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© Motivations

© Integer Quantum Hall Effect (D = 2)
@ Some phenomenology
@ Projected density operators and GMP algebra

© Density algebra for topological insulators (D > 2)
@ Two dimensions and first Chern number
@ Chern insulators in higher (even) dimensions
@ Topological insulators in odd dimensions

@ Classical limit

@ Volume preservering diffeomorphisms
o Extended excitations (loops, membranes)
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Motivations

Topological phases of matter characterized by a topological invariant :

Chern numbers :

Clz/F, CQZ/F/\F,

Z topological numbers :

P1:/A, P3:/F/\A+;A/\A/\A,

For 2D Chern insulators / Quantum Hall effect
Projected density operators probe the Berry curvature F
@ Aharonov-Bohm effect
@ Incompressibility (area preserving diffeomorphisms)
o Classification of edges (K matrices)

what about higher dimensional topological insulator ?
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Integer Quantum Hall Effect
Phenomenology

and density algebra
(D =2)
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Quantum Hall effect and quantized Hall conductance

Hall effect : a two-dimensional
electron gas in a perpendicular
magnetic field.

= current | voltage

— — . — 40
| T=100mK

IQHE : von Klitzing (1980)

%0 Quantized Hall conductance
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. v is an integer up to O(107°)
o Used in metrology
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v is the number of filled bands (Landau levels)
2D particle in a perpendicular B = BZ : H = %(5— q;z\’)2

Discrete spectrum :

Energy
1
En =|=+n hwc

2

Each Landau level n is highly degenerate. =~~~ o =2
e g ke

\Iln,ky(x,y) ~ elkvy g=(x—ky)?/2 .
(Wannier type states) 0000000000000 DOOCOOC  ne

IQHE : state obtained by filling v Landau levels = Bulk gap Awc.
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v is also the number of edge states

A state with momentum k,, is localized in real space around x = k,

Energy

Edge modes

Eg
.l.- 2nd band
| left edge right edge I
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What is this integer 7 TKNN and topology

e TKNN (Thouless et al, '82) :
quantization insensitive to disorder or strong periodic potential.

v is a topological invariant, the first Chern number

e edge modes (Laughlin '81, Hatsugai '92) :
edge states are robust, chiral

number of edge modes = Chern number

Edge mode @ -

Quantum Hall

&
-+

Each edge channel contributes e?/h to the Hall conductance
oy =ve*/h=v/2r
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Projection to the Lowest Landau Level

Decomposing the position r = p + R where the guiding center R is

_— The Guiding center

iding Center 1
e Ri = ri — zei(py = A))

is a conserved quantity [H, R;] = 0 but
& R

origin [Re, Ry] =[Ri, Ro] =i/B

Projection in the LLL and non-commutative space

PrP =R [Ry,Ro] = i/B

The projected positions (Ry, Ry) are conjugate : non-commutative space
(4 dimensional reduction : 4 — 2 dimensional phase-space).

v
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Girvin-MacDonald-Platzmann algebra (or W)
Projected density operators p, = Pe™""P o e™*'R

obey
.. [UAV Y
[pu, pv] = 2isin (W) Putv /

.-f'rl'r'-"

long wavelength (u,v < 1) : algebra of area-preserving diffeomorphisms.

Projected density operators also act as magnetic translations :

Ta = eiu.D D, = BEUR/

whose algebra describes the Aharonov-Bohm effect in a uniform B

TuTy = BT, T,

= pq implements parallel transport w.r.t. the Berry curvature B

This algebra predicts the center-of-mass degeneracy : a state at filling p/q
has g-fold degeneracy on the torus [Haldane, '85].
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Density algebra for topological
insulators (D > 2)
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Tl in D space dimensions : notations
One-body tight biding model Hamiltonian on the infinite lattice i,j € ZP.

H= ZcTh (i—1J)c

Momenta are restricted to the Brillouin zone (BZ) k € Tp (ki = ki + 2)

H:/ dPk ¢l h*®(k)acs
BZ

Diagonalizing the the Bloch Hamiltonian
Z,B hag(k)u{(’ﬂ = En(k)ul’(’?a :

= D n n
H_zn:/szd k E,(k)|k, n)(k, n|

with states [k,n) =>4 UC,@C;([B’O)
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Tl in D space dimensions : electromagnetic response

In two dimensions, the response to an external Afj‘t is

G Uvp ext _ il 2
3¢ O A5 G = 5 BZd kTr(F.y(k)) € Z

jH =
i.e. the winding number from the mapping of A, (k) : To — U(N)

C; # 0 = 2D Chern insulator.

