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Turbulent or chaotic flows



Jeffery’s equations 
n(t)

σ = I − nn

ṅ = κ(t) · n− [κ(t) : nn]n +
√

D σ(t) · ξ(t)

κ = Ω + γE

ξ(t) 3D white noise

|γ| ! 1 :

re =
√

1 + γ

1− γ
1 > γ > 0 γ = 0 0 > γ > −1

Ω = 1
2 [∇v − (∇v)T]

E = 1
2 [∇v + (∇v)T]

γ = 1: rod γ = −1: disk

effective aspect ratio

There exists long bodies such that                 (Bretherton, 1962)|γ| > 1



Axisymmetric random flow

〈∂jvi(x, t + τ)∂qvp(x, t)〉 = Γijpqδ(τ)

Γijpq =(d + 4a)δjqδip − a(δpqδij + δiqδpj) + (b + c + 5d)δjqλiλp − bδipλjλq

− d[(δpqλi + δiqλp)λj + (δpjλi + δijλp)λq]− cλiλpλjλq,

If λ ≡ ẑ = (0, 0, 1):

2a = Γ1212 − Γ1111 d = Γ3333 − Γ1111

b = Γ1212 − Γ1313 2a + b + c + 4d = Γ3131 − Γ3333.

λBatchelor (1946), Chandrasekhar (1950)

4a + d > 0 b < 4a + d 4a + b + c + 6d > 0



Orientational dynamics

n1

ϑ

n2

n3

ϕ

λ
n(t)

ṅ = κ(t) · n− [κ(t) : nn]n +
√

D σ · ξ(t) |n(t)| = 1

αij(n) and βi(n) depend on γ and on Γijpq (and hence on a, b, c, d)

Fokker–Planck eq. ∂tp = −∂ni [βi(n)p] + 1
2 ∂ni∂nj [αij(n)p]

In spherical coordinates: p(ϑ, ϕ; t)
∫ π

0

∫ 2π

0
p(ϑ, ϕ; t) sin θ dθdϕ = 1

PDF of orientations: p(n; t)



Fokker–Planck equation

Evolution of ϑ(t) ϑ̇ = Bϑ(ϑ) +
√
Aϑϑ(ϑ) ξ(t)

∂tp = −∂ϑ[Bϑ(ϑ)p] + 1
2∂2

ϑϑ[Aϑϑ(ϑ)p] + 1
2Aϕϕ(ϑ)∂2

ϕϕp

Aϕϕ(ϑ) = C7 sinϑ + C8 csc ϑ

Aϑϑ(ϑ) = C4 sinϑ + C5 sin3 ϑ + C6 sin5 ϑ

Bϑ(ϑ) = cos ϑ(C1 + C2 sin2 ϑ + C3 sin4 ϑ)

The constants Ci depend on γ and on a, b, c, d

p(ϑ + π,ϕ; t) = p(ϑ, ϕ; t) p(ϑ, ϕ + 2π; t) = p(ϑ, ϕ; t)

Boundary conditions:



Stationary PDF of orientations

pst(θ) ∝
χ(θ)

[4a + D − b + d + (2b + 5d) sin2 ϑ + c sin4 ϑ]3/4

χ(ϑ) =






exp
{
− 3d

2
√

∆
arctan

[
2b+5d+2c sin2(ϑ)√

∆

]}
(∆ > 0)

exp
{

3d

2[2b + 5d + 2c sin2(ϑ)]

}
(∆ = 0)

∣∣∣∣

√
−∆ + 2b + 5d + 2c sin2(ϑ)√
−∆− 2b− 5d− 2c sin2(ϑ)

∣∣∣∣

3d
4
√
−∆

(∆ < 0)

∆ = 4(4a + D − b + d)c− (2b + 5d)2

2a = (∂2v1)2 − (∂1v1)2 d = (∂3v3)2 − (∂1v1)2

b = (∂2v1)2 − (∂3v1)2 2a + b + c + 4d = (∂1v3)2 − (∂3v3)2

(rods: γ = 1)



Tumbling motion

ϑ

p s
t(

ϑ
)

d = (∂3v3)2 − (∂1v1)2 = 0

pst(ϑ) ∝ [4a + D − b + 2b sin2 ϑ + c sin4 ϑ]−3/4

ε =
3b + c

4a
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If b/c ! 0: two maxima in 0 and π and one minimum in π/2



Tumbling motion
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Rotation in the plane perpendicular to 

ϑ

p s
t(

ϑ
)

d = (∂3v3)2 − (∂1v1)2 = 0

pst(ϑ) ∝ [4a + D − b + 2b sin2 ϑ + c sin4 ϑ]−3/4
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If b/c ! −1: two minima in 0 and π and one maximum in π/2



Intermediate preferential orientation

ϑ

p s
t(

ϑ
)

d = (∂3v3)2 − (∂1v1)2 = 0

pst(ϑ) ∝ [4a + D − b + 2b sin2 ϑ + c sin4 ϑ]−3/4
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General axisymmetric flow

p′(ϑ) = ω(ϑ)[2b + c + 6d− c cos(2ϑ)] sin(2ϑ)

with ω(ϑ) > 0






ϑ! = 0,
π

2
,π

cos ϑ! = ±
√

1 +
b + 3d

c

Three or five extrema in (0,π)

Extrema:



Bodies of revolution of a general shape

|γ| = 1/4

|γ| = 1/2

|γ| = 3/4

|γ| = 1
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