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Motivations
Topological phases of matter characterized by a topological invariant :
Chern numbers :

C1 =

∫
F , C2 =

∫
F ∧ F , · · ·

Z2 topological numbers :

P1 =

∫
A, P3 =

∫
F ∧ A +

i

3
A ∧ A ∧ A, · · ·

For 2D Chern insulators / Quantum Hall effect

Projected density operators probe the Berry curvature F

Aharonov-Bohm effect

Incompressibility (area preserving diffeomorphisms)

Classification of edges (K matrices)

what about higher dimensional topological insulator ?
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Integer Quantum Hall Effect
Phenomenology

and density algebra
(D = 2)
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Quantum Hall effect and quantized Hall conductance

Hall effect : a two-dimensional
electron gas in a perpendicular
magnetic field.
⇒ current ⊥ voltage

IQHE : von Klitzing (1980)

Quantized Hall conductance

σxy = ν
e2

h

ν is an integer up to O(10−9)
Used in metrology
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ν is the number of filled bands (Landau levels)

2D particle in a perpendicular ~B = B~z : H = 1
2m (~p − q~A)2

Discrete spectrum :

En =

(
1

2
+ n

)
~ωc

Each Landau level n is highly degenerate.

Ψn,ky (x , y) ∼ e ikyye−(x−ky )
2/2

(Wannier type states)

IQHE : state obtained by filling ν Landau levels ⇒ Bulk gap ~ωc .
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ν is also the number of edge states

A state with momentum ky is localized in real space around x = ky
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What is this integer ν ? TKNN and topology

TKNN (Thouless et al, ’82) :
quantization insensitive to disorder or strong periodic potential.

ν is a topological invariant, the first Chern number

edge modes (Laughlin ’81, Hatsugai ’92) :
edge states are robust, chiral

number of edge modes = Chern number

Each edge channel contributes e2/h to the Hall conductance

σxy = νe2/h = ν/2π
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Projection to the Lowest Landau Level

Decomposing the position r = ρ+ R where the guiding center R is

The Guiding center

Ri = ri −
1

B
εij(pj − Aj)

is a conserved quantity [H,Ri ] = 0 but

[Rx ,Ry ] = [R1,R2] = i/B

Projection in the LLL and non-commutative space

PrP = R [R1,R2] = i/B

The projected positions (R1,R2) are conjugate : non-commutative space
(+ dimensional reduction : 4→ 2 dimensional phase-space).
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Girvin-MacDonald-Platzmann algebra (or W∞)
Projected density operators ρu = Pe iu·rP ∝ e iu·R obey

[ρu, ρv] = 2i sin
(u ∧ v

2B

)
ρu+v

long wavelength (u, v� 1) : algebra of area-preserving diffeomorphisms.

Projected density operators also act as magnetic translations :

Ta = e iu·D Di = BεijRj

whose algebra describes the Aharonov-Bohm effect in a uniform B

TuTv = e iB(u∧v)TvTu

⇒ ρq implements parallel transport w.r.t. the Berry curvature B

This algebra predicts the center-of-mass degeneracy : a state at filling p/q
has q-fold degeneracy on the torus [Haldane, ’85].
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Density algebra for topological
insulators (D ≥ 2)
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TI in D space dimensions : notations

One-body tight biding model Hamiltonian on the infinite lattice i, j ∈ ZD .

H =
∑

i,j

c†iαh
αβ(i− j)cjβ

Momenta are restricted to the Brillouin zone (BZ) k ∈ TD (ki ≡ ki + 2π)

H =

∫
BZ

dDk c†kαh
αβ(k)ckβ

Diagonalizing the the Bloch Hamiltonian∑
β hαβ(k)unk,β = En(k)unk,α :

H =
∑
n

∫
BZ

dDk En(k)|k, n〉〈k, n|

with states |k, n〉 =
∑

β u
n
k,βc

†
k,β|0〉
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TI in D space dimensions : electromagnetic response

In two dimensions, the response to an external Aext
µ is

jµ =
C1

2π
εµνρ∂νA

ext
ρ C1 =

1

2π

∫
BZ

d2kTr (Fxy (k)) ∈ Z

i.e. the winding number from the mapping of Aµ(k) : T2 → U(N)

C1 6= 0 ⇒ 2D Chern insulator.

