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Kondo problem

» Resistivity minimum in metals |
* Origin unknown for 30 years

* Local magnetic moment
coupled to a metal

- Lifting of a degeneracy
by the coupling to a
Fermi sea
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Kondo effect

Quantum dots

.~ Pushing screw

Molecular junctions

' Quantum impurity problems as the
Kondo problem are at the core of
the dynamical mean field theory
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Program

Lecture 1:

- Models and methods: Anderson model, Hartree-Fock,
Schrieffer-Wolff transformations, poor man's scaling.

Lecture 2:

- Methods: Numerical renormalization, Nozieres Fermi
liquid, Slave bosons

Lecture 3:

- Transport through nanostructures

- Molecular transistors: effect of vibrations
Lecture 4

- Double quantum dots, S=1 molecules

- Future trends: out of equilibrium, exotic states
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Outline of lecture 1

Introduction to the Kondo effect
Anderson model
Magnetic moment formation
Schrieffer-Wolff transformations
- From Anderson model to Kondo model
Jun Kondo's explanation of the resistivity minumun in metals.
Anderson's Poor man's scaling




Anderson model

One of my strongest stylistic prejudices in science is that many of the facts
Nature confronts us with are so implausible given the simplicities of non-
relativistic quantum mechanics and statistical mechanics, that the mere
demonstration 0& a reasonable mechanism leaves no doubt of the correct
explanation. This is so especially if it also correctly predicts unexpected facts

(...)

Very often such, a simplified model throws more light on the real
workings of nature than any number of “ab initio” calculations of individual
situations, which even where correct often‘ contain so much detail as to conceal
rather than reveal reality. It can be a disadvantage rather than an advantage
to be able to compute or to measure too accurately, since often what one
measures or computes is irrelevant in terms of mechanism. After all, the perfect

computation simply reproduces Nature, does not explain her.

P.W. Anderson, Nobel lecture (1977)




Anderson model

« Fe impurity in a simple metal like Cu
* Impurity:
- Localized d level in the magnetic impurity

- Ignore orbital degeneracy and consider a single level
with spin-degeneracy.

- Take into account local electron-electron interaction.
» Metallic host

- Described within Landau's Fermi-liquid theory.

- Free electrons with renormalized parameters.




Anderson model

H H=Hy,+H, + Hy
A

U Hdzed(ﬁT+ﬁ¢)—|—UﬁT’fL¢
i e fy = did,
H, = Z EkC;ngka Er =0

k

|solated level:

Ey =0 Hy =Y Vicl,do + Vidie,,

E1 — €4 k

E2 = 2€d + U

P. W. Anderson, Phys. Rev. 124 (1961)




Definitions

» Correlation function

(A, B))i—p = —if(t — t')([A(t), B(t')]+)o

(A B = [ dlt = )(AB))pe®0-0)

o) = ey e Ml 20 =2 e
« Green's function
Go(E) = ({dy,d} ) E

i - d level spectral density
1
1
Ao (BT =0) = = Z (Wold'|W,)[*6(E + E; — Ey)

+  (Wold| W) |*6(E — (E; — Ey))]




Anderson model (U=0)

- The Green's function is obtained using the equation of motion:

d:GSt 2 % (—ia(t - t’)<[da(t)733(t')]+>9)
dtd ( ) p— ’L[H, da(t)]
(F —€q)G Z Vied ek, d5))
L Bl dl)) - G (B) =
) . Vi
C.(E) = e 7 e I'(E) = Z B _k €k

N—— s .




Anderson model (U=0)

* The localized level is broadened by the coupling to the
electron bath. The broadening is determined by the
hybridization functlon

A(E) =Im[l —WZ|Vk| O(E — er)

° Density of states

= 2B T
TA
| - d-level density of states:
p(E)y=po V=V  A=mpV? A
A/
ON(E —eq) —r
( d) (E . Gd)2 + AQ €
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Anderson model (U=0,T=0)

Single particle resonance:

bio) = (audl + Zﬁikc}zo |0}

Ny = (fy) = / " dE Ay, (E)

—D

1 1 eq — Er
| Ny = — — — arctan
2 o A

g < A — double occupancy

€q > A — empty level

N ——

Ay (E, T =0, U_O Z\%F

1
Ng

H|¢i0> — EZ|¢'LO’>

ﬁ

Gd/A




Hartree-Fock solution

*  Approximating:
iy — (Mg)iy + g () — (p) (7))
Hd — H(?F = (Ed + U(’ﬂ”)ﬁT + (Ed + U(’ﬁ/T»’f%
Eda — €4 — U(’)’L5>

- Effective non-interacting problem
1 1

Go(E +10) = — = :
I ( —I—Z) E—Ed—U<n5>—|—ZA E—gdG—I—ZA
* The occupatlons ) are calculated self-consistently
ng = 1 — — arctan = ! L t Cal
L= 5 ny = 5 - arctan A

N—— s .




