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1) Density functional theory of freezing: spheres

1.1) Phenomenological results:

experiments:

- liquids crystallize into periodic structures at low temperatures or/and

high densities
- translational symmetry 1s broken
- one of the most important phase transitions in nature

- when does 1t happen?




empirical facts:

i) Lindemann-criterion of melting (1910)
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il) Hansen-Verlet rule of freezing (1963)

S ( k ) are similar

at freezing, all

S(K)4 2,85

criterion:

liquid freezes, if the first maximum
of [S(k ) exceeds the value 2.85

— confirmed for Yukawa, OCP,
Lennard-Jones, etc...

Y




1.2) Independent treatment of the different phases

(a) for the solid

impose a prescribed solid with lattice constant |a (= mean density p)

harmonic lattice theory (phonons)

— free energy of solid state: Fy

[ = ()| lattice sum of potential energy per particle.

(b) for the liquid/fluid

liquid theory (e.g. HNC closure).

— free energy of the liquid state.



Maxwell-double tangent construction

(ensures equality of pressure and chemical potentials in the different phases)

F/NA

>
P

o 0

— phase diagram (typically 1st order freezing)




1.3) Unitying Microscopic theories

1) density functional theory (in 3d)
based on liquid

solid = condensation of liquid density modes

i1) crystal-based theory (in 2d) (Kosterlitz-Thouless)

defects 1n solid

liquid = solid with an accumulation of defects



1.4) Phase diagrams of simple potentials

(known from computer simulations + theory)

a) hard spheres
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averaged potential energy |(Upor) =0

F =U —T5S| there 1s only entropy, packing effects
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b) plasma (with neutralizing background)

3 /4 TP ‘ "“

only the combination | [ = V_3_
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determines correlations, phase diagram, etc.
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d) Yukawa-system
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e) Lennard-Jones-system Vi) = de ( (0)12 ) ((,>u>

phase diagram:
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f) sticky hard spheres
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1s needed to get a liquid
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o) ultrasoft interactions

repulsive, realized for star polymers

exhibit “exotic’ stable solid lattices like bco, sc, A15, diamond, etc.
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FIG. 1. The phase diagram of star polymer solutions for
different arm numbers f versus packing fraction 7. The
squares and the circles indicate the phase boundaries as
obtammed from computer simulations and theory, respectively:
lines are only guides to the eye. The statistical error of the
simulations 1s of the order of the symbol size. The triangles
indicate the freezing and melting point of hard spheres.

PRL 82, 5289 (1999)



h) penetrable potentials, e.g. Gaussian
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Figure 9. The phase diagram of the GCM obtained by the approach described in the text. The
fce—bee coexistence lines are also double lines but they cannot be resolved on the scale of the figure
because the fce—bee density gap is too small. The full dot marks the point at which the fluid—bcc
coexistence curves turn around. The two insets show details of the phase diagram. (a) In the
neighbourhood of zero densities and temperatures. (b) In the neighbourhood of the fluid—fcc—bece

triple temperature, with the dashed line denoting the triple line between these coexisting phases.

J. Phys.: Condens. Matter 12, 5087 (2000)

also possible: cluster crystals (if V(r) has non-positive Fourier transform)



1.5) Density Functional Theory (DFT)

See also: lectures of Martin Oettel

0T, 1, |p]) _0 0F (T, [p))

) p(=po() ) om=por)

a) Basics

Basic variational principle:

There exists a unique grand-canonical free energy-density-functional

QT 1, [p) = F(T, [p]) — [ Pr(p — Voo (7)) p(7)

/ / / .

which gets minimal for the equilibrium density |0 ()

and then coincides with the real grandcanoncial free energy.

— 1s also valid for systems which are inhomogeneous on a microscopic scale.

In principle, all fluctuations are included in an external potential which breaks all
symmetries.

For interacting systems, in 3d, T, 11, [p])| is not known.



exceptions:

1) soft potentials in the high density limit, 1ideal gas (low density limit)

11) 1d: hard rod fluid, exact Percus functional

strategy:

1) chose an approximation

2) parametrize the density field with variational parameters gas, liquid: /‘)(' ) =p

o o\ 2
solid: /)(r) — (’,:“)_3 2 Z exp (—(l (f— Rn) >

1)

with {Rn} lattice vectors of bee or fce or ... crystals, spacing sets |0 |, vacancies?

(v 1| variational parameter

Gaussian approximation for the solid density orbital is an excellent approximation

3) minimize| {2 ( L', [/)] )| with respect to all variational parameters I

=> bulk phase diagram EPL 22, 245 (1993)




example:

solid/liquid coexistence
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Link to liquid state theory
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direct correlation function (from Ornstein-Zernike relation)




b) approximations for the density functional

1) ideal gas, |V()=0

= kgl /(l ropli )[hl(/)( MA?) — 1]

since | QT,ulp) = k T/d r p(7) (In(p()A%) - 1)

+/<13/- (Ve (7) = 1) p(7)
082
op(7) |,

0 =

= kT In(p(M)A®) + Vexe (7) — o

sl | po(7) = %(\p( I‘X;;)T “) ,,generalized barometric law*

This is indeed the equilibrium density of an inhomogeneous gas.