The Berry connection in k space

AT (K) = i(k, 0[O, [k, m) = i) ud, O, uil
(0%

defines a non-Abelian U(N) Berry field strength :

Fu = 0uA, — 0,A, — i[Au, Al
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Flat-Band limit and symmetries
The flat-band limit is obtained by collapsing all occupied bands

E

H= ZE )|k, n)(n, k|

4
Heg = EGP+€E(1 — P)

Generic Insulator 7~ Flat Band Model

where P =" | |k, n)(n, k| is the projector to the occupied bands.

Any projected operator is a symmetry of Heg

[Heg, POP] = 0

In particular the projected position R = PrP implements parallel transport

Ry =i (g~ A0 (Ru R = iy (K)
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Projected density operators : the fundamental relation

The projected density operators are

Pq = PZe"“c GaP

@ They commute with the one-body Hamiltonian.

@ They annihilate the many-body ground state (filled band).
Commutation relation [Parameswaran et. al . '11] :

[/’Q1=pqz]|k7 n) = _"qilqg(FW(k))nm lk +q1+ q2, m) (91,92 < 1)

Parallel transport pq = 1+ ig"R,, + O(q?)

[Pars Pas) = —iqY a5 Fpu (k)
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Density algebra in 2d and first
Chern number
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Density algebra in 2d and first Chern number

In two dimensions the Berry curvature is F, (k) = B(k)e,,
Hall type response j' = 2C—Tlre’JEj where (3 is the first Chern number

— 1 2y pv
G= 4 | kT (Ful)

i.e. the winding number from the mapping of A, (k) : T, — U(N)

First Chern number as an obstruction to commutativity

2
Tr ([par > PazlP—a1—a2) = P (a1 ANa2) G

if Fxy(k) = B = constant we recover the g < 1 limit of the GMP algebra

[pa1: Pax] = —iB a1 A A2 pgy+ar + O(a°)
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Unitarity and Parallel transport
Projected density operators enjoy the small correct g behavior

pqg =1+ iq.R" + O(q?)

but they are not unitary

(k, nlpkpalk,n) =D [(udglud)* = 1 — O(@%)
In 2D we know the cure : parallel transport w.r.t. A,

ﬁq|k7 n> — Z (Pe_ifkk+q dP“AM(p)>nm |k + q, m>

m
(i.e. fq = €@ Fu) and we recover the full GMP algebra

q1 A\ qo

[Pay> Paz] = —2isin (B ) Par+a

Chern insulator in 2D = same phenomenology and algebra as the IQHE
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Chern insulators/QHE in higher

dimensions
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Density algebra in even D dimensions
A D dimensional Tl is characterized by the topological number
Y E—
(D/2)!(27)b/2
We want to probe FAFA---AF

/deTr(F(k) A--- A F(k))

We need a " D-commutator” :

[A17A2’ aac ,AD] = 60‘10‘2"'0‘DA011AC¥2 AL

D

[Pars Pazs -+ Pap) |K) = (@1 Ad2 A=+~ Aap) [F(k) A--- A F(k)] k)

(u A v Aw) is the volume delimited by
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D-algebra
The D-algebra closes for q; < 1

[qupqza T 7qu] X (ql A g A A QD) Cgpql—i-...—i-qp

for a uniform Chern density [F A--- A F],,, o Cgénm

Flux of the D-form FA--- ANF =B o f oo Fup up through the
volume (g1 Aq2 A --- Aqp) . parallel transport ?

Projection to the lower bands = non-commutative D-dimensional
phase-space

[Ri, Ry, Rp] o< iP/2Cp
2
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Recap
In two dimensions :
[quapqz] x Ci (a1 A\ q2) Pai+qz
Non-commutative plane [Ry, Ro] o< iCy (i.e. uncertainty ARIAR, > (1)

Parallel transport jq = e'@"Ri, Aharonov-Bohm effect v,

ﬁuﬁu — eiBU/\vﬁvﬁu L—

In D dimensions (D even)

[pCI17IOQ2a T 7qu] X C% (ql AQa A A qD) Pqi+...+ap

Non-commutative D-dimensional phase-space [Ry, Ra,--- , Rp] o< iP/2Cp
2
Parallel transport w.r.t the D-form FAFA---ANF?

v
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Topological insulators in odd
dimensions
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Z» topological number in odd dimensions

In odd space dimensions the topological number is the integrand of the
Chern-Simons form

1
m:g/wnw

| .
Py= = [ PkTr|FAA+2ANANA
8w 3

and are only defined modulo an integer (large gauge transformations).