The Berry connection in k space

Anm
µ (k) = i〈k, n|∂kµ |k,m〉 = i

∑
α

un?k,α∂kµu
m
k,α

defines a non-Abelian U(N) Berry field strength :

Fµν = ∂µAν − ∂νAµ − i [Aµ,Aν ]
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Flat-Band limit and symmetries
The flat-band limit is obtained by collapsing all occupied bands

H =
∑
k,n

En(k)|k, n〉〈n, k|

↓
HFB = εGP + εE (1− P)

Seff =
C2

24!2 ! d4xdt"#$%&'A#!$A%!&A', "52#

where # ,$ ,% ,& ,'=0,1 ,2 ,3 ,4. As shown in Refs. 33, 41,
and 42, the coefficient C2 can be obtained by the one-loop
Feynman diagram in Fig. 7, which can be expressed in the
following symmetric form:

C2 = −
!2

15
"#$%&'! d4kd(

"2!#5 Tr$%G
!G−1

!q# &%G
!G−1

!q$ &%G
!G−1

!q% &
)%G

!G−1

!q& &%G
!G−1

!q' &' , "53#

in which q#= "( ,k1 ,k2 ,k3 ,k4# is the frequency-momentum
vector and G"q##= ((+ i*−h"ki#)−1 is the single-particle
Green’s function.

Now we are going to show the relation between C2 de-
fined in Eq. "53# and the non-Abelian Berry’s phase gauge
field in momentum space. To make the statement clear, we
first write down the conclusion.

For any "4+1#-dimensional band insulator with single
particle Hamiltonian h"k#, the nonlinear-response coefficient
C2 defined in Eq. "53# is equal to the second Chern number
of the non-Abelian Berry’s phase gauge field in the BZ, i.e.,

C2 =
1

32!2 ! d4k"ijk! tr(f ij fk!) , "54#

with

f ij
+, = !iaj

+, − ! jai
+, + i(ai,aj)+,,

ai
+,"k# = − i*+,k+

!

!ki
+,,k, ,

where i , j ,k ,!=1,2 ,3 ,4.
The index + in ai

+, refers to the occupied bands; there-
fore, for a general multiband model, ai

+, is a non-Abelian
gauge field and f ij

+, is the associated non-Abelian field
strength. Here we sketch the basic idea of Eq. "54# and leave
the explicit derivation to Appendix C. The key point to sim-
plify Eq. "53# is noticing its topological invariance, i.e., un-
der any continuous deformation of the Hamiltonian h"k#, as
long as no level crossing occurs at the Fermi level, C2 re-
mains invariant. Denote the eigenvalues of the single particle
Hamiltonian h"k# as "+"k#, +=1,2 , . . . ,N with "+"k#
-"++1"k#. When M bands are filled, one can always define a
continuous deformation of the energy spectrum so that
"+"k#→"G for +-M and "+"k#→"E for +.M "with "E
."G#, while all the corresponding eigenstates ++ ,k, remain

invariant. In other words, each Hamiltonian h"k# can be con-
tinuously deformed to some “flat band” model, as shown in
Fig. 8. Since both Eq. "53# and the second Chern number in
Eq. "54# are topologically invariant, we only need to demon-
strate Eq. "54# for the flat band models, of which the Hamil-
tonians have the form

h0"k# = "G -
1-+-M

++,k,*+,k+ + "E -
,.M

+,,k,*,,k+

. "GPG"k# + "EPE"k# , "55#

Here PG"k#(PE"k#) is the projection operator to the occupied
"unoccupied# bands. Non-Abelian gauge connections can be
defined in terms of these projection operators in a way simi-
lar to Ref. 43. Correspondingly, the single particle Green’s
function can also be expressed by the projection operators
PG , PE, and Eq. "54# can be proved by straightforward alge-
braic calculations, as shown in Appendix C.