2) 1n the interacting case, |V(r) #0:

F(T,[0]) = Fa(T,[p]) + Fexc(T, [p]) | defines the excess free energy functional [Fexc(’[r])




approximations on different levels

1) LDA, local density approximation: |f..(I.[]) = / Br foe(T, (7))

where |fexc(L.p)| is the excess free energy density in a homogeneous (bulk)

system, input, valid only for small inhomogeneites

2) LDA + mean field: |7 (T.[)]) = / d*r {ﬁ,x(.(T. p(77)) - im,ﬁ(ﬁ)]

‘
e

]_ ‘ o !/ / !
+5/<1~%- d*r V(|7 =7 )p(F)p(7)

with |V, = /(I:SI'V(/')

=> homogeneous limit is respected valid for “moderate inhomogeneites, but not
for density variations on the microscopic scale




(DH approx.)

-BV(r)




3) Ramakrishnan-Yussouf (RY) 1979

112

Fexe(T,[p])
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reference

knT - 9 I (o) / . | T .
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input

1s reproducing the direct correlation function

cl2) (r, p. 1)

exactly at

p=p, ik

results in a solid-fluid transition | (for hard spheres)




4) Weighted density approximation (WDA) Curtin & Ashcroft, 1985

Fexe(T, [p]) = / d*r p(F)U(T, p(7))

~

\/ 1| free energy per particle; | p :| weighted density

/

/%: /(1:51,’ 11'(‘/7— 'F/ -/N’(F)JT)/’(F )

determine [w (7, p, )| such that

| (‘52:)’:(_,}{(.
kT 0p(7)0p(7)

= D(F=F|,T,p)| forall |p

P

WDA yields excellent data for hard sphere freezing, etc. problem with
WDA: overlapping hard sphere configurations are not excluded




S) Rosenfeld functional (for hard spheres)

(fundamental measure theory (FMT))

Fexc [/’] B &
™ _'/d r ®{na ()}

a=0,1,2,3, V. V5| geometrical measures

with |na(7) = / B @ (7 o)




6 weight functions:

.(2')(4-.*'
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oA = (5 _ ,) ¢y = —ngln(l —n3)
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-\ 9
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functional survives dimensional crossover

PRE 55, 4245 (1997)



advantages

- excludes overlapping hard sphere configurations

_yields [PY ¢'®(r,p)| as output

- excellent data for hard sphere freezing

results, hard spheres

p fluid ¢* | psolid ¢° | L (: Lindemann)

computer simulations 0.94 1.04 0.129
RY 0.97 1.15 0.06
WDA 0.92 1.04 0.10

Rosenteld .94 1.03 0.101




6) Hard sphere pertubation theory

short-ranged

Vi(r)= “(D (r) + Vatwe(r) (WCA)
N —’

N, e’

long-ranged

Ivl ep ( r )

by a hard sphere

potential with an effective diameter

U(T ) — / . dr (l — (.—‘,:3\;"1_% ( ’))
J ()

V(F) A
repulsive
frequently
approximate
o(T)
)
1 r
attractive
/ g : : H\
then | Foxc (1, [/)] ) = FoolT /)] o

(Barker, Henderson)
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mean fie l<l
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~+| | good phase diagram for Lennard-Jones (LJ)




2) Brownian Dynamics and dynamical density

functional theory

2.1) Brownian dynamics (BD)

literature: M.Doi, S.F. Edwards, “Theory of Polymer Dynamics*, Oxford, 1986

colloidal particles will be randomly kicked by the solvent

Smoluchowski picture

Brownian motion 1s diffusion.

p(7.t)

time-dependent density field of the particle(s)



Fick’s law

j(7.t) = =DV (7, t)

current density

D :| phenomenological diffusion coefficient

example:
A

/ mass conservation — continuity equation
(. 0) (‘)/)(: I f) 5o

+ V(7 t) =0

ot
X
— combined with Fick’s law:

op(x,0)
O —

do(r.t |
- 000 P00 — Dl
microscopic 0O O 0 OO ot
picture

0 © O O O 006%8 diffusion equation




This is valid for free particles with a given intial density |/ (r,t=0).

