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Some Personal History

2

Archbishop of Canterbury Thomas 
Cranmer (born: 1489, executed: 
1556) author of the “Book of 
Common Prayer”

Two centuries later (when this Book 
had become an official prayer book of 
the Church of England) Thomas Bayes 
was a non-conformist minister 
(Presbyterian) who refused to use 
Cranmerʼs book
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“Bayesians address the question everyone is 
interested in, by using assumptions no-one 
believes”

“Frequentists use impeccable logic to deal 
with an issue of no interest to anyone”

-L. Lyons
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A few points
Objective part of Bayesian inference is encoded in Likelihood

‣ improvements in Likelihood is not Bayesian vs. Frequentist

Prior may be based on data
‣ but it also depends on the initial prior

In the same way that the “Bayesian calculus” allows for 
propagation of belief, the measurements can be combined with 
the likelihood function 
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P (theory|data) = L(data|theory)π(theory)
P (data)

π(theory) ∝ L�(data’|theory)η(theory)
η(theory)

Ltot(data’|theory) = L(data’|theory)L�(data’|theory)
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Ideal scenario
The ideal scenario for the interface between the data and the inference 
to the fundamental lagrangian parameters is through a likelihood 
function that accurately incorporates all the experimental systematics 
and retains as much power in the data as possible

Is this feasible?
‣ It is the basic model on which Zfitter, GFitter, SFitter, Fittino, 

MasterCode, Kismet, SuperBayes, etc. are based
‣ unfortunately, likelihood functions are usually simplistic and based 

on a few 1-d measurements
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Current scenario
Taken from the GFitter paper
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Eur. Phys. J. C (2009) 60: 543–583 557

information available for 10 discrete data points in the
mass range 155 ≤ MH ≤ 200 GeV based on prelimi-
nary searches using data samples of up to 3 fb−1 inte-
grated luminosity [73]. For the mass range 110 ≤ MH ≤
200 GeV, Tevatron results based on 2.4 fb−1 are provided
for −2 lnQ [72], however not for the corresponding con-
fidence levels.

To include the direct Higgs searches in the complete
SM fit we interpret the −2 lnQ results for a given Higgs
mass hypothesis23 as measurements and derive a log-
likelihood estimator quantifying the deviation of the data
from the corresponding SM Higgs expectation. For this
purpose we transform the one-sided CLs+b into two-
sided confidence levels24 using CL2-sided

s+b = 2CLs+b for
CLs+b ≤ 0.5 and CL2-sided

s+b = 2(1 − CLs+b) for CLs+b >

0.5. The contribution to the χ2 estimator of the fit is
then obtained via δχ2 = 2 · [Erf−1(1−CL2-sided

s+b )]2, where
Erf−1 is the inverse error function,25 and where the under-
lying probability density function has been assumed to be
symmetric (cf. footnote 21 on p. 556).

For the complete mass range available for the LEP
searches (MH ≤ 120 GeV), and for the high-mass region
of the Tevatron searches (155 ≤ MH ≤ 200 GeV), we em-
ploy the CLs+b values determined by the experiments. For
the low-mass Tevatron results (110 ≤ MH ≤ 150 GeV),
where the CLs+b values are not provided, they are esti-
mated from the measured −2 lnQ values that are com-

23This procedure only uses the MH value under consideration, where
Higgs-mass hypothesis and measurement are compared. It thus ne-
glects that in the SM a given signal hypothesis entails background hy-
potheses for all MH values other than the one considered. An analysis
accounting for this should provide a statistical comparison of a given
hypothesis with all available measurements. This however would re-
quire to know the correlations among all the measurement points (or
better: the full experimental likelihood as a function of the Higgs-mass
hypothesis), which are not provided by the experiments to date. The
difference to the hypothesis-only test employed here is expected to
be small at present, but may become important once an experimental
Higgs signal appears, which however has insufficient significance yet
to claim a discovery (which would allow one to discard all other Higgs-
mass hypotheses). We thank Bill Murray (RAL) for bringing this point
to our attention.
24The experiments integrate only the tail towards larger −2 lnQ values
of the probability density function to compute CLs+b (corresponding to
a counting experiment with to too few observed events with respect to
the s + b hypothesis), which is later used to derive CLs in the modified
frequentest approach. They thus quantify Higgs-like (not necessarily
SM Higgs) enhancements in the data. In the global SM fit, however,
one is interested in the compatibility between the SM hypothesis and
the experimental data as a whole, and must hence account for any devi-
ation, including the tail towards smaller −2 lnQ values (corresponding
to a counting experiment with too many Higgs candidates with respect
to the s + b hypothesis where, s labels the SM Higgs signal).
25The use of Erf−1 provides a consistent error interpretation when
(re)translating the χ2 estimator into a confidence level via CL =
1 − Prob(χ2,1) = Erf(

√
χ2/2).

pared with those expected for the s+b hypothesis, and us-
ing the errors derived by the experiments for the b hypoth-
esis. We have tested this approximation in the high-mass
region, where the experimental values of CLs+b from the
Tevatron are provided, and found a systematic overesti-
mation of the contribution to our χ2 test statistics of about
30%, with small dependence on the Higgs mass. We thus
rescale the test statistics in the mass region where the
CLs+b approximation is used (i.e. 110 ≤ MH ≤ 150 GeV)
by the correction factor 0.77.26 Once made available by
the TEVNPH Working Group, this approximation will be
replaced by the published CLs+b values.

Our method follows the spirit of a global SM fit and
takes advantage from downward fluctuations of the back-
ground in the sensitive region to obtain a more restrictive
limit on the SM Higgs production as is obtained with the
modified frequentest approach. The resulting χ2 curves
versus MH are shown in Fig. 4.1. The low-mass exclu-
sion is dominated by the LEP searches, while the infor-
mation above 120 GeV is contributed by the Tevatron
experiments. Following the original figure, the Tevatron
measurements have been interpolated by straight lines for
the purpose of presentation and in the fit which deals with
continuous MH values.

Constraints on the weak mixing angle can also be derived
from atomic parity violation measurements in caesium, thal-
lium, lead and bismuth. For heavy atoms one determines
the weak charge, QW ≈ Z(1 − 4 sin2 θW) − N . Because the
present experimental accuracy of 0.6% (3.2%) for QW from
Cs [77, 78] (Tl [79, 80]) is still an order of magnitude away
from a competitive constraint on sin2 θW , we do not include
it into the fit. (Including it would reduce the error on the
fitted Higgs mass by 0.2 GeV.) Due to the same reason
we do not include the parity violation left-right asymmetry
measurement using fixed target polarised Møller scattering
at low Q2 = 0.026 GeV2 [81].27

The NuTeV Collaboration measured ratios of neutral and
charged current cross sections in neutrino–nucleon scatter-
ing at an average Q2 $ 20 GeV2 using both muon neutrino
and muon anti-neutrino beams [82]. The results derived for
the effective weak couplings are not included in this analy-
sis because of unclear theoretical uncertainties from QCD
effects such as next-to-leading order corrections and nu-
clear effects of the bound nucleon parton distribution func-
tions [83] (for reviews see, e.g., Refs. [84, 85]).