In summary, we have shown that for any
"4+1#-dimensional band insulator, there is a
"4+1#-dimensional Chern-Simons term "52# in the effective
action of the external U"1# gauge field, of which the coeffi-
cient is the second Chern number of the non-Abelian Berry
phase gauge field. Such a relation between Chern number
and Chern-Simons term in the effective action is an exact
analogy of the Thouless-Kohmoto-Nightingale-den Nijs
"TKNN# formula5 in "2+1#-dimensional QH effect. By ap-
plying the equation of motion (Eq. "51#), we obtain

j# =
C2

8!2"#$%&'!$A%!&A', "56#

which is the nonlinear response to the external field A#. For
example, consider a field configuration,

Ax = 0, Ay = Bzx, Az = − Ezt, Aw = At = 0, "57#

where x ,y ,z ,w are the spatial coordinates and t is time. The
only nonvanishing components of the field curvature are
Fxy =Bz and Fzt=−Ez, which according to Eq. "56# generates
the current,

!

q

!,q
",k

#

$

%

FIG. 7. The Feynman diagram that contributes to topological
term "52#. The loop is a fermion propagator and the wavy lines are
external legs corresponding to the gauge field.

E

µ

Generic Insulator Flat Band Model

εE

εG

FIG. 8. "Color online# Illustration showing that a band insulator
with arbitrary band structure /i"k# can be continuously deformed to
a flat band model with the same eigenstates. Since no level crossing
occurs at the Fermi level, the two Hamiltonians are topologically
equivalent.

TOPOLOGICAL FIELD THEORY OF TIME-REVERSAL… PHYSICAL REVIEW B 78, 195424 "2008#

195424-11

where P =
∑

n,k |k, n〉〈n, k| is the projector to the occupied bands.

Any projected operator is a symmetry of HFB

[HFB,POP] = 0

In particular the projected position R = PrP implements parallel transport

Rµ = −i
(

∂

∂kµ
− iAµ(k)

)
[Rµ,Rν ] = iFµν(k)
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Projected density operators : the fundamental relation

The projected density operators are

ρq = P
∑
j,α

e iq·jc†jαcjαP

They commute with the one-body Hamiltonian.

They annihilate the many-body ground state (filled band).

Commutation relation [Parameswaran et. al . ’11] :

[ρq1 , ρq2 ]|k, n〉 = −iqµ1 qν2 (Fµν(k))nm |k + q1 + q2,m〉 (q1,q2 � 1)

Parallel transport ρq = 1 + iqµRµ + O(q2)

[ρq1 , ρq2 ] = −iqµ1 qν2Fµν(k)
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Density algebra in 2d and first
Chern number
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Density algebra in 2d and first Chern number

In two dimensions the Berry curvature is Fµν(k) = B(k)εµν ,
Hall type response j i = C1

2π ε
ijEj where C1 is the first Chern number

C1 =
1

4π

∫
BZ

d2kεµνTr (Fµν(k))

i.e. the winding number from the mapping of Aµ(k) : T2 → U(N)

First Chern number as an obstruction to commutativity

Tr ([ρq1 , ρq2 ]ρ−q1−q2) =
L2

2πi
(q1 ∧ q2)C1

if Fxy (k) = B = constant we recover the q� 1 limit of the GMP algebra

[ρq1 , ρq2 ] = −iB q1 ∧ q2 ρq1+q2 + O(q3)
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Unitarity and Parallel transport
Projected density operators enjoy the small correct q behavior

ρq = 1 + iqµR
µ + O(q2)

but they are not unitary

〈k, n|ρ†qρq|k, n〉 =
∑
m

|〈umk−q|unk〉|2 = 1− O(q2)

In 2D we know the cure : parallel transport w.r.t. Aµ

ρ̃q|k, n〉 =
∑
m

(
Pe−i

∫ k+q
k dpµAµ(p)

)
nm
|k + q,m〉

(i.e. ρ̃q = e iq
µRµ) and we recover the full GMP algebra

[ρ̃q1 , ρ̃q2 ] = −2i sin
(
B

q1 ∧ q2

2

)
ρ̃q1+q2

Chern insulator in 2D = same phenomenology and algebra as the IQHE
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Chern insulators/QHE in higher
dimensions
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Density algebra in even D dimensions
A D dimensional TI is characterized by the topological number

CD/2 =
1

(D/2)!(2π)D/2

∫
dDkTr (F (k) ∧ · · · ∧ F (k))

We want to probe F ∧ F ∧ · · · ∧ F !