With an external potential | V. (77

—_—

—

, there 1s the force

F'=-VV, \t( ) acting on the particles
— drift velocity | D | of the particles resp. an additional current density] jD = pUp
Fo1..
assumption: totally overdamped motion | | — UD = — = —jv"’ext (7)
G S

( :| friction coefficient

remark: for a sphere (radius R) in a viscous solvent, Stokes equation yields:

( =6mnR

Ils +| shear viscosity




total current density

in equilibrium:

5 N 1.

i) | p(Fot) = p"(7) = Aexp(—BVex (7))

11) the total current has to vanish, i.e.:

0=-D V(7
_/—/
—BA exp(—FVext (F))V Vext(T)

—

A exp(=FVext(T))
= 1-
e UL

— | D=

kpl' | Stokes-Einstein-relation

q (special case for fluctuation-dissipation-theorem)

hence ; = —%(

dp(7,t)

— continuity equation

ot

1 N 2 NS s
= E( kpLAp(r,t) + V(p(i. 1) VVexi (7))




Smoluchowski equation

Diffusion in phase space

— non-interacting particles

w(r,t)

— normalized: f (flzj'l' u(F ZL) =1

o7 1)

1s probability to find a particle at positiq -

1s 1dentical to ( (1, 1

)
o (7, |
w(r,t) = ug ILI (77, 1)

f(l rp(r,t) N/ |

Ow 1
—(kpT Aw — V( Vh\t))
ot ¢

and time

except normalization:

Smoluchowski-equation (Focker-Planck-equation)




now: N interacting particles [y ={i, - 7w

more compact notation: (analogue for all other vectors)

(.} = {7} = {10, 0,05, 06, <+ L BN, 3N -1, 25N
| N — \— —
& o r'N

QV»
Y
)

|

velocity of particle induces
flow of solvent

— (force) / movement of other particle

— hydrodynamic interaction




linear relation between || and

3N
Ua,i = ZLU(‘{J';: })Fj F, =
1=1

0 L ij +| mobility matrix,
e Utot calculated from
oy iy Navier-Stokes-eq.

One can show:

L [,2/ = L”

° Z Fz' F/ Lz'j > () for all FZ'.]' # 0

)

positive definite

probability density U.‘(' { I } ?L) for interacting particles with equation:

p 3N

()ll' Z C) ( )
. = — |\ Utot.nW
ot diy,

n=1

3N )
J . . i
Wlth l‘t()t‘n pa— Z L‘;n n 0— (IIIB_Z ll]. w —|— ( tv(_)t)
JLm

m=1

— generalized Smoluchowski equation for interacting particles




. ,’f) y ,
One can write: 7‘; = Ow

3N
) )
0= Y " Lyn(kgT— + )

()1 n ()1 m ()J,n
n.m=1

O :| Smoluchowski operator (compare Liouville operator)

: _ 13
Often- L‘n m E()n}n

(no hydrodynamic interactions,
good for low packing fractions |7 < 0.01})




Langevin-picture

Smoluchowski-picture: u'(r{l_“ i } t)| with diffusion dynamics

Langevin-picture: stochastic trajectories in real-space

First, we consider only one particle

in an external potential I“’:_sxt( r )

‘Brownian motion’

with random force ?L (T)

—p

\}”{J S xt(7) + () (%) — stochastic differential equation:

| friction

assume: system overdamped |(17177 < () f(t)| comes from random kicks of the
solvent

— —

probability distribution for | f(t) : ¥/[f(¢)]




observable |A(x(t)):| strategy

1) solve (%) for a given | f(t) 2) average |/ (t)| with|)[f(t)]

(in principal functional integral)

Now:| f(t)| is Gaussian distributed

(ft) = 0
]Ll (ZL) fj (ZLI) / — QL/xBT(\;l}(s(f — fl) 1. } —1...3
| - | 1 o
(1.e.: l."v'[f(l‘)] X exp(— el / dt f=(t)))
Jw
%” = DAw
ot

Equivalence of Langevin and Smoluchowski picture for
interacting particles (no hydrodynamic interactions)




with hydrodynamic interactions(HI.):

Lym| depends on |14}

The Smoluchowski equation (*%*) 1s obtained from the
following Langevin equations:

3N AT T 3N -
R AU total . s (-)an
A n(f) — E an — )y ‘|']Lm(_f) +/‘Bj E o
m=1 “bm m=1 “bm

additional term




2.2) Dynamical density functional theory (DDFT)

1) Derivation from the Smoluchowski equation
(Archer, Evans, J.Chem.Phys. 121, 4246 (2004))

recall Smoluchowski equation for the N-particle density

w(fi, v ) 2w ) T = {7 )

Jw % l N
noHIL. | = = ZV /IBTV ‘I‘V [t()t 11( '.YL)]'U_'
ot ———

B time dependent

N N
Uiotal (P 1) =Y V(7 1) +Z‘
i—1 H,—/ :

time dependent Z'<’]

idea: integrate out degrees of freedom




integration yields ,
p(ri.t) =N /(1'3/'2.../(1'313\' w(i™ 1)
2-particle density:

p?) (7.7, t) = N(N = 1) / &’ry ... / dry w(™ )

integrating the Smoluchowski equation with |\ f d’ry .. f d°ry :

N
c) , . _ | o
It —plr.t) = N- /(1'51'2... /(1'51'\' Z (kpT Ajw (7™ ,t)
ot
' ' =1

+V (W\t(/z Hw(i™ 1))

+ZV V(|7 = 7w )}




1)