Although a large number of precision results for αS at
various scales are available, including recent 3NLO deter-
minations at the τ -mass scale [17, 18, 86, 87], we do not

26The correction factor reduces the value of the χ2 test statistics. As
described in footnote 32, its application has little impact on the fit re-
sults.
27The main success of this measurement is to have established the run-
ning of the weak coupling strength at the 6.4σ level.
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The situation 10 years ago...
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Origins I:  The First “Statistics in HEP” conference

But a practical problem remained: How to communicate multi-D likelihood?
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http://indico.cern.ch/conferenceDisplay.py?confId=100458

http://indico.cern.ch/conferenceDisplay.py?confId=100458
http://indico.cern.ch/conferenceDisplay.py?confId=100458
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Outline
Information:
‣ What is the RooStats Project?
‣ What the workspace can do for SUSY/BSM Fits
‣ Real-life examples from the LHC

Example Use cases
‣ A critical look at the weak points in our current chain

Moving forward:
‣ Hard problems that can be solved with planning
‣ Making a clear request to the experiments (discussion)
‣ Preparing toy benchmark examples (discussion)

8
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RooStats: Project info
Started in 2005, when René Brun asked me to help 
organize statistical tools in ROOT

‣ Main goals are to provide a common 
framework for various statistical techniques 
(Frequentist, Bayesian, Likelihood based,...)

We want tools to work with probability models of 
arbitrary complexity (which implies interfaces, etc.)

‣ Decided to base tools on RooFit’s data 
modeling language and core interfaces

Initially an ATLAS/CMS project, but other 
experiments are interested (LHCb, Fermi, ...)

‣ core developers
● K. Cranmer (ATLAS), Lorenzo Moneta 

(ROOT), Gregory Schott (CMS), Wouter 
Verkerke (RooFit)

‣ open project, you are welcome to contribute
● ~10 others contributing now, growing fast

Included since ROOT v5.22 (we are now on 5.27)
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https://twiki.cern.ch/twiki/bin/view/RooStats/WebHome

RooStats has been a topic of 
conversation in every combined ATLAS/
CMS statistics forum meeting
‣ In July, we showed the first toy 

ATLAS/CMS Higgs combination using 
the tools of RooFit/RooStats.
‣ see agenda:

http://indico.cern.ch/conferenceDisplay.py?confId=100458

https://twiki.cern.ch/twiki/bin/view/RooStats/WebHome
https://twiki.cern.ch/twiki/bin/view/RooStats/WebHome
http://indico.cern.ch/conferenceDisplay.py?confId=100458
http://indico.cern.ch/conferenceDisplay.py?confId=100458
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Major Goals and Status
Goal: Standardize interface for major statistical procedures so that they can work 
on an arbitrary RooFit model & dataset and handle many parameters of interest 
and nuisance parameters (systematics).
‣ Status: Done

● ConfIntervalCalculator & HypoTestCalculator interface for tools
● they return ConfidenceInterval and HypoTestResult

Goal: Implement most accepted techniques from Frequentist, Bayesian, and 
Likelihood-based approaches
‣ Status: Done / Ongoing

● ProfileLikelihoodCalculator: (Likelihood) the method of MINUIT/MINOS
● FeldmanCousins: (Frequentist) a generalization of F-C that can incorporate systematics
● MCMCCalculator: (Bayesian) uses Metropolis-Hastings algorithm (native or BAT)
● HybridCalculator: (Bayesian/Frequentist Hybrid) used at LEP and Tevatron

Goal: Provide utilities to perform combined measurements 
‣ Status: Partially done / Ongoing

● RooWorkspace allows one to save arbitrary RooFit model (even with custom code) into 
a .root file.  PDFs and DataSets have been extended to facilitate combinations.

● Same technology can aid in digital publishing

10
today’s focus
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What goes in a Workspace

The workspace stores the full probability model and any data necessary to 
evaluate the likelihood function

‣ it is the code necessary to evaluate the likelihood function at an arbitrary point 
in the parameter space.  It is not a big table of likelihood values!

‣ we are using the same ROOT technology that the LHC experiments are using 
to save their data 
● well supported, and supports “schema evolution” / backwards compatibility

‣ the probability model also allows you to generate toy data for any given 
parameter point 
● necessary for frequentist methods, goodness of fit, coverage

‣ PDFs and functions can be extended by the user (source stored in workspace)
I will show some visualization of real-life LHC probability models.  Let’s start with a 
simple example:
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G(x|µ, σ)
RooRealVar : µRooRealVar : x RooRealVar : σ

RooGaussian : G

Figure 2: test

2 Parameter Estimation

3 Test Statistics and Sampling Distributions

3.1 TestStatistic interface and implementations

We added a new interface class called TestStatistic. It defines the method Evaluate(data,
parameterPoint), which returns a double. This class can be used in conjunction with the
ToyMCSampler class to generate sampling distributions for a user-defined test statistic.

The following concrete implementations of the TestStatistic interface are currently available
ProfileLikelihoodTestStatReturns the log of profile likelihood ratio. Generally a powerful

test statistic. NumEventsTestStatReturns the number of events in the dataset. Useful for
number counting experiments. DebuggingTestStat Simply returns a uniform random number
between 0,1. Useful for debugging. SamplingDistribution and the TestStatSampler interface
and implementations

We introduced a “result” or data model class called SamplingDistribution, which holds the
sampling distribution of an arbitrary real valued test statistic. The class also can return the
inverse of the cumulative distribution function (with or without interpolation).

We introduced an interface for any tool that can produce a SamplingDistribution, called
TestStatSampler. The interface is essentially GetSamplingDistribution(parameterPoint) which
returns a SamplingDistribution based on a given probability density function. We foresee a few
versions of this tool based on toy Monte Carlo, importance sampling, Fourier transforms, etc.
The following concrete implementation of the TestStatSampler interface are currently available

ToyMCSamplerUses a Toy Monte Carlo approach to build the sampling distribution. The
pdf’s generate method to generate is used to generate toy data, and then the test statistic
is evaluated at the requested parameter point. DebuggingSampler Simply returns a uniform
distribution between 0,1. Useful for debugging. NeymanConstruction and FeldmanCousins

A flexible framework for the Neyman Construction was added in this release. The Ney-
manConstruction is a concrete implementation of the IntervalCalculator interface, but it needs
several additional components to be specified before use. The design factorizes the choice

8
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RooFit: A data modeling toolkit

12
Wouter Verkerke, UCSB 

Building realistic models

– Composition (‘plug & play’)

– Convolution

g(x;m,s)m(y;a0,a1)

