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Main message:

In 1904, Prandtl presented the boundary
layer concept. This plausibility

argument yields a laminar BL solution,

but no turbulent BL solution exists.

Ludwig
. . . Prandtl
We combine BL concept with Lie-group 1875 —1953

analysis to obtain an accurate analytic
(phenomenological) solution for

turbulent channel and pipe.
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Background: 2 i FCLEN

Two theoretical challenges:

 Derive a complete mean velocity profile (MVP) from Eq.?
« The universality of Karman constant?
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Fig. 7.8. A sketch showing the various wall regions and layers defined in terms of
y* = y/8, and y/4, for turbulent channel flow at high Reynolds number {Re, = 10%).

‘Turbulent flows’ (Pope, 2000)
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Background: 2 higine 2973,

« Recent effort for modeling MVP:

e Nickels (JFM, 2004)
« Monkewitz et al. (PoF, 2007)

e Nickels (JFM, 2004)
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A three layers model, no connection to Eq.
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Background: 2 higine 2973,

« Recent effort for modeling MVP:
e Nickels (JFM, 2004)

« Monkewitz et al. (PoF, 2007)
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A purely empirical fitting using Pade approximants
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Background: 2 Fiaine 2973,

« L’vov, Proccacia, Rodenko (PRL, 2008) — LPR model

« Using a length function to model effects of fluctuations;

« Using a wall function and wake function to obtain the

entire profile;

KPP =0.415| |7 =0.405

 Fitting parameters:

k ending
PRL 100, 054504 (2008) PHYSICAL REVIEW LETTERS 8 FEBRUARY 2008

Universal Model of Finite Reynolds Number Turbulent Flow in Channels and Pipes

Victor S. L'vov, Itamar Procaccia. and Oleksii Rudenko

Department of Chemical Physics, The Weizmann Institute of Science, Rehovot 76100, Israel
(Received 30 May 2007; published 8 February 2008)

Our work extends LPR assumptions, by establishing a framework of multi-
layer symmetry analysis for length functions in a wide class of flows.
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1. Multi-layer seen in Mixing length 20 i

We start with the integration of mean
momentum equation (MME).
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1. Multi-layer for Mixing length 20 fiie Qo734

Power-law in the VISCOUS Sublayer.
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1. Multi-layer for Mixing length o R

Power-law in the buffer layer (new!).
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Why square?

No answer yet.
Coherent vortex
structure near the wall.
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1. Multi-layer for Mixing length o R

Power-law in the COre layer.

[ O |Re =650 CH
O Re =940 CH
A Re=1142 Pipe
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S+ I Central
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geometry effects!
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1. Multi-layer for Mixing length 2 i 1973,

Discover a bulk flow, ¢,, ~1-r* channel flow and
(., ~1-r° for pipe flow (new!)
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- 2. Lie-group explanation for Mixing length S s oo

They must be a set of multi-layer Lie-group similarity solutions!

Stepl: symmetry transformation (Cantwell, Introduction to symmetry analysis, 2000)

. 211+ + 21 1+ ) + 2
Outer MME 1d U2 +2gfv| du” d U2 +20,,0,, dL —1 ¢2d_§0
Re, dr dr dr dr dr

Boundary condition: U*(0)-U; =0, U*(0)=0, ¢,(0)=w, ¢, (0)=00

¢ *

Symmetry r*:egr’ [;\A :eaegM’ ZM :e(0£—1)5€|vI
transformation:
*  (a-3/2) * o —(1/2+a)
U -U" =e“"U;-U"), Re =" Re,
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2. Lie-group explanation for Mixing length 7)) 3§

Step 2: Invariant surface for similarity solution

dr d¢,  df,  dRe,
Characteristic r al, (a-1)¢, -@1/2+a)Re,
equations: du * du du

T (@-3/2)(U,-U") (@-5/20° (a-7/2)U"

group invariants: F=/(,/r" F, :'gM [ret H =Re. (U2+a
G, =(U;-U")/ ¥, G, =U"[r¥*7, G, =U"[r"*"

Invariant-surface:

¥(F,F,,G,,G,,G, H)=0
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- 2. Lie-group explanation for Mixing length %ﬁﬁ??