AT 3
;\ / d 19

N
/ d*ry Y kT Auw(i t) = kpT Ay p(i, t)

1=1

N
—}—4\7/(.131'2.../(,I:SI'A\TA'BTZAju’(l_ﬂ\r t

1=2

/\BTAl/)(ll ZL)

-I-Z\ABT/dIV (V / 3"'2---

xaUSs: /d flT fri.rm.t) =20
JS

—

kpT'Aqp(71,t) Z \ABT/‘I riVi(Vi(f(F1, 75, 1)))

_ Ny

7

=0




N/d37'2 /d3'rNZV Vet (i, (7 1))

/ / ra ViV Ve (71 4)Jw(@ 1) 40
(V1Y

Vext 7'1a Tla ))




3)

' 1s symmetric in coordinates, set 3 = 2

= N(N-1)V, / d*ryV V(|7

../d'g/"\v w(N | t)

B /(13/'261(61"7( =

_'; ) /d:sl'g

— (Srpl.t) = A‘B’Zﬁlﬂ(ﬂ t) + Vi(p(i
+Vy [dPry p? >(n.F2.

in equilibrium, necessarily

E)/)(‘Fl.t)

ot




i.e.

0 = V(kgTVp(F,t)+ p(7,t) Ve (7 1)
—I-/(lgl'/ /)( )(" V‘ ’1 -7 ‘
= V(kTVp(7) + p(7)V Vet (7) + / &' p (7 IVV(F 7))
—\'f_/
= const, must vanish for r—oc
=0 = kgTVp(P)+ p(F) Vi (F) + / & pAFF\WV(F=7)

(Yvon, Born, Green hierarchy YBG)




in equilibrium, DFT says:

0F C - ,
= - M= LUX’E ( I) f — E(l + ~F<)XC
0 /,)(.‘/')
a0 0F e
= kT In(A°p(7)) + ——=
| - 0p(1)
apply V: VI(\t (l) —+ l"BT \% 111(1\' /)( I) ) +V - — = 0
e/ (,)/)( I)
P (.1F ) Vp(F)
combined with YBG: |~~

/ &' o 77V (7= 7)) = p(F)V -

OF exc [ /)]

0p(r)

We postulate that this argument holds also in nonequilibrium. In doing so, non-

equilibrium correlations are approximated by equilibrium ones at the same

(via a suitable

in equilibrium)

p(r.1)




| op(Fit e e
nence: C”)(.)'f b (kT 1) + plis ) Vi (7.1
C
) N —— ()‘:F.(y’\'(".
(7, )V ke
AU ) ()/)(/_".ZL))

DDFT

applications:

— time-dependent external potentials

DDFT makes very good approximations for the dynamical density fields.
even for freezing, glass transitions, crystal growth when tested against
BD computer simulations

example: dynamics of freezing, crystal growth




colloidal dispersions

colloidal particles (from A. Imhof and D. Pine)




Equilibrium
& in colloidal dispersions
Non-equilibrium

excellent model
systems

phase transformation Kinetics
(crystallization, glass transition,
homogeneous and heterogeneous
nucleation)

plus an external field (shear, gravity, electric, laser-optical, walls etc.)

und skaleniibergreifenden Verstdndnis

SPP 1296 Heterogene Keim- und Mikrostrukturbildung:
B NS imiteiniememisysioms German-Dutch network SFB TR6
+ (coordinator: H. Emmerich)



The road map of complexity

complexity of the problem

full

non-equilibrium

steady-state
non-equilibrium

shear flow, electric fields

confining geometries,
magnetic and laser optical fields

bulk phase diagram

.

VAR
o
0

VAYAVAVAVA'"S

equilibrium- - - - -

with
external
potential

without
external

potential

complexity of the system

rod-like plate-like }mixtures of |
particles Irods & spheres/plates, |
lflexible outer shells, etc.

S35 s DINA LY

T—

H. Lowen, Journal of Physics: Condensed Matter 13, R415 (2001)




Colloids - controlled by an external magnetic field

» spherical colloids confined tilt angle ¢
to water/air interface surface normal N B

e superparamagnetic due to
Fe,O, doping

—

air

» external magnetic field B

= 1induced dipole

— — 0 _ 0

moments éj = O¢ 05% : 5‘:7 g 9&)5

=> tunable interparticle 7 = xB | | \ |
potential (f o9 =0)

2 —_
u(r) =uys + m?%(l ~3cos’¢ cos’H) 6 =< (7,B)
v




particle configurations for different fields

e B perp. to surface, liquid

in-plane B

/7
B perp. to surface, crystal

(P. Keim, G. Maret et al)




Crystal growth at externally imposed nucleation clusters

Idea: impose a cluster of fixed colloidal particles
(e.g. by optical tweezer)

Does this cluster act as a nucleation seed for further crystal
growth?

cf: homogeneous nucleation: the cluster occurs by thermal
fluctuations, here we prescribe them

How does nucleation depend on cluster size and shape?