=

! =

g(x,y;a0,a1,s)
Possible in any PDF

No explicit support in PDF code needed

Wouter Verkerke, UCSB 

Building realistic models

• Complex PDFs be can be trivially composed using operator classes

– Addition

– Multiplication

+ =

* =

Wouter Verkerke, UCSB 

Parameters of composite PDF objects

RooAddPdf

sum

RooGaussian

gauss1
RooGaussian

gauss2
RooArgusBG

argus
RooRealVar

g1frac
RooRealVar

g2frac

RooRealVar

x
RooRealVar

sigma
RooRealVar

mean1

RooRealVar

mean2
RooRealVar

argpar
RooRealVar

cutoff

RooArgSet *paramList = sum.getParameters(data) ;

paramList->Print("v") ;

RooArgSet::parameters:

1) RooRealVar::argpar : -1.00000 C

2) RooRealVar::cutoff :  9.0000 C

3) RooRealVar::g1frac :  0.50000 C

4) RooRealVar::g2frac :  0.10000 C

5) RooRealVar::mean1  :  2.0000 C

6) RooRealVar::mean2  :  3.0000 C

7) RooRealVar::sigma  :  1.0000 C

The parameters of sum
are the combined 
parameters
of its components

A major tool at BaBar.  Fit complicated models with >100 parameters!
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The RooFit/RooStats workspace

RooStat’s Workspace can save in a file the 
full likelihood model and the minimal data 
necessary to reproduce likelihood function.

The technology is generic, we decide how to 
parametrize the model.

Being used by ATLAS/CMS for very 
complicated models

Need this for combinations, exciting potential 
for publishing results.
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Extracting Contours from these results

• One can plot 2-d contours, 1-d likelihood 
functions.  

• One can evaluate likelihood in N-d and use 
to evaluate a theoretical model

• If the model has nuisance parameters for 
systematics, they will be included!

• Easy to combine multiple measurements

14

• The workspace can represent arbitrary models with many 
parameters of interest and many nuisance parameters

Taken from Wouter Verkerke, NIKHEF 

This contour is NOT an ellipse!
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Examples of Real-Life LHC Models

15
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ATLAS H->γγ
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680 19   Higgs Bosons

For an integrated luminosity of 100 fb!1, a Standard Model Higgs boson in the mass range be-
tween 105 GeV and 145 GeV can be observed with a significance of more than 5" by using the
H# $$ channel alone. Table 19-2 also contains the estimated significances of the H# $$ channel
for an integrated luminosity of 30 fb-1, corresponding to the first three years of LHC operation.
The significances at low luminosity have been evaluated by taking the resulting improvements
in mass resolution and background rejection into account. A signal in the $$ channel can only be
seen in this case with a significance of % 4" over a narrow mass range between 120 and 130 GeV.

The significances quoted in Table 19-2 are slightly higher than the ones given in the Technical
Proposal. The main reason for this is the removal of the so called pT-balance cut, which was ap-
plied in order to suppress bremsstrahlung background. Although without this cut the back-
ground increases, there is a net gain in the significance. Another reason is the slightly improved
mass resolution which is mainly due to a more sophisticated photon energy reconstruction, sep-
arating converted and non-converted photons. These gains are somewhat offset by the higher
reducible background.

As an example of signal reconstruction above background, Figure 19-4 shows the expected sig-
nal from a Higgs boson with mH = 120 GeV for an integrated luminosity of 100 fb-1. The H# $$

signal is clearly visible above the smooth $$ background, which is dominated by the irreducible
continuum of real photon pairs.

19.2.2.2 Associated production:WH, ZH and ttH

The production of the Higgs boson in association with aW or a Z boson or with a tt pair can also
be used to search for a low-mass Higgs boson. The production cross-section for the associated
production is almost a factor 50 lower than for the direct production, leading to much smaller
signal rates. If the associated W/Z boson or one of the top quarks is required to decay leptoni-
cally, thereby leading to final states containing one isolated lepton and two isolated photons, the
signal-to-background ratio can nevertheless be substantially improved with respect to the direct
production. In addition, the vertex position can be unambiguously determined by the lepton
charged track, resulting in better mass resolution at high luminosity than for the case of direct
H# $$ production.

Figure 19-4 Expected H # $$ signal for mH = 120 GeV and for an integrated luminosity of 100 fb-1. The signal

is shown on top of the irreducible background (left) and after subtraction of this background (right).
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3-channel top combination
The graph below represents this PDF

‣ where there are several relations between the expected means 
in the different channels
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5.1.3 Extending the Likelihood Function to include Multiple Bins or Channels510

One may wish to extend the likelihood function in Eq. 15 to include multiple channels (e. g. ee/µµ/eµ)511

or several jet multiplicity bins. Formally, the extension looks very similar for both cases. Let us first512

consider the case of multiple bins indexed by i. The expectation for the ith bin from the kth signal or513

background contribution is514

N
exp
ik = L !ik"

j

#̃i jk
#i jk($ j)

#̃i jk
= Ñ

exp
ik "

j

#i jk($ j)

#̃i jk
. (16)

Note, that we do not add the index to $ j, because we see this as a common source of systematics which515

is common for the different bins and the different signal and background contributions. The likelihood516

function is now a product over these bins517

L(!sig,L ,$ j) = "
i∈bins

[

Pois(Nobs
i |Nexp

i,tot)×Gaus(L̃ |L ,!L )"
j

Gaus($̃ j = 0|$ j, %$ j
= 1)

]

. (17)

The likelihood function for multiple channels is similar, with an additional product over the multiple518

channels. The only subtlety is that k now runs over the set of signal and backgrounds specific to that519

channel. Similarly, the sources of systematics might also be different for the different channels. Leaving520

the range of the indices implicit, we arrive at521

L(!sig,L ,$ j) = "
l∈{ee,µµ ,eµ}

{

"
i∈bins

[

Pois(Nobs
i |Nexp

i,tot)Gaus(L̃ |L ,!L ) "
j∈syst

Gaus(0|$ j,1)

]}

. (18)

5.2 Extracting Measurements from the Profile Likelihood Ratio522

Armed with the final likelihood function in Eq. 18 and the Asimov dataset, we can now derive the ex-523

pected uncertainty on the desired cross section measurement. The likelihood function can be maximized524

to determine the maximum likelihood estimate of all the parameters !̂sig,L̂ , $̂ j. One can then consider525

the likelihood ratio526

r(!sig) =
L(!sig,L̂ , $̂ j)

L(!̂sig,L̂ , $̂ j)
(19)

and the profile likelihood ratio:527

& (!sig) =
L(!sig,

ˆ̂
L , ˆ̂$ j)

L(!̂sig,L̂ , $̂ j)
(20)
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25 measurements from data 
1 parameter of interest and 24 nuisance parameters
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How to use the workspace
Using the likelihood function stored in a 
workspace does not mean:

‣ becoming an expert in RooFit/RooStats
‣ ever using a ROOT prompt.

