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Outline

What are helical edge states?

Backscattering at a helical edge
- the role of phonons
- the role of electron-electron interaction

Proximity effect with superconductors



QSH effect and helical edge
state

» QSH state: two copies of quantum Hall
state with time reversal (TR) symmetry

Quantum Hall Effect Quantum Spin Hall Effect
B Insulating bulk state
\® @
— —
chiral edge state helical edge state

Break TR, magnetic field Preserve TR, SOC



Luttinger-liquid description of helical edge states

R, 1

L,

helical edge state

Kinetic energy:

Ho = —vr [ do (wlyid,vnr = ¥},i0.01,)

forward scattering Coulomb interaction terms:

Hins =5 [ do (phy(z) + £, @)) + %o [ dopmy(a)pui(o)

PRT(LL)(x) = ¢LT(LU($)¢RT(L1)($) chiral charge density



bosonization (like for spinless LL):

YRI(LL) X MRiLyeT Y TORIED

v 1
H 5 /d:l? (9(83:9)2 + _(am(p)z) conjugate momentum:
g I, =-34.6

B ) A )2 Ay )2 B \/27rvp+)\4—)\2
v ( T 27rvp> Bl (27rvp> I 2TVE + Aq + A2
Y = ¢RT + ¢Ll f = quT — ¢L1 non-chiral bosonic phase fields

Xu and Moore, PRB (2006)
Vbszsz + h.c. (notallowed by TRS) Wu et al., PRL (2006)

usual backscattering absent = ballistic



Topological protection in formulae

A— —— ——

) =Tl$y~ [HT]=0 4
(W|H|8) = (g|H|Y)* = (TO|THp) =
(W|HTJ) = ($|HT?|¢) = ~(0|H]|o)

= (Y|H|¢) =0 O

Xu and Moore, PRB (2006)
Wu et al., PRL (2006)

Protection against backscattering for. ..

@ TRS preserving single particle Hamiltonians

@ Elastic processes since Kramers partners degenerate




Experimental evidence of edge states

prediction: observation:
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Bernevig et al., Science 2006 Koenig et al., Science 2007



Presence of Rashba
Hamiltonian in the helical liquid

_ [ ¥+ -
v=(u) :

SRS ) /\IIT ({e1,p} + {as,p’}) 0, ¥

2 e f

linear Rashba: o, qubic Rashba: .,

[HR, T] — (0 => no elastic single-particle
scattering

Can Rashba-interaction do anything ?



HLL in presence of Rashba-impurity and phonon-bath

My
NN

J.C. Budich, F. Dolcini, PR, B. Trauzettel, PRL 2012
The helical wire with Rashba SOC and phonons

Hy = / Vipo,V

1
Hgr = 5 /WT ({a1,p} + {03,P3}) o,V
H, = %/nﬁ, + c2d"

Hep = A / Vigowd'
H=Hh1+Hp+HR+Hep=H0+H/




Results for inelastic single electron backscattering

Interference of two scattering processes

Results up to second order in H,

Mis = (pr—, gon|H1 GoH|pi+)

Mis = 0 due to linear Rashba +HLL-dispersion for a1-Rashba
)\2
|Mig|* = e (qp]f1 +pr — p;") |qon|’ for aiz-Rashba
/\2

V7 with Golden-Rule approach at T=0

fBs = 6727r2 cd



We have shown that ...

@ inelastic single particle backscattering not forbidden by symmetry

@ most relevant contribution vanishes

@ robustness of quantized conductivity beyond topological protection




We have shown that ...

@ inelastic single particle backscattering not forbidden by symmetry
@ most relevant contribution vanishes

@ robustness of quantized conductivity beyond topological protection
Integrating out phonons exactly will change @ propagator
A2 k4 Martin and Loss,

(G (k,w)),, = (G (kW) o, — —5 515 PRB (1994)
in imaginary-time

Doing a calculation on Keldysh contour shows absence
of leading order backscattering in ¢t,-Rashba even with
Coulomb interactions

J.C. Budich, F. Dolcini, PR, B. Trauzettel, PRL 2012



RG treatment of the Rashba impurity

F. Crepin, J.C. Budich, F. Dolcini, PR, B. Trauzettel, arXiv:1205.0374

Helical liquid:
1

y
H :—/l;v K (0,0)* +
0T o9 ) ™ [ (0:0) K <1 LL-Parameter



RG treatment of the Rashba impurity

F. Crepin, J.C. Budich, F. Dolcini, PR, B. Trauzettel, arXiv:1205.0374

Helical liquid:

_ i . A 2 i ‘& / 2
Ho = o /dl [Ix(c)TH) + 7= (029) ] K

<1 LL-Parameter

Linear Rashba-term:

Hp = /daz a(z) [(awxp]})\p_ - @L(ax\p_)} (z) + H.c.