(S. van Teeffelen, C.N. Likos, H. Lowen, PRL, 100,108302 (2008))




DDFT, equilibrium functional by Ramakrishnan-Yussouff

(S. van Teeffelen et al, EPL 75, 583 (2006); J. Phys.: Condensed Matter, 20, 404217 (2008))

u
2d V()= —;) (magnetic colloids with dipole moments)
I
: 3/2
coupling parameter I = u,P / kBT

equilibrium freezing for [ = Ff =36




procedure

a) particles in an extemal trapping potential
V_.(7)at high temperatures(I'=10<T, )fort<

b) release V_, (t)and decrease T instantaneously
for t>0( enhancel towardsT =63)




imposed nucleation seed




nucleation + growth

1e-04 0.001 0.01 0.1 1 10

¢ =60’

—h

l0g+(p(r)/p)

Ap=0.7




no nucleation

1e-04 0.001 0.01 0.1 1

¢ =60’

10

—h

log,(p(r)/p)




,.J1sland* for heterogeneous nucleation in

0.6

(cos ¢, Ap)space.

Brownian dynamics
computer simulation

strongly asymmetric in A
symmetric in ¢




Two stage process: - sub-Brownian time: relaxation to “ideal* crystal positions

- Brownian time: crystal growth

Xf(t/TB) —— ’/'
g X1(ttg) /
i Xz(t/TB) J,f' A
X3(UTB) |
=6 1
3 l
a4l " —
_[Jr ot +'+\
2 'Y ° ° N .- I 7
0 I'l | ”T - o"" 'Ic . ,|' o 0o 9 eeeees T ------- )
0.001 0.01 y 0.1 1
B

Time evolution of the position of the linear array‘s three rows of crystalline particlesX; (?) and the position of the
crystal front X f (f ) as a function of time.

Dynamical density functional theory results are compared against Brownian dynamics simulation data.

The arrows indicate the typical time scales on which the relaxation is occurring and on which the crystal growth sets

in, respectively.



Two linear arrays separated by an empty core

K| )
I log;glp(r)p)

Snapshots of the central region of the dimensionless density field

p(r,t)/ p of alinear hollow nucleus of two times three infinite rows of hexagonally
crystalline particles at times t/ rs=0,0.01,0.1, 0.63, 1.0 (from top to bottom).

Note that the images display twice the system’s central region of dimensions
L, /4x2L, for better visiblity.




2.3) Hydrodynamic interactions

How does | L, ({1, } }| ook like explicitely?

Solve Stokes/Navier-Stokes equations, difficult problems:

1) an ({'/ }) 1s long-ranged

H.I are important for volume fractions

2) H.I. have many-body character, pair expansion only possible at low concentrations

3) H.I. have quite different near-field behaviour. They are divergent, lubrication

o0




standard approximations: | _ = -
Un = Z HypymEn,
m=1

each quantity | H,,,,,| is a3 x 3 matrix

0)no H.L| {, ~—=1%m ( =6mn.Ry

S

Ry :

s :

hydrodynamic radius

shear viscosity of solvent

1 = =
1) Oseen-Tensor |H,,,,, = ¢ H, =H(

\Jj{

with Oseen tensor ]—:] ( r )

3TN

far field term, long ranged of H.I.

- .| dyadic product or tensor product

= (a1,a2,a3) = (ai)

= (by,by,b3) = (b;)

= aib; 3 X 3 matrix




2) Rotne-Prager-tensor

L = .
Hmz — = Hmn — HRP(FN - "_'V‘m)
S
H— 1 R
with |Hpp(7) = Do(=—[1 +7 ; 11— 37 7))
I I
W

Oseen

3) higher-order expansions

4) triplet contributions (Beenaker, Mazur)




DDFKT for hydrodynamic interactions

(M. Rex, H. Lowen, Phys. Rev. Letters 101, 148302 (2008))

starting point: Smoluchowski equation

total potential energy

N

OP(iN | t)
Ot

N
= > Vi H(7™)- [61 +V;
1,j=1

U™, t)
ll' B T

] PN t)

E'T ij (F v )

configuration-dependent mobility tensor which
describes hydrodynamic interactions

tWO partiCIG HU(I—‘V) ~ D() (]_(5,‘] + (52']' Zwll(’—; — I—;) + (l — (51']' )wl_)(l—} — I:))

1]

approximation:




Rotne-Prager expression

@, (7) = 0] |w, () - z s <1+r®r>+—<—H> (=37 ® )+ 02

Integrating Smoluchowski equation (Archer, Evans, 2004)

k'l Op(r.t) - OF|p]
D() Ot - V {/)(1 IL)VI (5/)(1'1") T

OF [ /)] |




Possible closure

(.2

P (e, t) = (14 2 (r,r)) p(r,t)p(r’,t) +
p(r',t) [dr” ((pP) (r,x”,t) — p(r,t)p(r”, 1)) (2", 1))