To get started, I have a simple example:
‣ a C++ program with a main()
‣ with a real Makefile that links to the 

RooFit and RooStats libraries in ROOT

The program: 
‣ opens the ROOT file and gets the workspace
‣ gets the log-likelihood function 
‣ evaluates it at some random parameter points
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Graphical Models
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Bayesian vs. Frequentist

Graphical models

Gaussianity and isotropy

Lyons’ wishlist

Bayesian information

3 6

1 5 7

2 4

� �
� � �

� �
✲

❅
❅❘

�
�✒

❅
❅❘

✲
❅

❅❘
❅

❅❘

�
�✒

�
�✒

✲

Directed Markov means

f (x) = f (x1)f (x2 | x1)f (x3 | x1)f (x4 | x2)

× f (x5 | x2, x3)f (x6 | x3, x5)f (x7 | x4, x5, x6).

Theory exists for deriving all conditional independencies and

exploiting local structure in graph for gross computational

simplifications in complex models. Has been successfully exploited

in AI, machine learning, and Bayesian statistics.

Steffen Lauritzen University of Oxford Statistical respondent

P

Pon

non s b

Poff

noff !

non

s b

noff !

non

s b

noff

!

Given all these graphs, it’s not 
surprising that one might think there’s 
an application for Graphical Models
‣ graphs are different, but let’s 

discuss connection

Graph of on/off model
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A Critical Look at What We Are Doing Now
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Correlated systematics
Clearly, several systematic effects will be correlated between the different 
measurements, and this must be taken into account
‣ That means the likelihood function needs to be a function of nuisance 

parameters.  

Current approach attempts to 
‣ Not clear from a table like this if errors are anti-correlated 
‣ The relationship can be non-trivial, not able to be represented by a 

simple covariance matrix
Wouldn’t it be nice to be able to inflate the uncertainties and see what 
happens?  Especially, when results don’t agree.
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Table 4: Endpoint positions for SU3 and SU4, in GeV. The first error is statistical, the second and third
are the systematic and the jet energy scale uncertainty, respectively. The theoretical values are also given
for ease of comparison to the left of the fitted values. The integrated luminosity assumed is 1 fb−1 for
SU3 and 0.5 fb−1 for SU4.

Endpoint SU3 truth SU3 measured SU4 truth SU4 measured
medge!!q 501 517±30±10±13 340 343±12±3±9
mthr!!q 249 265±17±15±7 168 161±36±20±4
mmaxlq(low) 325 333±6±6±8 240 201±9±3±5
mmaxlq(high) 418 445±11±11±11 340 320±8±3±8

In contrast to χ̃02 decays into electrons or muons, the di-tau invariant mass spectrum does not have a
sharp endpoint at the maximum kinematic value. Due to the presence of neutrinos from the tau decays,
the mττ distribution (where mττ indicates the invariant mass of the visible decay products of the tau
pair) falls off smoothly below the maximum value given by either Eq. (4) or Eq. (5). Only hadronic tau
decays are considered for tau identification: the tracking-seeded reconstruction algorithm [13] is used
to reconstruct taus in the “Coannihilation” point (SU1), while the calorimeter-seeded algorithm [13] is
used for the “Bulk” point model (SU3). This choice is motivated by the higher efficiency of the former
in reconstructing the low pT taus that are present in the SU1 model.
The SU1 point also has a considerably lower cross-section than the SU3 point, so different selection

procedures are used to maximize the signal significance. For the SU3 point events are selected with two
taus, EmissT > 230 GeV, and at least four jets with pT greater than 220, 50, 50, 30 GeV respectively. For
the SU1 point the cut on EmissT is relaxed to 100 GeV and at least two jets with pT greater than 100 and
50 GeV respectively. In addition, an elliptical cut in the space of EmissT and the sum pT(1)+ pT(2) of the
two highest pT jets is applied to SU1. The semi-axes of the ellipse are 450 GeV for EmissT and 500 GeV
for the sum of jet pT. This cut exploits the anticorrelation between EmissT and (pT(1)+ pT(2)) which is
different for the signal and the Standard Model background.
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Figure 6: Invariant mass distribution of opposite-sign tau pairs with same-sign tau distribution subtracted,
for the SU1 (18 fb−1, left) and SU3 scenarios (1 fb−1, right). The dashed histogram in the left plot shows
the distribution at the generator level, while points show the reconstruction-level distribution.

The invariant mass distribution emerging after the above cuts are applied is shown in Figure 6 for the
SU1 and SU3 scenarios, where the corresponding distribution of two taus with the same sign of electric
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Asymmetric Errors
I see that several groups interpret asymmetric errors reported by 
the experiments into a likelihood function:
‣ Of course, this is an ill-posed problem
‣ Rober Barlow considered 8 ways of doing this for cases in 

HEP, and the results can vary significantly
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http://www.physics.ox.ac.uk/phystat05/Talks/slides.pdf

http://www.physics.ox.ac.uk/phystat05/Talks/slides.pdf
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Likelihoods from CLs+b

Because the experiments do not publish likelihoods, groups are often forced to 
try to infer the likelihood from other information, like CLs+b

‣ The basis of this is that the CLs+b was based on a LLR test statistic, which 
is assumed to be distributed as a chi-square distribution but let’s look more 
closely
● what is the “LLR” exactly?
● Is it distributed as a chi-square distribution?
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Max Baak 

Statistical interpretation Higgs limits 

Global Fit of electroweak SM and beyond  

! " Stat. interpretation in global fit: 2-sided CLS+B 

! " Experiments measure test statistics:               

LLR = -2lnQ, where Q=LS+B/LB 

! " LLR is transformed by experiments into one-

sided CLS+B using toy-MC experiments 

-" Sensitive to too few Higgs-like events 

! " We transform 1-sided CLS+B into 2-sided CL2s
S+B  

-" We measure deviations from the SM. 

-" Eg. also interested in too many Higgs-like 

events. 

! " !2 contribution calculated via inverse error 

function, assuming symmetric pdf :  

"!2=Erf-1(1-CL2s
S+B)   

! " Alternative treatments (thanks to fruitful 

discussion with Tevatron people): 

! " Use one-sided CLS+B: however, different 

interpretation – want SM Higgs (not any Higgs) 

! " Directly use "!2 ! LLR: Bayesian interpretation, 

lacks pseudo-MC information 

LEP Tevatron, 5.4fb-1 

From Exclusions to Fits

Transfer (single-sided) CLs+b into
(double-sided) χ2:

χ2
H = 2 InvErf

2(1 − 2CLs+b)

 1e-06

 1e-05
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 90  92  94  96  98  100

C
Ls

+b

m_h1=m_h2 [GeV]

SF=1
SF=0.5

SF=0.25

New: e.g. CLs+b for MSSM/2HDM/. . .

In the future (see below): Using HiggsBounds we can have χ2 for each model
with (pseudo)scalar particles

Same for SUSY would be nice, but even more complicated . . .

P. Bechtle: HiggsBounds SUSYFit 2010 Workshop 26.07.2010 5
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Three common “LLR” test statistics
We express cross-section as                       for convenience.
Effect of systematics is parametrized by one or more “nuisance 
parameters” denoted    .  