We need a ”D-commutator” :

[A1,A2, · · · ,AD ] = εα1α2···αDAα1Aα2 · · ·AαD

[ρq1 , ρq2 , · · · , ρqD
] |k〉 ' (q1 ∧ q2 ∧ · · · ∧ qD) [F (k) ∧ · · · ∧ F (k)] |k〉

(u ∧ v ∧w) is the volume delimited by
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D-algebra

The D-algebra closes for qi � 1

[ρq1 , ρq2 , · · · , ρqD
] ∝ (q1 ∧ q2 ∧ · · · ∧ qD)CD

2
ρq1+...+qD

for a uniform Chern density [F ∧ · · · ∧ F ]nm ∝ CD
2
δnm

Flux of the D-form F ∧ · · · ∧ F = εµ1µ2···µDFµ1µ2 · · ·FµD−1µD through the
volume (q1 ∧ q2 ∧ · · · ∧ qD) . parallel transport ?

Projection to the lower bands ⇒ non-commutative D-dimensional
phase-space

[R1,R2, · · · ,RD ] ∝ iD/2CD
2
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Recap

In two dimensions :

[ρq1 , ρq2 ] ∝ C1 (q1 ∧ q2) ρq1+q2

Non-commutative plane [R1,R2] ∝ iC1 (i.e. uncertainty ∆R1∆R2 ≥ C1)

Parallel transport ρ̃q = e iq
µRµ , Aharonov-Bohm effect

ρ̃uρ̃u = e iBu∧vρ̃vρ̃u

In D dimensions (D even)

[ρq1 , ρq2 , · · · , ρqD
] ∝ CD

2
(q1 ∧ q2 ∧ · · · ∧ qD) ρq1+...+qD

Non-commutative D-dimensional phase-space [R1,R2, · · · ,RD ] ∝ iD/2CD
2

Parallel transport w.r.t the D-form F ∧ F ∧ · · · ∧ F ?
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Topological insulators in odd
dimensions
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Z2 topological number in odd dimensions

In odd space dimensions the topological number is the integrand of the
Chern-Simons form

P1 =
1

2π

∫
dk Tr [A]

P3 =
1

8π2

∫
d3k Tr

[
F ∧ A +

i

3
A ∧ A ∧ A

]
· · ·

and are only defined modulo an integer (large gauge transformations).

We’ve got a problem : projected density operators are gauge invariant

⇒ It is not possible to repeat the contruction obtained for D even
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Density algebra in three dimensions

[A,B,C ] = [A,B]C + [B,C ]A + [C ,A]B

In odd dimensions the D-commutator is annoying :

[A,B, 1] = [A,B] 6= 0

Upon expanding ρq = 1 + iq · R we get and anisotropic term

[ρq1 , ρq2 , ρq3 ] = −i(qµ1 qν2 + qµ3 q
ν
1 + qµ2 q

ν
3 )Fµνρq1+q2+q3

which is sensitive to a weak 3D TI
(layers of 2D TI) instead of a strong one.

Topological Invariants in 3D
1.  2D →  3D  :    Time  reversal  invariant  planes

The 2D invariant 
4

1

( 1) ( )a
a

 


   Pf[ ( )]( )
det[ ( )]

a
a

a

w
w

 
 



kx

ky

kz

Weak Topological Invariants (vector):
4

1

( 1) ( )i
a

a

 


   ki=0
plane

8

1

( 1) ( )o
a

a

 


  
Strong Topological Invariant (scalar)

a

/a
/a

/a

Each of the time reversal invariant planes in the 3D 
Brillouin zone is characterized by a 2D invariant.