RG treatment of the Rashba impurity

F. Crepin, J.C. Budich, F. Dolcini, PR, B. Trauzettel, arXiv:1205.0374

Helical liquid:

_ L . s 2 i . / 2
Ho = o / dx [A(C)TH) + 7= (029) ] K

<1 LL-Parameter

Linear Rashba-term:

Hp = /daz () [(awxpl;)\p_ _ @L(axqf_)} (z) + H.c.

—> bosonize

alx) (2ma K
Hr =ikik_ /d:z: (—) X
Ta L

% axg(l,) (: 6—229f)(az) :622kp:13_|_ : engf)(a:) :e—szpa:) :




Generated two-particle backscattering term (in a point):

HiP = in [(axxpl)\pl(am\p_)xp_] (zo) + H.c.

generic form (most relevant):

Wu et al. PRL 2006

Strom et al. PRL 2010
s »

e conserves time-reversal symmetry




Expand partition function to second-order in Rashba and first order in
two-particle term with coupling y;;

3 A 8 B R N
z -z, [1— /O dr (An(r))o + /0 dn /O dry (THR(T)HR(m))o + o(a®)



Expand partition function to second-order in Rashba and first order in
two-particle term with coupling y;;

1

3 A 8 B R N
Z =2 [1 —/0 dr (Hr(m1))o + 5/0 dTl/O dry (THRr(1)HR(2))o + 0o(®)

Flow-equation based on perturbative RG approach:

a — a’ — (1 -+ df)a + scale Invariance of partition function
o _ g a () a(0)=a
d/l .
735 (0)=0
D2 (1—4K)3 (0) + (1 — i) (1—2K)a(l)? p
e 2P K o




Expand partition function to second-order in Rashba and first order in
two-particle term with coupling y;;

B A B B8 . ~
Z =2, [1— /0 dr (An(r))o + /0 dry /0 dry (THR(r)Ha(r))o + o(c?)

Flow-equation based on perturbative RG approach:

a — (Z/ — (1 -+ df)a + scale Invariance of partition function
@ _ LKA
dl ~---"——  Scaling dimension of operators
d/;;/gll) ——————— in 1 ~ 2
2 (KRR 0+ (1- 1 ) (-26)a(0

a(0) = a
y2(0)=0



Expand partition function to second-order in Rashba and first order in

two-particle term with coupling y;;

B A B B8 . ~
Z -2 [1— / dr (An(r))o + /0 dn /0 dry (THr(r)HR(1))o + o(a?)

JO

Flow-equation based on perturbative RG approach:

a — (1/ — (1 -+ df)a + scale Invariance of partition function
do
= '—K a(l)
(M -~ ——  Scaling dimension of operators

¢ O 2p

dﬁ/ln P ~-el ) L
P {1 — 4Ky (0) oy (1 — —) (1-2K)a

a(0) = a
y2(0)=0

Generated in second-order perturbation theory



* backscattering conductance:

0.003
5—G — -} ~in (f*)z ? 0.002 S
GO 72p , ﬁ' 4K
S 0-001 T sk
At low temperatures: ~ /
0. 0.05 0.1 0.15 0.2

(apT /v)*E if K >1/2, anT /v
0G/Go {(aOT/v)8K2 if1/4 < K < 1/2 T’/



* backscattering conductance:

0.003
5G — K =1(0.8
. ~1n [/ px\2 -
G_O b fyzp([ ) : = 0.002
% 0.001
At low temperatures:
0'0. 0.05 0.1 0.15 0.2
(apT /v)*E if K >1/2, anT /v
0G/Go {(aOT/@)Z*K? if1/4 < K < 1/2 oT'/n

Conclusions:
» Two-particle backscattering generated by Rashba interaction in 2nd order