We’'ve got a problem : projected density operators are gauge invariant

= It is not possible to repeat the contruction obtained for D even J
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Density algebra in three dimensions

[A, B, C] = [A,B]C +[B,CIA+[C,AlB

In odd dimensions the D-commutator is annoying :

[A,B,1] = [A, B] #0

Upon expanding pq = 1+ iq - R we get and anisotropic term

[Par, Pass Pas] = —i(ai'as + a5 at + 5 5) FrvPar+as+as

G

v

which is sensitive to a weak 3D TI
(layers of 2D TI) instead of a strong one.
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Check : subdominant term in the 3-commutator

[Par: Paz Pas] = [—i(al a5 + 4 af + a505) Fuw + O(a)] Pay+as-+as
Is the O(q?) term the isotropic (q1 Ad2 Aqs) [FAA+LANANA]?

No! It's anisotropic

O(q3) = €Cajanaz qtl;:l qgl qu CIWU

Cuvo = iDyByy — i0,0,As — (A0 + AOu)As + FuocAu + FusA,
where B,,,, is the subleading term in pq = (1 —iqrA, — %q“q”Bw,)
Moreover [R1, Rz, R3] = F A (O — iA) and its trace is not well defined.

Contrary to Neupert et al, arXiv :1202.5188
the CS density cannot and does not appear! J
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Classical limit of the
D-commutator :
Nambu bracket
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Nambu bracket and volume perserving diffeomorphisms

The classical limit a of D-commutator [Ry,--- , Rp] = (ih)P/? is a

multisimplectic structure describing a D-dimensional phase-space
{Xla"' 7XD} =1

with the Nambu bracket :

0A;1 0A 0A
{A1,--- ,Ap} 1972 | D

= €ajan-a co
YT %y OXay  OXap

Invariant under volume-preserving diffeomorphisms (VPD)

Oyi
xi = yi(x) deta—i =1 {yi,---,yp}=1
G

Liouville theorem :
dx;
— ={x;,Hy,--- ,Hp_
™ {xi, H1 p—1}

Hamiltonian(s) evolutions generates all VPDs.
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Nambu bracket and extended objects

Nambu formalism associates to a classical string x;(t,o) in N dimensions

N(N —1)/2 "momenta” pj;.

8X,' 8Xj 8X,' 8Xj

9t a0 o0 ot - OH/OPi
apijan (9p,'j(9Xj N )
> (5 - e ) — onjox

J

For a string in 2D this becomes, writing x3 = p1s.

0% 0 _ 0xi 0%

3t 96 3o 9 — V9% H}

A Nambu bracket appears, with a single Hamiltonian!

Can be extended to D — 1 membranes.
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Extended objects (cf Joost's talk)
3D Tl and BF theory (Cho and Moore, '11)
k k

»CBF = Eb/\ F == Eeﬂypo—buyapad

2-form gauge field couple to string-like objects
by is a 2-form gauge field (b, — by + 0ufy — 0u54) J

higher gauge theories, and parallel transport of strings/loops.
4D QHE and higher CS theory (Bernevig et al, '02)

EzA/\dA/\dA—%A/\A/\A/\A/\dA—gA/\A/\A/\A/\A

membranes excitations, fractional statistics
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Conclusion

Algebraic structure of projected densisty operators in D dimensions :

D even

Isotropic D-algebra that probes the Hall conductance in D dimensions
[pm?pqy T 7:0QD] & C% (Cll A PRARERNA CID) Par+...+ap

Non-commutative D-dimensional phase-space [Ry, Ry, - - - , Ry] o< iP/2Cp
2

v

D odd

anisotropic, probes the Hall conductance in D — 1 dimensions

[pqy pqpp%] = —i(q;’fqﬁ’ + ngill/ + ngg)F#meJrfuﬂh

Consequences of D-algebra poorly understood at this point :

@ volume preserving differomorphisms and incompressibility
@ extended excitations (strings or membranes)
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