2
C (I’, r ) o (5/_)(1‘,1‘,)(5/)([",1‘,)

with

0)

!

suitably averaged density

easier: /)(2) (r,x" 1) ~ p(r,t)p(r’, )g(




Application:

colloids 1n an oscillating trap

‘/:%X'(-('ra t) — ‘/l (

r

1
> + Vo cos(2mt /T) (

r

Rs

)

2

(H)

hard spheres with interaction diameter

R =40, R, =0
V,=10k,T, V, = k,T

=057, t,=0"/D,

(N)




the breathing mode

=.0l7q

7{]

oreen/red: (N)  blue/purple: (H)




stroboscopic view

Jty, = 2.5, 2.6, 2.7, 2.75, 2.85, 2.9, 3.0

0 1

2

" expansion
t

" (a)

3 4 5

~ compression  (b)]

on  (d).

" compress

6

with
HI
(H)

without
HI
(N)

good agreement between simulation (red) and DDFT (black)




relaxation to the steady state

OS I I —~ I T I /—\l I T l /\l I T
SN : R AN .
o | : ,.'-, (H) el (N) . D) .
= i~ A A :
central S 060/ A N\
. l N L / \ I “\ I "\ /," i
denSIty = \\\ / N2 \ v
o4 7 - B
- 1.6
E L
~'14
second || =,/
(o
moment =
| | ! | | | | |
0 0.25 0 0.7 1 1.25 1.5 1.75 2
f/ ‘CB

(D) curve D (¢)
C. P. Royall et al, PRL 98, 188304 (2007))



3) Density functional theory for rod-like particles

3.1) Statistical mechanics of rod-like particles

orientation vector platelet

rods

) °
Y center-of-mass coordinate

(1) molecular dipolar fluids

(2) rod-like colloids

(3) molecular fluids without dipole moment (apolar), e.g| Ho | molecule

(4) plate-like objects (clays)

now: additional orientational degree of freedom




partition function:

l .
Z — ]b\ \' /(l Rl . /(l R\ /(1 P1 '“/(ld]);\' X
X /‘l uy . / “UN /(l Ly .../(I:SLN e PR

with:
N ]_‘2 l J_ N N
(0 - = =4 “ sy
=3 {gn+ L6 }+5 S ol By ) 4 Vel B )
=1 - - T, j=1 1=1

kinetic energy pair interaction energy external energy

while| ©| is the inertia tensor and |52 |the unit-sphere in 3d.

—

N
central quantity: o7 i) = Z 0 — R)o( — ;)
one-particle density i=1




density of center-of-masses:

orientational order:

) J. 9 (1 )
polT) = ; /(l‘u N ')(.‘/'.u)

fu) = v / d*r py (7 )

U;: orientation

V() , Vo) s V(7 i, 2) , Vo7, )

po (Frit) = (Y 0(F = Ri)d(i — i)




pair correlation function:

J—

N -
Z_ ()(P2 Rj)o(tuy — uj)o(ue — uy)

_,/_
(==

\:

(/(I;;l — .B—;Q. lAl.l. l}z) t—

J—

), .
/’n (Pl Ul)/)n " (.RB-IQ)

~

Different phases are conceivable:

(1) fluid (disordered) phase, isotropic phase
center-of-mass-positions and orientations are disordered

| \ \ / o /)f‘,l') (1", u) = py = const
/
- NN
AN / / —

v




(2) nematic phase

positions are disordered and orientations are ordered

()= o\ o
po (rou) = pf(u)

IAI() .

nematic director




nematic order parameter

with:

3x3 tensor:

® )11
—~

2 (2

\ \v
UWigWUip UWUipUiy Ujp Uiz
Wi U = ll.z'yll.z'l» lll'ylliy llz'l/lll':‘
“l: Ul'l’ l(z:“zu Ul UZN

(Tr(34,

PO | — B =

,/" 53 - 63 "\‘
\Q J. — J
\ /

IAIZ' —1 ) \,

=0~ () traceless

() symmetric

= () diagonalizable




three eigenvalues Al 2 Ay 2 A3, with M+ X+ A3=0

largest eigenvalue: M=S

~ || nematic director: corresponding eigenvector

perfect orientation:|1; = | for all |2 S =1, 1p| nematic director

— if the two lower eigenvalues are identical, |\o = A3:| uniaxial nematics

—if | A2 # A3l biaxial nematics

— in isotropic phase: [(), S =0

experimental effect: birefringence




(3) smectic A phase

position ordered along

U,

orientation ordered

/’f’;ll)('f 1) = p(z,1)| [>-periodic
CUt N+ 4t éﬁuo
IVTIV/ZNINTIVE VT I

(4) smectic B phase

cut:

as smectic A phase but in plane triangular lattice




(5) columnar phase: /)((,)1) (7. 4) = plz. . )

y A
| | |
IIIIII
e
X IIIITZ
> 1

(6) plastic crystal: | p, (7, 0) = f(' )