« Term becomes relevantif K <1/4, Wu et al. 2006, Strom et al. 2010

. Ask>1, G ~ T4



Homogeneous Rashba-interaction in the HLL

« Spin-rotation in HgTe-based edge states S

\
+ \ e N
_ = °

Superconducting proximity effect

2D-treatment of edge states

within 4-band model of HgTe QWs £
a=— a=+
Bernevig et al., Science (2006), Rothe et al., NJP (2010)
Er

H=Ho+ / dx Tas(x)¥a(x)s(x + a) + h.c. H

af=% k=0 k=0
P Virtanen, PR, PRB 2012



Homogeneous Rashba-interaction in the HLL

« Spin-rotation in HgTe-based edge states S

I+
=

H

[ ]
[ ]

A

Superconducting proximity effect

2D-treatment of edge states

within 4-band model of HgTe QWs £
a=— a=+
Bernevig et al., Science (2006), Rothe et al., NJP (2010)
Er

H=Ho+ / dx Tas(x)¥a(x)s(x + a) + h.c. H

af=% k=0 k=0
P Virtanen, PR, PRB 2012

Scattering at scalar potential Vs = (p1 + p|)V

e-e interaction only perturbatively

5G s T4 T. Schmidt et al., PRL (2012)



Introduction

2D-TI edge states & s-wave superconductor

P. Virtanen, PR, PRB 2012
vacuum

valence

|
OorK

k

[Kane & Mele, PRL (2005); Bernevig et al., Science (2006); Konig et al.,

Science (2007)]

Basic s-wave SC coupling [Fu and Kane, PRL (2008)] A.M. Black-Schaffer, PRB 2011

H= [ axve(l O — 9 0p-) + T () (9—(x) + bl

Q: Effects in addition to ['1— (and can you observe them)?



Introduction

Cooper pair injection to the same mode?

As usual: Also possible?




Effective Hamiltonian: Perturbative RG

Hegr = Ho + HT + Hr2
Hr= Y [ axd tale, PYL0OS(7) + b

a=+,0'="]

Hrz =3 [ axTag()a(x)us(x + 20) + hc.
af

Scaling equations, x — xe

d tao’

tyo! (I =0) =t° . = [2 — m]tpe
dl, .

m=(@g+g ")/4 N2a0 =9+ g !

_ —1
772,a,—a =g



Tunnelling elements

taaf(x, ?’) = (a,x|717|0', 7”)

Tunnelling assumed to be ...
m Local (in real space; e.g. tight-binding model):
(oP|hT|o’'?) x 86(F — )
m Spin-conserving: (a?]hﬂa’?’) X Ogo’
m Time-reversal invariant: ‘IhTS‘ = h




Effective 2-particle tunnelling

Solution leads to an effective low-energy model.

Hrp =Y / Ax T s (X)Wa(X)5(x + a) + hoc.
af

raﬁ(x) i %/dx’d,rl(a/ao)l—nz,aﬁuaﬁ(xl’7_/)
3,/ 33/ Fi(# - ¢ x' x'
x [ &' d’r FI(R, 772, 0) Pap(x + 5o X = Earz)

m New cutoff a > vpA~!
m Known: 11(2)9o(2") o : e'®1(2)+i62(2) - y(z — 2/);
FY(F, s 3, m2) = (TS, (7, ma) w5 (7, m2)])

m Need to find out: P,z (contains tunnel amplitudes t,,(x, r_;))

Paﬂ(xl’ ?{;X2’ ?é) - tai(xl’ F{)tﬂT(XZa 7‘3) - taT(xla F{)tﬁi(XZv ?é) + [?{ « ?;]



Singlet pair tunnelling amplitudes?

————
- ~
~,

P++(k1a ?{; k2, ?;) — <+7 _kl|2('_:{7?;)‘s|+a _k2>

Z: some TR-invariant spin-conserving operator describing tunnelling



Estimating amplitudes

Rewrite using TR symmetry (and Fourier transform):

Palag(kla ?{; k2a ?é) - (ala _kllz(?{a '-’;)Tla% _k2>

2(7, ) = hrlle ® (IF)B] + [BYANAT , taor (k,7) = (@, —klhTl0", 7).