Step 3: Similarity solution
Outer MME in invariants: —G, [H + 2F1262G3 + 2|:1|:2C;‘u22 =1

Two possible local similarity solutions for Im:

Power-law: ;= CONSt. ly =kRre

F, = const. a=F,IF
Defect F, # const 0 =c+(F la)r* =X a—rm
power-law: F2 _ const. M 2 m

They describe empirical (DNS) solutions shown above.
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- 2. Lie-group explanation for Mixing length S P ;;3 )

Step 3: Similarity (invariant) solution

Outer MME in invariants: —(33 [H + 2|:12(32C§3 + 2|:1|:2(322 =1

. (. =Cc+(F, /a)r
-law: M 2
POWETEW- = const.
et ¢, (1) =0 K = —F Iml-r")=/¢,0-r")
near wall fb“"‘ ~—F,y hence |K = —F2

Our bulk flow solution naturally yields the log-layer, and therefore,
Karman constant is a bulk flow Lie-group invariant!
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- 2. Lie-group explanation for Mixing len G, ouka w7
group €xp g length 20 e 1973,
Step 3: Similarity (invariant) solution

Outer MME in invariants: —G3 [H + 2F12(32(33 + 2|:1|:2(322 =1

power-law:

l,=c+(F,la)r*=0,1-r")
F, = const.

A side note: Un-closure of MME turns to our favor, we freely
postulate a form for F; and F,, solve the original MME for G,, G5, and
then outer MME can always be satisfied. In this sense, we find an
analytic expression as a solution.

Note also that not all invariant function is actual empirical solution.

But we have a viable candidate, which is shown to be actually good.
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2. Lie-group explanation for Mixing length 20 i Qo13,

: : F, din/
Step 4: Matching solution (new?) y(r)=—-2= T M
nr
4.1 Transition ansatz (a specific Ul core nb_l
invariant surface) y(r)—y B
)/core _ )/bulk B Fl (r’ ycore)
from bulk to core: ]/bUIk =0, y*" =-1/2, n°*° =4
i : i 1/n,_.
4.2 Cpmposne Invariant (bulk—core) Flcore 1 M \n 12
solution 2y =——|1+(—)
rcore rCOFG
|-l | 1l
4.3 Multiplicative rule ¢ = ¢ ><¢ /¢Common

Outer K m r -2 v
oo = L-rm)| 1+ (—)

core

core

Zcore = (1+ r2 )1/4
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2. Lie-group explanation for Mixing length 2 i

« DNS verification of the tran5|t|on ansatz and composite

invariant solution: § A |
s—b A
12 n ~ o -
1 P =
- 10 4 A Ro A
] 20
Channel flow DNS data [ 0 g T s
- ﬁ & o -
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€_|_ ~( y )2 A Re=1142 |
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2. A summary

Layers Layer Invariant Layer Solution Composite Solution
Sub an . 32
R(E)=p/ v £, = [‘;+ ) L
La_ver sub Q{IHHW} =p(%)3.2 (1+(%)aﬂ.‘2]
— ¥ sup Y sup
Buffer -
< F(E)=p/ Vs
Layer [~
+ + Yk
£ = p() [1+( J
Yo A au,r
Log R
Fy(£y)=x £y =Ky
Layer
bulk __ K
oF =—(1-r" )
/ m
Bulk ( Fg (tu)=_x
—ny /2 Uny,
flbuk—core) _ K [1+[ r ] J
Core Kr 172 12 ¥ mZ core T eore
Layer core core rean'
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3. Solution for entire profile: PO 1 TR