● best fit point is:
● best fit of nuisance parameters with µ fixed is     (aka “profiled”)

In principle, s+b and b-only models can have different parametrizations

Three common test statistics used in the field are:
● simple likelihood ratio (used at LEP, nuisance parameters fixed)

● ratio of profiled likelihoods (used commonly at Tevatron)

● profile likelihood ratio (related to Wilks’s theorem)
λ(µ) = Ls+b(µ, ˆ̂ν)/Ls+b(µ̂, ν̂)

QLEP = Ls+b(µ = 1)/Lb(µ = 0)

QTEV = Ls+b(µ = 1, ˆ̂ν)/Lb(µ = 0, ˆ̂ν�)

µ = σ/σSM

ν

µ̂, ν̂
ˆ̂ν
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The LEP Test Statistic
The “LLR” used by LEP was 
‣ This is definitely not distributed as a chi-square, 

To get a chi-square distribution, the denominator needs to be the 
best-fit point and the variable is non-negative
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Figure 6: Probability density functions corresponding to fixed test masses mH, for the background
and signal plus background hypotheses. The observed values of the test statistic −2 ln Q are indicated
by the vertical lines. The light shaded areas, 1 − CLb, measure the confidence for the background
hypothesis and the dark shaded areas, CLs+b, the confidence for the signal plus background hypothesis.
Plot (a): test mass mH = 115 GeV/c2; (b): mH = 110 GeV/c2; (c): mH = 120 GeV/c2.
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None are chi-square
Not only are there three types of “LLR” test statistics around, but
‣ they have very different distributions
‣ the only one that is expected to be distributed as chi-square is the profile λ(µ) 

● and even it is typically distorted because fits don’t allow a negative signal cross-section.  
● So you should expect the CLs+b from Toy MC to be different by ~x2 from the assumed 

distribution.

Forced to use approximations because we don’t have the true likelihood functions.
‣ Makes no sense to ignore these problems and focus the precision of the underlying 

machinery of the lagrangian fitters
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Do the Intervals Cover?
Michael Bridges, KC, Farhan Feroz, Mike Hobson, Roberto Ruiz de Austri, Roberto Trotta

See also next talk by Yashar Akrami
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Coverage
Coverage is the probability that interval contains (covers) the true value

‣ Property of the method used to produce confidence/credible interval
‣ For any given data, the interval either covers or it doesn’t
‣ Requires repeating the procedure on pseudo-data several times

31

 0

 0.2

 0.4

 0.6

 0.8

 1

M1/2 (TeV)

m
0 

(T
eV

)

P/P(max)

 0  0.5  1  1.5  2
 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0

 0.2

 0.4

 0.6

 0.8

 1

M1/2 (TeV)

m
0 

(T
eV

)

P/P(max)

 0  0.5  1  1.5  2
 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4(a) (b)

 0

 0.2

 0.4

 0.6

 0.8

 1

tan !

m
0 

(T
eV

)

P/P(max)

 0  10  20  30  40  50  60  70
 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4

 0

 0.2

 0.4

 0.6

 0.8

 1

tan !

m
0 

(T
eV

)

P/P(max)

 0  10  20  30  40  50  60  70
 0

 0.5

 1

 1.5

 2

 2.5

 3

 3.5

 4(c) (d)

Figure 3: CMSSM fits marginalised in the unseen dimensions for (a,c) flat tan β priors,

(b,d) the REWSB+same order prior with w = 1. Contours showing the 68% and 95%

regions are shown in each case. The posterior probability in each bin, normalised to the

probability of the maximum bin, is displayed by reference to the colour bar on the right

hand side of each plot.

see Fig. 2c, and large values of |A0|/M1/2. Large values of |A0| are necessary in this

region in order to achieve large stop mass splitting and therefore large corrections
to the lightest Higgs mass. Without such corrections, h0 falls foul of LEP2 Higgs

mass bounds. The focus-point region has been diminished by the REWSB priors
mainly because the large values of m0 required become suppressed as in Fig. 2a.
This suppression comes primarily from the requirement that SUSY breaking and

Higgs parameters be roughly of the same order as each other. Figs. 3b,d display
only one good-fit region corresponding to the stau co-annihilation region at low m0.

The banked method [45] allows an efficient normalisation of the µ > 0 and µ < 0
branches, both of which are included in the figure.

We now turn to a comparison of the REWSB+same order prior fits. We consider

such fits to give much more reliable results than the flat tanβ fits, and a large differ-
ence between fits for w = 1 to w = 2 would provide evidence for a lot of sensitivity

– 13 –

Hard-core frequentist intervals “cover by construction”  
‣ Neyman Construction, aka “Feldman-Cousins” in HEP
‣ Likelihood-based intervals are not guaranteed to cover
‣ Bayesian methods are not guaranteed to cover (not their goal)

I think of coverage as a calibration of our statistical apparatus
‣ How often do the intervals cover the true value?  
‣ Is it really 95%?

Jim Berger:

Bob Cousins, CosmoStats 2009 31-Jim Berger
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Do our current intervals cover?
To study this we considered a simplified model based on the ATLAS analysis of 
the “SU3” benchmark point.

‣ Model: A multivariate Gaussian likelihood function based on the published 
ATLAS covariance matrix SM.  Is likelihood really a multi-variate Gaussian?
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Table 8: Resulting SUSY particle masses and mass differences within SU3 and SU4 from the χ 2 mini-
mization fit using the dilepton and lepton+jets edges. Shown are the measured masses mmeas and mass
differences ∆mmeas followed first by the parabolic errors as returned by MIGRAD and then by the jet
energy scale errors. When the measured parameter is anticorrelated with the jet energy scale variation,
this is indicated by a ∓ sign. The input Monte Carlo masses mMC and mass differences ∆mMC are also
shown. The integrated luminosity assumed is 1 fb−1 for SU3 and 0.5 fb−1 for SU4.

Observable SU3 mmeas SU3 mMC SU4 mmeas SU4 mMC
[GeV] [GeV] [GeV] [GeV]

mχ̃01
88±60∓2 118 62±126∓0.4 60

mχ̃02
189±60∓2 219 115±126∓0.4 114

mq̃ 614±91±11 634 406±180±9 416
m!̃ 122±61∓2 155
Observable SU3 ∆mmeas SU3 ∆mMC SU4 ∆mmeas SU4 ∆mMC

[GeV] [GeV] [GeV] [GeV]
mχ̃02

−mχ̃01
100.6±1.9∓0.0 100.7 52.7±2.4∓0.0 53.6

mq̃−mχ̃01
526±34±13 516.0 344±53±9 356

m!̃−mχ̃01 34.2±3.8∓ 0.1 37.6

to constrain the fits.

9.2 Observables and fit assumptions
To demonstrate the feasibility of parameter determination with initial data, we show the constraints one
would obtain for our benchmark points if one assumed an mSUGRA framework.
The SUSY parameter-fitting package Fittino version 1.4.1 [24] is used, interfaced to a beta version

of SPheno3 [25] to perform the theoretical calculations for a given set of parameters.
The fit is given the measurements presented in sections 3, 4 and 6. The lepton and the jet energy

scale uncertainties are each considered to be 100% correlated between measurements. Uncertainties on
the theoretical predictions are not taken into account. For illustration purposes an additional parame-
ter determination is performed where – following a prescription used in [26] – 1% (0.5%) uncertainty
on the theoretical calculation of the pole masses of coloured (un-coloured) sparticles is assumed. No
correlations between the theoretical uncertainties on the pole masses are considered.