‘ - @/ @\’\Q Q@“é positions ordered,

orientations disordered




(7) full crystalline phases

positions and orientations ordered

further more ..exotic* phases:

AAA

<Y

smectic C

<Y

cholesteric

YA
T
LT
I

~ < 7 — N\ N -~
BN AN AN




3.2) Simple models I@ [L imit: 5 —»co
’ =
hard objects hard D N / \

spherocylinders

hard needles

A) Analytical results by Onsager, 1948

consider limit | ) = L — OC| wvirial expansion up to 2 order gets exact result:
there 1s an isotrop-nematic transition, first order (with density jump)
Piso — Pnem
2D — 4 19 . - —
pisoLl”D = 4.189. .. at coexistence |5 = ().784
pnemL*D = 5.376. ..
pL’D A
(vol. fraction) nem _
correlations to finite |
. s=0.784 S anr
150 Z irrelevant only for | Z 200
s=0 ~1/p

P=5




B) Computer simulations

phase diagram of hard
spherocylinders

smectic coexistence

iSO
hard ellipsoids 0 ]
1 5 10 p=—
L a D
a
P A x<1: coins
- -
Xx>1: rods
L > :
1 i~ X > —f h I
nematic symm x -> . or the topology




C) Density functional theory

There exists a unique grandcanonical free energy functional | {) (T , s [/)(-1'> ] )

(functional of the one-particle density) which becomes minimal for the equilibrium

: 1) /= A~
density /)(( , ) ( i, u)| and equals then the real grand canonical free energy

0T, i, [pM)])

— _ = ()
opt (77, 1)

(1) o e
“:p((:, (7 )

P!

QT . [/) = ABT/ /(l w p (7, ) [In(A? pth (7, 4)) — 1]

—\,—/
Fialp'™]

+ / Crd®u (Va7 0) — p)pW(Fa) + Faxe(T, [pM))
' —\,—/

approximations needed




Fexe(T, [p'V]) | for spherocylinders:

1) SMA (smoothed density approximations) R. Holyst et al, 1988

— yields several stable liquid crystalline phases

(1sotropic, nematic, smectic A, crystalline)

2) MWDA (H. Graf, 1999)
— 1mproved results with plastic, AAA phase

3) extension of Rosenfeld theory (K.Mecke and H.Hansen-Goos)
other interaction (beyond hard body)

perturbation theory within mean-field approach




3.3) Brownian dynamics of rod-like particles

A

start from Smoluchowski picture 1

= W
full probability density distribution | P(7i>-- 73 D500 Oy, 1)
Smoluchowski equation: P
(Textbook J.K.G. Dhont) 5 P = LS P
total potential energy

N 1 ‘l
Smoluchowski operator L, = E {Vrl * D(w,) * V. + V.U(r Yo",

i=1 B




idea of Archer and Evans JCP 121, 4246 (2004)

integrate Smoluchowski equation

]\ffdlg...fdrN;

1

P2 _ G o pay e k,T
B

ot

V.p(F,d,1) +

p(7F, 0,0V, V,_(F,D,1) -

F(#,0,1)
k,T

|

~ 1
Ro(r,w,t) +
P( ) T

B

+Dr1§'

n . 1
r,o,t)V.V, (r,w,t) -
P( WV ( ) T

B

T(7,0,1)

with average force and torque

(da,...[ di,

F(F,a,t) = - fd3r’ fdza)'p(z)(F, 70,0 OV V,(F,F, 0,0, t) = p,(F,O)\V .

SF,.lp]

T 4 (SPO(F,CIA))
=, A _ 3 7 2 0 ()= =t AN N - =) = =/ | — AN D P;xc[pJ
T(7,w,t) = fdr d°wpl’ (¥, 70,0, )R V,(¥,F,0,0,t) e p,(F,0) R =

I op, (7, )

I

in general unknown
in equilibrium (Gubbins CPL 76, 329 (1980))

|




“adiabatic approximation: assume the pair correlations 1n
nonequilibrium are the same as those for an equilibrium system with

the same one-body density profile (established by a suitable

D0 G By [ p.onv, ELC0D
ot op(7,w,1)
A DDFT

+ D.&| p(7, 6,1 L0760
So(7,m,1)

V_.(T,0,1))

with the equilibrium Helmholtz free energy density functional

Flp]= k,T[d'r[dipG.o (W pG.0))- 1} F [p |+ [d'r[dap(.