« From mixing length to mean velocity profile (MVP)

y+ y+ 1/8 y+ -1/4 1 r5 " 1/4
Uy = p(= )3’2(1+( " )4j 1+ (=) — (1+(—)2j
! y y Yout 51~-r) r

sub sub core

—1+4./4r12 +1 + +2

S"= — Mean shear r=1-y=1- Y p:%
21 Re._ Yout
y+
U'(y") = IO S"dy"™ Mean velocity profile
Friction factor
— S 1 R N 8
Uripe = R? jo U~ 27zrdr average velocity (pipe) R e
T f —+2

Uch = jolu Tdy Average velocity (channel)
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4. Determination of parameters PNy

The theoretical MVP for the bulk and core region: 200<y" <Re,
;- r'dr'
core a (1 7 v )(7" 12 + 7 Oie)l,-d

U (ry =y * (0>—1f(r, © ) S, =mZ

A least-squares problem Karman constant, knowing f.

8 1 ! ] ' 1 ! I ' 1 ! I ! ] ! i
< 7 7 - v i
vv Eos -
i v L 4 »°]
w" "’ s

f(r, Core)zK(U+(O)—U+(r)):
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¢ Re=42156 |
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T 1T - T * T T T T T * 1
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d
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4. Determination of parameters 20 R (973,
Karman constant is a bulk flow property!
Many data: o N
CH: Ret=650 (DNS) : ]
CH: Ret=940 (DNS) — > -
Pipe: Ret=14832 (Exp) ™ ﬁgﬁ* :

Pipe: Ret=42156 (Exp) ;-
Pipe: Ret=102190 (Exp) 7

k~045=9/20

0 -

-

(%) B Re =B850CH
® Re = 340 CH |
O Re = 14832 Pipe
O Re = 42158 Pipe
FAN

R‘:= 102190 Pipe

— =) 45

0 2

U;(r)=U"(0)-U" " (r) "
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4. Determination of parameters PNy

The theoretical MVP for the bulk and core region: 200<y" <Re,

1 ;- r'dr'
U +Theory r) = U + O = f rr f(],.’;,;ow) — ﬂ'?me - -
(N=U"(0) == (1 1y) . S
Using an error function to determine r_, ..
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4. Determination of parameters

[=ydU™/dy"

Princeton pipe data
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5. Predictions for pipe (Princeton data): 20 fileie (o

>

1/4

gt eY Y\ Y4 ” y© 4 s Ry
fu VM) =107( ) [“(10)] [1+(44.5) j 5(1—r)(1+( 67

N—

here r=1-Yy"/Re_

Mean shear | S* =(=1+4ret +1)/(20:2)
4 ) N N y* N | |
MVP U (y ):jo S*(y)dy
{ Theory J [ Average g e
____velocity r I rar
Friction =
__coefficient f :8/U+
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5. Predictions for pipe (Princeton data):

xk =0.45
MVP:
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5. Predictions for pipe (Princeton data): 2 i 2973,

Reynolds number range:
kK =0.45 Re_ :600-528550
MVP: L A

o Re =54655
Our Theory a Re =102190

S v Re =216035 ]
§ 2-_ ¢ Re =528550 T
Relative X1 iy
— - / L . ! b
errors at all o pmiEine S ST AR S
measured 2] "o, QA 900 O
. o =
points: R e N
2

_LPR (PRL,2008)

0.01 0.1 1

-o% | 1-r
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N . N . s A
5. Predictions for pipe (Princeton data): 2 i Q13

Centerline velocity Princeton pipe data

. Our theory:
U ;e z%ln(Rer)+8.36 —

Pipe
(UC+—U+) ~4.26
20 5.0_ —_— —— I-I
e ~ = In(Re, ) +7.24 W ﬂ
Average velocity “ coe
—Pipe 20 3'6_:
U zgln(Rer)+4.10 Zﬁ: -
g % 20 w00 Re 100000
Y “3'”(Rer)+4-76 textbook (Pope, 2000) L
—— Pipe
(u;—u+) v ~333
2K
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5. Predictions for pipe (Princeton data): poNg:

Q t 40 T T LA R | T T LB | T T LB LAY |
4 O Channel Flow DNS data
O Pipe Flow DNS and Experimental data

S a m e 36 —— SED Channel Model: In(Re )/x, + B,

= SED Pipe Model: In(Re )/x, + B,
Re!