9.3 Markov chain analysis
To obtain a first glimpse of the possible parameter space a Markov chain analysis is performed. With this
technique it is possible to efficiently sample from a large-dimensional parameter spaces. This allows us
to check whether there are several topologically disconnected parameter regions which are favoured by
the given measurements.
Figure 12 shows two-dimensional likelihood maps for M0 and M1/2 (left) as well as tanβ and A0

(right) for sign µ = +1 obtained for the given set of measurements. The plots demonstrate that for a
given sign µ preferred parameters are found around the true parameter points independent of the starting
point. No further preferred regions occur. For M0 and M1/2 a clearly preferred region is found around
the SU3 values of 100 GeV and 300 GeV, respectively. As expected, given the measurements used, the
determination of tanβ and A0 is more difficult. Nevertheless, here too the region around the nominal
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Neural Nets for CMSSM
Coverage studies are computationally intensive: 10,000 scans!
‣ use NN’s to learn mapping from CMSSM <-> spectrum

● speeds up scans dramatically: O(105)  
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Start by checking coverage of the weak-scale model:
‣ no pull-back to CMMS, parameters are mean of multivariate Gaussian

This “has to work”.  If it didn’t, would be an algorithmic problem.
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Initial Coverage Result
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When we pull back to the CMSSM params., we see significant over-coverage
‣ consistently with profiling, MCMC, Multinest, etc.

What is the source of the over-coverage?
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Effect of boundaries
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The requirements that a CMSSM point is physical (LSP, EWSB, Tachions) 
introduce boundaries in the parameter space.

‣ These boundaries mean convergence to a χ2 distribution (Wilks) is slow
‣ leads to a higher cut-off on -2 ln L ==> larger interval ==> over-coverage



Kyle Cranmer (NYU)

Center for 
Cosmology and 
Particle Physics

OKC Prospects, Stockholm, Sept. 16, 2010

Checking “Validity” of Wilks

37

To check that this was the effect, we plot             evaluated at true point
‣ Confirms expectation: distribution is not χ2 for CMSSM (is for weak-scale)

−2 lnλ

CMSSM
Weak-scale
Wilks
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Moving Forward

38
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How will we model the data
The technology is general, but it is still up to the experiments to 
decide how they will model the data.  
‣ Thoughtful parametrization requires planning and clear requests 

from groups like this
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where the ai are the parameters used to parameterize the fake-tau background and ! represents all nui-680

sance parameters of the model: "H ,mZ,"Z,rQCD,a1,a2,a3. When using the alternate parameterization681

of the signal, the exact form of Equation 14 is modified to coincide with parameters of that model.682

Figure 14 shows the fit to the signal candidates for a mH = 120 GeV Higg with (a,c) and without683

(b,d) the signal contribution. It can be seen that the background shapes and normalizations are trying to684

accommodate the excess near m## = 120 GeV, but the control samples are constraining the variation.685

Table 13 shows the significance calculated from the profile likelihood ratio for the ll-channel, the lh-686

channel, and the combined fit for various Higgs boson masses.687
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Figure 14: Example fits to a data sample with the signal-plus-background (a,c) and background only

(b,d) models for the lh- and ll-channels at mH = 120 GeV with 30 fb−1 of data. Not shown are the

control samples that were fit simultaneously to constrain the background shape. These samples do not

include pileup.
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A graphical representation

Here is a graphical representation of 
this model that outlines its structural 
relationships

‣ Functions
‣ Parameters of Interest
‣ Nuisance Parameters
‣ Observable
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Matrix Element Method as a Parametrization

41
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Matrix-element likelihood: 
Calculate probability directly

   P(event z | SM) = P (z | process A) + P(z | process B) + ….

where

   P( z | A ) = ! dy |MA|
2 fpfp fTF(y,z)

Parton(y) to detector(z) transfer function (TF)
  describes parton-shower and
  detector response in parametrized
  form (Issue 2)

Matrix-element*PDFs for process A (Issue 2)

Integration over parton-level quantities

 =  d"#/dz

Prediction via Monte Carlo Simulation

The enormous detectors are still being constructed, but we have detailed
simulations of the detectors response.

L(x|H0) =
W

W

H
µ+

µ−

⊕

The advancements in theoretical predictions, detector simulation, tracking,
calorimetry, triggering, and computing set the bar high for equivalent
advances in our statistical treatment of the data.

September 13, 2005

PhyStat2005, Oxford
Statistical Challenges of the LHC (page 6) Kyle Cranmer

Brookhaven National Laboratory

Diagrams by MadGraph  g g -> u u~ e- e+ ap gp  
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Matrix Element Method as a Parametrization
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Matrix Element Method as a Parametrization
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February 25, 2009 Daniel Whiteson/UC Irvine                           Slide     7

Matrix-element likelihood: 
Calculate probability directly

   P(event z | SM) = P (z | process A) + P(z | process B) + ….

where

   P( z | A ) = ! dy |MA|
2 fpfp fTF(y,z)

Parton(y) to detector(z) transfer function (TF)
  describes parton-shower and
  detector response in parametrized
  form (Issue 2)

Matrix-element*PDFs for process A (Issue 2)

Integration over parton-level quantities

 =  d"#/dz

Prediction via Monte Carlo Simulation

The enormous detectors are still being constructed, but we have detailed
simulations of the detectors response.

L(x|H0) =
W

W

H
µ+

µ−

⊕

The advancements in theoretical predictions, detector simulation, tracking,
calorimetry, triggering, and computing set the bar high for equivalent
advances in our statistical treatment of the data.

September 13, 2005

PhyStat2005, Oxford
Statistical Challenges of the LHC (page 6) Kyle Cranmer

Brookhaven National Laboratory

Diagrams by MadGraph  g g -> u u~ e- e+ ap gp  
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It seems the best way to move forward is to prepare some 
workspaces corresponding to benchmark tests.
‣ This will be very helpful for comparison of different fitters 
‣ a very simple multivariate Gaussian for degugging
‣ eg. a SUSY llmax, qllow, qlhigh, qllthresh, qlledge example 

● start with only the measured edges
● could extend to the full shape

‣ A Higgs example:
● h/H -> tau tau with both taus visible?
● the toy ATLAS+CMS combination?
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Moving Forward
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Asimov, Fisher, Wilks, Wald, Cramér, and Rao
Glen Cowan, KC, Eilam Gross, Ofer Vitells: [arXiv:1007.1727]

Ben Allanach, KC
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From Wilks to Wald
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sample limit and are in fact found to provide accurate results even for fairly small sample sizes.

For very small data samples one always has the possibility of using Monte Carlo methods to

determine the required distributions.