OW._(F,d,1)

ext

(M. Rex, H.H. Wensink, H.L., PRE 76, 021403 (2007))




approximation for the density functional

mean-field

F lp]= 2fd3rfd3r'fda)fda)p(z7 c?)')v (7,7, 0,0")

time independent

(caveat: brings ideal rotational dynamics)



Model

Gaussian segment-segment interaction

2
- K K "”aﬁ‘
Vz(lf;., I"Z.,C()i,a)l.) = £ E E CXp(——2 )
a=—K f=—K 0

s

V (¥,w,t)

ext

Z '\

Z 10
Vo(%)

confining slit

Z 10
Vo(%)

—~®, cos’ O

V. =10k,T = @,

aligning field







Vext (l‘, w, t)

3

20 ift<0
10
slow compression zft)) ' Z(t)=4 20—ct if0<t<Tp

La ift >

o ift<0

slow expansion o+4ct if0<t<Tp

20 ift >

10 o ift<0
C instantaneous expansion Vo (z_ftf) , Z(t) =




Results

full density

orientationally
averaged
density
orientational

ordering
second moment

p(z,0,1)

/2

o(z,1) = fdﬁsin Jo(z, 9, 1)
0

1 /2 3

1
S(z,t) = d¥sin 3| =cos” ¥ - — O, t
&0 oend lz 2]” =00

m(e) = 3 dz2 (p(z.1) - Pzt = )




slow compression (set-up A)

full density P(z, VU, 1)

/Tn | ! -
Bo

0.5 1

1.5

2
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set-up A

DDEFT (solid curves) and BD (dashed curves)
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set-up B DDFT (solid curves) and BD (dashed curves)
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expansion compression
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transient parallel order transient homeotropic order



set-up C  DDFT (solid curves) and BD (dashed curves)

o>S(z) %)

7/0
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short-dashed: slow compression (set-up A)
long-dashed: slow expansion (set-up B)
full curve: instantaneous expansion (set-up C)




Conclusions

- generalization of DDFT towards anisotropic colloidal
particles

: good agreement with BD simulation for nontrivial
relaxation problems

future:
* more realistic density functionals (FMT) as proposed by

Mecke and Hansen-Goos.

see A. Hartel, R. Blaak, HL,Phys. Rev. E 81, 051703 (2010)




From ,passive” to ,active” particles

inert particle Self-propelled particles with an
in an external field external motor
- bacteria (E. coli) - sperm

Sl
»
1 2

GENUINE NONEQUILIBRIUM



COLLOIDAL MICROSWIMMERS

a b
anisotropic (capped) - [%%/Pt] . 2 catalytic chemical
colloidal particles & m reaction at the
suspended in water —s" '- . surface
£ = drive

y P, V"D,
i S S S S  Glass
H2 02 e........
plus external

magnetic field

10T X ! > ¥ 10 : 3
& B=omT £ B : g
g t8 0%H.0, s . 8 | X oo
Ng o 6%H,0, / & e a d
g 10% H,0, /4 A F ol
b 8 [0 30%H0,, & =9 r 7
= o é _1“ OO B=0.2mT
24t 4l Pl o 0% H,0,
B 9 10% H,0,
1 1 H 3 o 20% H,0
trajectories 2t 2| 4 4 6 H,0,
J DDCl oooo > 30% H?OZ
Brownian motion 1s e ey ooo. S hoppooonoooQooOgoo
0 20 40 , 60 80 100 0 20 40, 60 80 100
relevant : :
la B=0mT Ila B=0mT Ib B=0.2mT b B=0.2mT
0% H,0, ., 30% H,0, 10% H,0, (4 30% H.,0,

il —.IL = L g Y -
X 0 10pm| X. 0 10pm)| X 0 10um| X 0 10pmy

arXiv: 0807.1619, L. Baraban, P. Leiderer, A. Erbe et al




mixture of ,,active* and ,,passive‘ particles in confining geometry
wall aggregation?



b) Collective behaviour (no torque)

Self-propelled Brownian rods in a confining channel

t=0%  F=1K,T/I,

- aggregation near system walls

- transient hedgehog clusters

t= 0% F=5K,T/L,
- in line with a microscopic
dynamical density functional theory
t= 0% F=10K,T/L, H. H. Wensink, HL, Phys. Rev. E. 78,

031409 (2008)




hp = V. DT ' [vp +p \ (:Bljinl + IBUW;III) - IBF”pﬁ]
+ DR[(')(ZPP + (')cpp(?(p(:B(/inl + 3(]\\';1”)]’

BU,(r.a)=— [dr'du’(exp[— BU,,q] — 1)p(r'.a’),

IBUinl= (SBFCXC[p]/ §p
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(Color online) Time-dependent profiles for the number
density p(x) (a) and nematic order parameter S(x) (b) for F
=10kpT/ Ly and kL= 10 obtained from simulations. (¢) Adsorption
Ap=] (L)O[p(.x‘.r)— p(x.0)]dx and (d) excess orientation AS
= (L)Op(x)[S(.r.r)—LS'(.\'.O)]dx,-" ) (L)de p(x) showing the evolution of
the rod structure with respect to the equilibrium initial state near the
channel walls.
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(Color online) (a) Average number fraction of clustered
rods (N./N) versus time. The solid curve corresponds to an initial
state of freely rotating rods, the points to an aligned state where
u; Ln for each particle i. (b) Time evolution of the hedgehog
strength Sy(7) of a hedgehog nucleus [see Eq. (2)] from dynamical
density functional theory.
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