28 -

24 -

20

L] L Illllll Ll L] lllllll L] L] Illllll L) L] LB BB BAI
10° 10° 10* 10° 10°

Re

« Centerline velocity difference between CH and Pipe

U U 1 _[l 5\/Fdr jl 4\/Fdr+1r§ 1.1
center — pipe center—channel K oo 1_ r_5 e 1_ r_4 '

core
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5. Predictions for pipe (Princeton data): PO 1 973,

Friction Reynolds number vs

0 |
Bulk Reynolds number 25% error corrected!

textbook (Pope, 2000) 1063 T

o Princeton Superpipe Data
Re =0.09 Re"™

Re =0.26 Re / In (Re)

01d:Re, ~0.09Re*®| -

Ref 3 50000000 -l
[m]
New:Re, ~0.26 Re/ InRe 3
10 -g DDDDDD% e
: In(ll:%e) ; 8
10° — T —— T ——— T ——
10* 10° 10° 10’ 10°

Re
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5. Predictions for pipe (Princeton data): poNg:

 Friction coefficient for pipe

0.025 <y ———rr —r
\ .
DNS, Wu and Moin (2008)
#* Wu & Moin DNS data
0.020 — O Princeton Super-pipe data
= == Prandtl formular
S m—— SED formular
S
&
§ 0015- Princeton Superpipe EXp.
O
Ty
0.010 -
- —
0.005 v — - —— T
10° 10° 10° 10°
Re
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5. Predictions for pipe (Princeton data): PO 1 TR

 Friction coefficient for pipe (compensated plot)

1-10 lllll L] L] L] .lllll LJ LJ I|lllll

Discovery and

1.08 * Wu & Moin DNS data 7 .
o Princeton Super-pipe data . explanatlon of a
SED formular "
1.06 4 - transition at

f Pt = (21g(/f Re) ~0.8) Re ~5000

f/ (Prandtl formular)

1.04 - OO -
Central core

1.02 1 - thickness

) ) saturate to

1.004----O S -
r.core 0%, 2/3

0.98 —rrrry —rrrrr —r—rrrrr —rrrr

10° 10* 10° 10°
Re:
Ga)) Jez ) 2 cres) BRSRARGEARESSIRE
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Conclusion: %ﬁ 2973,

We present a multi-layer BL theory for MVP:
 Similarity solution for mixing length (order function).
« The physical constants are determined, rather fitted.

« The framework can be extended to other mean-field
quantities, such as kinetic energy; and to other flows,
such as rough pipe, compressible channel,
incompressible and compressible TBL, Rayleigh-Benard
convection, etc, because multi-layer structure and Lie-

group dilation invariance are general.
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Extension

« Streamwise turbulent kinetic energy

2
+ +2
L = uu M
h | ] ] bbbl | i | ] I
LA | v L | ¥ LA | v LI |
1000 1 O Re =1142DNS 1 T 8+ DNS =
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1 r(buf-meso) l e > Re=1142 Pipe
100 - k ' /& 3 ° )
E f(mesoJog) Lz I EXP
k ® Re=5100
. A Re=8100
/G 104 - <uu> 4 ' i
3 v Re=19000
] ST Re =100000
1'§ 0] B-=w-g-ad 1__'5 , | — Current Theory i
] [ TS0y
] " ]
0.14 d(in(/G)Yd(iny’) .
: VM IR SR TR 04 . -
0.1 1 0 100 000 0.01 0.1 1 10 100 1000 10000 100000
y v
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