3.1 Approximate distribution of the profile likelihood ratio

Consider a test of the strength parameter µ, which here can either be zero (for discovery) or

nonzero (for an upper limit), and suppose the data are distributed according to a strength

parameter µ�
. The desired distribution f(qµ|µ�

) can be found using a result due to Wald [2],

who showed that for the case of a single parameter of interest,

−2 lnλ(µ) =
(µ− µ̂)2

σ2
+O(1/

√
N) . (17)

Here µ̂ follows a Gaussian distribution with a mean µ�
and standard deviation σ, and N

represents the data sample size. The standard deviation σ of µ̂ is obtained from the covariance

matrix of the estimators for all the parameters, Vij = cov[θ̂i, θ̂j ], where here the θi represent
both µ as well as the nuisance parameters (e.g., take θ0 = µ, so σ2

= V00). In the large-

sample limit, the bias of ML estimators in general tend to zero, in which case we can write

the inverse of the covariance matrix as

V −1
ij = −E

�
∂2

lnL

∂θi∂θj

�

, (18)

where the expectation value assumes a strength parameter µ�
. The approximations presented

here are valid to the extent that the O(1/
√
N) term can be neglected, and the value of σ can

be estimated, e.g., using Eq. (18). In Sec. 3.2 we present an alternative way to estimate σ
which lends itself more directly to determination of the median significance.

If µ̂ is Gaussian distributed and we neglect the O(1/
√
N) term in Eq. (17), then one can

show that the statistic tµ = −2 lnλ(µ) follows a noncentral chi-square distribution for one

degree of freedom (see, e.g., [9]),

f(tµ;Λ) =
1

2
√
tµ

1√
2π

�
exp

�
−1

2

��
tµ +

√
Λ
�2�

+ exp

�
−1

2

��
tµ −

√
Λ
�2��

, (19)

where the noncentrality parameter Λ is

Λ =
(µ− µ�

)
2

σ2
. (20)

For the special case µ�
= µ one has Λ = 0 and −2 lnλ(µ) approaches a chi-square distribution

for one degree of freedom, a result shown earlier by Wilks [1].

The results of Wilks and Wald generalize to more than one parameter of interest. If

the parameters of interest can be explicitly identified with a subset of the parameters θr =

(θ1, . . . , θr), then the distribution of −2 lnλ(θr) follows a noncentral chi-square distribution

for r-degrees of freedom with noncentrality parameter

Λr =

r�

i,j=1

(θi − θ�i) Ṽ
−1
ij (θj − θ�j) , (21)

9

for a test of the background-only hypothesis with respect to the alternative of signal plus
background (and vice versa). But if the Wald approximation holds, the statistic q as well as
q0 from Eq. (10), qµ from Eq. (12) and q̃µ from Eq. (15) are all monotonic functions of µ̂, and
therefore all are equivalent to µ̂ in terms of yielding the same statistical test. To the extent
that this holds, the statistics q0, qµ and q̃µ are then also optimal in the Neyman–Pearson
sense.

4 Experimental sensitivity

To characterize the sensitivity of an experiment, one is interested not in the significance
obtained from a single data set, but rather in the expected (more precisely, median) signifi-
cance with which one would be able to reject different values of µ. Specifically, for the case
of discovery one would like to know the median, under the assumption of the nominal signal
model (µ = 1), with which one would reject the background-only (µ = 0) hypothesis. And for
the case of setting exclusion limits the sensitivity is characterized by the median significance,
assuming data generated using the µ = 0 hypothesis, with which one rejects a nonzero value
of µ (usually µ = 1 is of greatest interest).

The sensitivity of an experiment is illustrated in Fig. 2, which shows the pdf for qµ

assuming both a strength parameter µ and also assuming a different value µ′. The distribution
f(qµ|µ′) is shifted to higher value of qµ, corresponding on average to lower p-values. The
sensitivity of an experiment can be characterized by giving the p-value corresponding to the
median qµ assuming the alternative value µ′. As the p-value is a monotonic function of qµ,
this is equal to the median p-value assuming µ′.

µ
q

)µ|
µ

f(q
’]µ|

µ
med[q

’)µ|
µ

f(q

p−value

Figure 2: Illustration of the the p-
value corresponding to the median
of qµ assuming a strength parame-
ter µ′ (see text).

In the rest of this section we describe the ingredients needed to determine the experi-
mental sensitivity (median discovery or exclusion significance). In Sec. 4.1 we introduce the
Asimov data set, in which all statistical fluctuations are suppressed. This will lead directly
to estimates of the experimental sensitivity (Sec. 4.2) as well as providing an alternative
estimate of the standard deviation σ of the estimator µ̂. In Sec. 4.3 we indicate how the
procedure can be extended to the case where several search channels are combined, and in
Sec. 4.4 we describe how to give statistical error bands for the sensitivity.

4.1 The Asimov data set

To use the formulae given above for the distributions f(q0|µ) (for µ != 0), f(qµ|µ′) (for µ != µ′)
and f(q̃µ|µ′) (for any µ′), one requires the standard deviation σ of µ̂, which is assumed to

14

gij(θ) = V −1
ij (θ) = −E

�
∂2 lnL

∂θi∂θj

�
=

�
dxL(x|θ)

�
∂ lnL

∂θi

� �
∂ lnL

∂θj

�

Wilks only tells you the asymptotic distribution for the true point!
‣ for expected contours, one needs to know what distribution looks like 

for other points
‣ Walds theorem: non-central chi-square with noncentrality parameter Λ
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The Asimov dataset
The name of the “Asimov” data set is inspired by the short story 
Franchise, by Isaac Asimov.  

“Multivac picked you as the most representative this year.  Not the 
smartest, or the strongest, or the luckiest, but just the most 
representative.  Now we don’t question Multivac, do we?”

Coincidentally, the story takes place in 2008, when we started to 
formalize the properties of our “Asimov” Dataset
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Glen Cowan, KC, Eilam Gross, Ofer Vitells
http://arxiv.org/abs/1007.1727
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Our theories are parametrized in some form convenient for our underlying 
quantum field theories.  But this parametrization is somewhat arbitrary, and

‣ phenomenology nearly constant in large regions and changes quickly in others.  
‣ a metric (not prior) on the parameters which is inherited from observables
‣ invariant to reparametrizing observables, covariant to reparametrizing theory

The Fisher information metric
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Weak Boson Fusion H → ττ

  

j
j

H

!
! h

l

MissingET is the dominant experimental issue

Unexpected complications from finely seg-
mented calorimeter and noise suppression

Several GeV of bias in MissingET if one simply
cuts all cells with E < 2σnoise

Translates into bias on mττ

Complementarity of h → ττ and H → ττ al-
lows this channel to cover most of the MSSM
Higgs plane.
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LEP2: e+e"→Zh

LHC(40fb-1):
VV→H→## VV→h→##

Plehn, et. al hep-ph/9911385

August 23, 2005

ALCWS, Snowmass, 2005

Higgs at the LHC & SLHC (page 6) Kyle Cranmer

Brookhaven National Lab
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Spinoffs from the Asimov idea
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gij(θ) = E
��
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����� θ

�
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�
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lnLA(θ)

� �
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∂θj
lnLA(θ)
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Calculating the Fisher info. matrix requires 
an expectation over possible data.

