Holographic isotropization we considered is an example in which
- we know the final state from the start and it is obvious to expand around this particular background

- dissipation is built-in by the final state horizon

These features are special
- in general we are interested in expanding plasmas, diluting with time in a way determined by dynamics

- the natural starting point IS NEITHER Poincare patch of NOR AdS-Schwarzchild

NDSolve is unlikely to help then, but it is possible to make progress

ongoing work on the boost-invariant flow with David 
Mateos, Wilke van der Schee and Michał Spaliński

Future:                                             > ???

Now:
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Summary
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Summary
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General theme: AdS/CFT leads to short thermalization times

Novelty II: quite surprisingly, linearized gravity reproduces well both qualitative and 
quantitative (within 30%) the dynamics of the stress tensor of isotropizing plasma!!!

Novelty 1: we verified this on a large set on initial conditions (more than 2000!!!).

0.5 fm/c x 350 MeV = T tiso = 0.63

Future: use linearized gravity to get a handle on much more complicated dynamics.

Message: sometimes no need for hardcore numerics, NDSolve will do the job!!!


