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Motivation:  Parent Hamiltonians for FQH states 
 

Landau-level projected local interactions 
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1. Translationally invariant 1D ``lattice’’ model 
     Use in flat band solid state systems: 
     H. Wang, V. W. Scarola, PRB ’11 
     X.-L. Qi, PRL ‘11 
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1. Translationally invariant 1D ``lattice’’ model 
2. ``Frustration free’’ 
3. Give description of physics ``in Hilbert space’’ 
FDM Haldane, APS talk, March ‘12 
FDM Haldane, PRL ’11 
R-Z Qiu, FDM Haldane, X Wan, K Yang, S Yi, PRB 12 



Motivation:  Fock space decomposition of QH states 
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Motivation:  Fock space decomposition of QH states 



Example:  Laughlin state on the torus (Haldane, Rezayi, PRB 85 ) 
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Example:  Laughlin state on the torus 

area = 2⇡L

h0|cn1 . . . cnN | 1/3i1001001001001001 
? ⌧

L1

L2
⌧ = L2/L1

ImL2 > 0

Motivation:  Fock space decomposition of QH states 

AS, H Fu, D-H Lee, JM Leinaas, JE Moore, PRL 95 ‘05   

EJ Bergholtz, A Karlhede, PRL 94 ’05 

“thin torus limit”  



Motivation:  Fock space description of QH states 

area = 2⇡L

Alternative view:  change of metric 

Example:  Laughlin state on the torus 
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Outline 

l  Motivation 
-  Understand structure of Fock space decomposition of torus Laughlin 

states 
l   -dependence 

l  relation to root pattern 

l  Heat equation for     - evolution of Laughlin states 
-  2-body operator as generator for     -evolution of coefficients  

-  presentation of torus-Laughlin state in terms of root pattern 

l  Application: Hall viscosity 

l  Conclusion 
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-dependence of Laughlin state in Fock space 
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A look at the cylinder 
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Rezayi & Haldane, PRB 94 
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A look at the cylinder 
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Geometric changes in the Fock space description of cylinder quantum Hall states 
are generated by a simple single-body operator: 
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Back to the torus 
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We may assume (without loss of generality) that such       is symmetric with respect 
to magnetic translations on the torus. This shows that unlike for the cylinder, this 
generator cannot be a single body operator!  
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Differential equation for     –dependence of torus 
Laughlin state 
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Differential equation for     –dependence of torus 
Laughlin state 
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Solve problem in 1D Hilbert space 
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Differential equation for     –dependence of torus 
Laughlin state 
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The generator  

G⌧

P⌧�P⌧  1/q = I⌧G⌧ | 1/qi (⌧ imaginary)

This implies that the matrix elements of          are those of       , restricted to the lowest 
Landau level at      . 

G⌧

�
⌧

˜

˜

G̃⌧ =
X

mm0nn0

Gmm0nn0 c†mc†m0cn0cn

Gmm0nn0 =
1

2

Z 1

0
dx

Z 1

0
dx

0
�

⇤
m(x)�⇤

m0(x0) � �

⇤
n0(x0)�⇤

n(x)

The integrand is easily expanded in terms of plane waves, and so the integral readily 
expressed through (rapidly converging) multiple sums. 

(+ arbitrary const. ) 



The generator  G⌧

G⌧ = G0 +
1

4⇡iq
G1 + qG2

Sa
l =

X

n

(2⇡i[nL+ l])ae2⇡iL⌧(n+l/L)2

G1 = (
q

L
)2[

X

l

S2
l c

†
l cl +

X

l1 6=l2

S1
l1S

1
l2c

†
l1
cl1c

†
l2
cl2 ]

�2,l1l2l3l4 =
2⇡

i

X

n 6=0

(
ei⇡⌧n

1� e2i⇡⌧n
)2

X

n1

ei⇡⌧L[(l1+n)/L+n1]
2

(ei⇡⌧L(l1/L+n1)
2

)⇤

X

n4

(ei⇡⌧L[(l4+n)/L+n4]
2

)⇤ei⇡⌧L(l4/L+n4)
2

G2 =
1

2

X

l1l2l3l4

�2,l1l2l3l4q
S0
l1
S0
l2
S0
l3
S0
l4

c†l1c
†
l2
cl4cl3

G0 = � 1

4⇡iL

X

l

S2
l

S0
l

c†l cl



The symmetrized generator  G⌧,sym
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Generating           from thin torus limit | `
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can generate the full Laughlin state at       out of ⎜100100100100…〉.               
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Application: Hall viscosity 

The non-dissipative, anti-symmetric part of the viscosity of a quantum Hall state is 
related to the adiabatic curvature on the space of background metrics.  
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For the Laughlin state, we can of course relate the 2nd term to the operator         itself. G⌧
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Conclusions 

u  Changes in the occupation number basis description of the torus Laughlin 

state with modular parameter     are generated by a 2-body operator       .  

u This allows for the following presentation of the torus Laughlin state only in 

terms of the root pattern and a path-ordered exponential involving 2-body 

operators: 

u As an application we calculated the Hall viscosity of the 1/3 Laughlin state. 

u A new family of L-1 2-body operators was found that annihilates the torus 

Laughlin state. This property characterizes the topologically 3 degenerate 

ground states at                      uniquely. 
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