 1 2 3
2 , ,
a
   G

“mod  2”  reciprocal  lattice  vector  indexes  lattice  
planes for layered 2D QSHI

G
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Check : subdominant term in the 3-commutator

[ρq1 , ρq2 , ρq3 ] =
[
−i(qµ1 qν2 + qµ3 q

ν
1 + qµ2 q

ν
3 )Fµν + O(q3)

]
ρq1+q2+q3

Is the O(q3) term the isotropic (q1 ∧ q2 ∧ q3)
[
F ∧ A + i

3A ∧ A ∧ A
]

?

No ! It’s anisotropic

O(q3) = εα1α2α3q
µ
α1
qνα1

qσα2
Cµνσ

Cµνσ = iDσBµν − i∂µ∂νAσ − (Aµ∂ν + Aν∂µ)Aσ + FµσAν + FνσAµ

where Bµν is the subleading term in ρq =
(
1− iqµAµ − i

2q
µqνBµν

)
Moreover [R1,R2,R3] = F ∧ (∂ − iA) and its trace is not well defined.

Contrary to Neupert et al, arXiv :1202.5188

the CS density cannot and does not appear !
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Classical limit of the
D-commutator :
Nambu bracket
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Nambu bracket and volume perserving diffeomorphisms
The classical limit a of D-commutator [R1, · · · ,RD ] = (i~)D/2 is a
multisimplectic structure describing a D-dimensional phase-space

{x1, · · · , xD} = 1

with the Nambu bracket :

{A1, · · · ,AD} = εα1α2···αD

∂A1

∂xα1

∂A2

∂xα2

· · · ∂AD

∂xαD

Invariant under volume-preserving diffeomorphisms (VPD)

xi → yi (x) det
∂yi
∂xj

= 1 {y1, · · · , yD} = 1

Liouville theorem :

dxi
dt

= {xi ,H1, · · · ,HD−1}

Hamiltonian(s) evolutions generates all VPDs.
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Nambu bracket and extended objects

Nambu formalism associates to a classical string xi (t, σ) in N dimensions
N(N − 1)/2 ”momenta” pij .

∂xi
∂t

∂xj
∂σ
− ∂xi
∂σ

∂xj
∂t

= ∂H/∂pij∑
j

(
∂pij
∂t

∂xj
∂σ
− ∂pij

∂σ

∂xj
∂t

)
= −∂H/∂xi

For a string in 2D this becomes, writing x3 = p12.

∂xi
∂t

∂xj
∂σ
− ∂xi
∂σ

∂xj
∂t

= {xi , xj ,H}

A Nambu bracket appears, with a single Hamiltonian !

Can be extended to D − 1 membranes.
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Extended objects (cf Joost’s talk)

3D TI and BF theory (Cho and Moore, ’11)

LBF =
k

4π
b ∧ F =

k

4π
εµνρσbµν∂ρaσ

2-form gauge field couple to string-like objects

bµν is a 2-form gauge field (bµν → bµν + ∂µβν − ∂νβµ)

higher gauge theories, and parallel transport of strings/loops.
4D QHE and higher CS theory (Bernevig et al, ’02)

L = A ∧ dA ∧ dA− 3i

2
A ∧ A ∧ A ∧ A ∧ dA− 3

5
A ∧ A ∧ A ∧ A ∧ A

membranes excitations, fractional statistics
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Conclusion
Algebraic structure of projected densisty operators in D dimensions :

D even

Isotropic D-algebra that probes the Hall conductance in D dimensions

[ρq1 , ρq2 , · · · , ρqD
] ∝ CD

2
(q1 ∧ q2 ∧ · · · ∧ qD) ρq1+...+qD

Non-commutative D-dimensional phase-space [R1,R2, · · · ,RN ] ∝ iD/2CD
2

D odd

anisotropic, probes the Hall conductance in D − 1 dimensions

[ρq1 , ρq2 , ρq3 ] = −i(qµ1 qν2 + qµ3 q
ν
1 + qµ2 q

ν
3 )Fµνρq1+q2+q3

Consequences of D-algebra poorly understood at this point :

volume preserving differomorphisms and incompressibility

extended excitations (strings or membranes)
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