This also provides a convenient algorithm 
determining for Jeffreys’s prior numerically, 
but I know their are issues with numerics 
and improper priors.

In many problems, this is too 
computationally expensive to be useful.

We found that the curvature of the 
likelihood function on the Asimov data 
gives a very good estimate of gij

In Banff, two statisticians Earl Lawrence 
and Richard Lockhart helped us see that 
this curvature of this single Asimov dataset 
can be seen as a numerical integration for 
calculating the expectation of the curvature. 
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Proof: Curvature of Asimov Likelihood = Fisher Information
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where Ṽ −1
ij is the inverse of the submatrix one obtains from restricting the full covariance

matrix to the parameters of interest. The full covariance matrix is given from inverting
Eq. (18), and we show an efficient way to calculate it in Sec. 3.2.

3.2 The Asimov data set and the standard deviation of µ̂

Some of the formulae given above for the distributions of test statistics require the standard
deviation σ of µ̂, which is assumed to follow a Gaussian distribution with a mean of µ�. Below
we show two ways of estimating σ, both of which are closely related to a special, artificial
data set (the “Asimov data set”).

We define the Asimov data set such that when one uses it to evaluate the estimators for
all parameters, one obtains the true parameter values. Consider the likelihood function for
the generic analysis given by Eq. (6). To simplify the notation in this section we define

νi = µ�si + bi . (22)

Further let θ0 = µ represent the strength parameter, so that here θi can stand for any of the
parameters. The ML estimators for the parameters can be found by setting the derivatives
of lnL with respect to all of the parameters equal to zero:

∂ lnL

∂θj
=

N�

i=1

�
ni

νi
− 1

�
∂νi
∂θj

+
M�

i=1

�
mi

ui
− 1

�
∂ui
∂θj

= 0 . (23)

This condition holds if the Asimov data, ni,A and mi,A, are equal to their expectation values:

ni,A = E[ni] = νi = µ�si(θ) + bi(θ) , (24)

mi,A = E[mi] = ui(θ) . (25)

Here the parameter values represent those implied by the assumed distribution of the data.
In practice, these are the values that would be estimated from the Monte Carlo model using
a very large data sample.

We can use the Asimov data set to evaluate the “Asimov likelihood” LA and the cor-
responding profile likelihood ratio λA. The use of non-integer values for the data is not a
problem as the factorial terms in the Poisson likelihood represent constants that cancel when
forming the likelihood ratio, and thus can be dropped. One finds

λA(µ) =
LA(µ,

ˆ̂θ)

LA(µ̂, θ̂)
=

LA(µ,
ˆ̂θ)

LA(µ�,θ)
. (26)

where the final equality above exploits the fact that the estimators for the parameters are
equal to their hypothesized values when the likelihood is evaluated with the Asimov data set.

A standard way to find σ is by estimating the matrix of second derivatives of the log-
likelihood function (cf. Eq. (18)) to obtain the inverse covariance matrix V −1, inverting to
find V , and then extracting the element V00 corresponding to the variance of µ̂. The second
derivative of lnL is

10

∂2 lnL

∂θj∂θk
=

N�

i=1

��
ni

νi
− 1

�
∂2νi

∂θj∂θk
− ∂νi

∂θj

∂νi
∂θk

ni

ν2i

�

+

M�

i=1

��
mi

ui
− 1

�
∂2ui

∂θj∂θk
− ∂ui

∂θj

∂ui
∂θk

mi

u2i

�

. (27)

From (27) one sees that the second derivative of lnL is linear in the data values ni and mi.

Thus its expectation value is found simply by evaluating with the expectation values of the

data, which is the same as the Asimov data. One can therefore obtain the inverse covariance

matrix from

V −1
jk = −E

�
∂2 lnL

∂θj∂θk

�

= −∂2 lnLA

∂θj∂θk
=

N�

i=1

∂νi
∂θj

∂νi
∂θk

1

νi
+

M�

i=1

∂ui
∂θj

∂ui
∂θk

1

ui
. (28)

In practice one could, for example, evaluate the the derivatives of lnLA numerically, use this

to find the inverse covariance matrix, and then invert and extract the variance of µ̂. One can

see directly from Eq. (28) that this variance depends on the parameter values assumed for

the Asimov data set, in particular on the assumed strength parameter µ�, which enters via

Eq. (22).

Another method for estimating σ (denoted σA to distinguish it from the approach above

based on the second derivatives of lnL) is to find find the value that is necessary to recover

the known properties of −λA(µ). Because the Asimov data set corresponding to a strength

µ� gives µ̂ = µ�, from Eq. (17) one finds

−2 lnλA(µ) ≈
(µ− µ�)2

σ2
= Λ . (29)

That is, from the Asimov data set one obtains an estimate of the noncentrality parameter Λ
that characterizes the distribution f(qµ|µ�). Equivalently, one can use Eq. (29) to obtain the

variance σ2 which characterizes the distribution of µ̂, namely,

σ2
A =

(µ− µ�)2

qµ,A
, (30)

where qµ,A = −2 lnλA(µ). For the important case where one wants to find the median

exclusion significance for the hypothesis µ assuming that there is no signal, then one has

µ� = 0 and therefore

σ2
A =

µ2

qµ,A
, (31)

and for the modified statistic q̃µ the analogous relation holds. For the case of discovery where

one tests µ = 0 one has

σ2
A =

µ� 2

q0,A
. (32)
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That is, from the Asimov data set one obtains an estimate of the noncentrality parameter Λ
that characterizes the distribution f(qµ|µ�). Equivalently, one can use Eq. (29) to obtain the

variance σ2 which characterizes the distribution of µ̂, namely,
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exclusion significance for the hypothesis µ assuming that there is no signal, then one has
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In Banff, two statisticians Earl Lawrence and Richard Lockhart helped us see 
that this curvature of this single Asimov dataset can be seen as a numerical 
integration for calculating the expectation of the curvature. 

L(µ,θ) =
N�

j=1

Pois(nj |µsj + bj)
M�
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Pois(mk|uk)
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Conclusions
The RooStats project has reached a certain level of maturity and is rapidly being 
adopted by the LHC experiments

‣ The toy ATLAS/CMS Higgs combination was a milestone for the project
The workspace technology that is so important for combinations (of different channels 
within an experiment or between experiments) also provides enormous opportunity for 
communicating experimental results to the fundamental lagrangian fitters.

‣ Given the effort that is going into making the RGE’s more precise and the fitting 
techniques, we should make sure the inputs (likelihood functions) are sensible

Even if we get the likelihood right, we must remember that the intervals may not cover
‣ fundamental arguments aside, coverage is a useful and standard calibration

In order to move forward, we should
‣ agree on some useful benchmark examples and prepare the workspace for them 

so different tools can start working on their interfaces to the workspace
‣ realize that a thoughtful parametrization of the model requires planning and clear 

requests to the experimental community
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