Edge states with constant spin axis (eg. Kane—Mele model):

[+, k) =D ®[k)+, [—k =) k-

so that

Pyt = (+,—ki| 2T+, —ka) = (1) X +(—ka|Z]ka)- =0
Py— = (+,—ki|Z%|—, —ka) = (NI1) X +(—ka|Z|+ ko) # O




Concrete model system: HgTe/CdTe quantum wells

4-band model
barrier
[ (o, FIIEL+)) ’ Z. ow
7 _ | {or H1+> l :(<< barrier
(Ua I'IIO:, k) — (0.’ Pl E > wa,k(xay)
\ (e, 7l|H1-)) y

in terms of quantum well k,,, = 0 states: |[E1+), |[E1-), |[H1+), |[H1-).
4-band Hamiltonian

HpuzV¥ = EV,
_(h(k) 0 _ IR
HgHz = ( 0 h(—k)*) , h(k) =e(k)oo+ d(k) -
e(k) = C — Dk? , d(k) = (Aky, —Ak,, M — BK?).

[Bernevig, Hughes, Zhang, Science (2006)]



Tunable spin rotation by Rashba spin orbit

h(k)  hr(K) A A A A .
’L'B“ZH’(hR(k)T h(fik)*) | o

i QW
P ( —Ro(kx — iky)  iSo(kx — iky)2) barrier
R=1I\ —iSo(ke — iky)?  To(kx — iky)3 L
m hr mixes the + and — Kramers blocks

O Ro, 50, To X Ez

m BIA can also be included

[Rothe et al., New J. Phys. (2010)]



Tunable spinor rotation by Rashba spin orbit interaction

1.0
0.36
0.32 > 0.9

0.9 1025 2
- 1024 2 = 0.8
E 0.8 10,20 :U g
Y 10.16 3 0.7
0.12
3

'

0.04 <

0.00 272001 000 001

0 20 40 60 80 100 120 140 2

y [nm]

\]}k,—(Ea y)T‘Z\TJ—(EFa y) ~
V_(E, Y)I[IV-(EF, y)l|

Sin HRa,shba(E,}’) — ++




Tunnel amplitudes from 4-band model

Amplitudes
Palaz(kl, F?ll_v k27 '—’;) — <Of]_, _kllz(Fgllj Fé)‘zla23 _k2>

Simplify: length scale separation & parameterize by symmetries

A C 0 D
c* B -D 0
o -D A (¥
D* 0 C B

AT "N
Paa, o U1 TW oy s,

Order of magnitude (localized contacts):

P (ke ko) ~ (ks — ko) oo

P+—7
M|

zp = Rashba strength = 1eV x (E,/500 mV/nm)




Low-energy Hamiltonian

Low-energy model for 2-particle tunnelling

H=Ho+ »_ / dx To3(x)a(X)¥s(x + a) + h.c.

aﬂ:l:

g+ { -1
Mp_ = (ad)s (aoA) K,

Mv =~ i(aB) 5 (a0))

m a3 interaction cutoff

m a> Al low-energy cutoff

Noninteracting case (g = 1):
hve Rk
[~ = F & IRy where w is contact length

2o = Rashbastrength ~ 1eV x (E,/500mV /nm)



Transport features

T

d —
w

m Assume no quasiparticle current (suppressed as e"AVT).

High-resistance contacts
Simple perturbation theory:

8,:[\7 = I.[I:Ieﬂ‘, N] = 71 + 72

(i(t)) ~ / at’ i(V(¢'), 1(6)])o



DC conductance (oscillations)

Noninteracting case (g = 1): Component of DC current @

o , o
oscillating with ¢ = 27

A

Exclusion principle
o V2, T?: finite energy required in ++ channel [cf. Fisher, PRB (1994)]
M4%(aT)? = (T/E)?IT4-|%  Erugre—qw = |M|ve/20

Increasing contact separation d

m ++ channel: o cos(2Vd + 4kgd)
m +— channel: oc 2779/ [for low transparency w|l;_| < 1]

dlns =
NS 3

.
Alwl,_|?sin(2Vd
4wl sin(2Vd) coslo) L o T a ve)

2
2wl V cos(2Vd + 4kgd) cos(p)[(aV)? + 42 (aT)?]
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* Helical edge states protected by TRS only for
elastic and single-particle backscattering
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elastic and single-particle backscattering

* |nelastic single-particle backscattering provided
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Conclusions

Helical edge states protected by TRS only for
elastic and single-particle backscattering

Inelastic single-particle backscattering provided
by phonons + Rashba impurity

Two-particle scattering provided by e-e interaction
+ Rashba-impurity = scaling law for conductance

Combination of potential scattering + Rashba S.O.
- SC proximity effect