Hartree-Fock solution

|| T L NON -MAGNETIC
c.of -

« Magnetic solutions for: 7A < U S

Pl Pl |

P. W. Anderson, Phys. Rev. 124 (1961) €% e & o 3
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Hartree-Fock solution

Level occupancy

magnetic moment

U>7nA

double occupied

U 0




Hartree-Fock solution

* Two degenerate solutions:
—ny <Ny
~ Ny >Ny
* + Gives a mechanism for the formation of local magnetic
moments and a criterion for their existence.
— g < —A, ¢q+U>A
e - But: breaks spin symmetry and polarization axis depends on
the choice of quantization axis.

- Second order perturbation theory on Hy, connects the two
solutions

N—— eSS - ————




Schrieffer Wolff transformation

* Deep in the local moment regime

€g L —A, ¢q+U > A
» Canonical transformation (second order perturbation in Hy,)
H=H;+Hy,+H,,

H=e"He ™ = (1+iS—8%/2+4-- )H(1 —iS—S%/2+---)

H=H+i[S, H] - %[S, S, H]] + O(S?)

i 1
H=Hy;+H, +Hy+ilS, Hy+ Hy] +i[S, Hy] — 5[S, S, H]] + O(S?)

» Select S to eliminate linear term in Hy
Hy +i S, Hy+ H,] =0




Schrieffer Wolff transformation

« Select S to eliminate linear term in Hy
Hy +i|S;H;+ H,,] =0
~ 1
H = Hy+ Hy, +ilS, Hy] = S[S,iHy + [S, Hy]] + O(S?)

H = H;,+ H,, + %[S, Hv] + 0(53)
- Matrix elements of H in a basis of eigenstates of H; + H,,
(Ha + Hp)|ps k) = (B + €)|p, k)

—i(p, k| Hy |1, ')
,k S l7 k/ _ 7’(”7 ’
(s kS|, k) B+ cr— By —er

N—— eSS - ———



Schrieffer Wolff transformation

H = H;+H, + %[S, Hv] + O(SS)

—i(p k| Hy |, K)
,k S /’ k/ _ Z</‘L7 ’
(i, K|S\, k) Byt or— By —er

(

) i
(s K[ H |1 K) 2 B+ By o (s KIS Hy |1, k) — S (s k[ Hy S|l K)

Insert identity: 7 =% |vq)(vq|
vq




Schrieffer Wolff transformation

<M7 k|HV‘V7 q><V7 Q‘HV“L,? kf)
E’)u + €. — F, — €q

1 k\H Hy |, K
= <:uv | V‘V7Q><V7Q‘ V|1u7 >—|—O(H‘3/)

(k| H|pW K'Y = Ep+E,+2>

 Different terms: example spin flip

]/> :—H—E,,ZQEd—i—U

| Hy V=——B,=0 @,

B, =eq intermediate states E, =¢q

N—— s -




Kondo model

* At low enough energies and temperatures discard high energy
empty and double occupied states.

- Assume k independent d level - bath coupling: Vi, =V
« Keep terms up to second order in Hy,

© Assume:|e;| < U, |eq Ajtk




Kondo model

» Exchange term:

Hiy = Z Jkk/(S+C,1¢CkIT + S_CLTC]@Q, + S5, (CLTC’C'T — C/Z¢Ck’¢))
kk’

1 1
Jepr ~ Vi Vi | —
kk L Vk (_Gd—l_ed‘l‘U)

» Def:

1 &
fOO':V%:VkCLO' U

Vv = (v o«
k




Kondo model

» Potential scattering:

A -
__ E : T H

kk'oo’ U
v_ ¢ |
€
. I
x| < U, |ed] | |
K r V*V / _ — 9
kk k Yk <_€d ed+U> cancels for: ¢4 U/

This term can usually be disregarded




Kondo model

* Exchange term:
Hiyc = J(St IS for + S™ f3fou + S=(fge for — £3,f01)

1 1 i -
J = V2 (_ i ) <0 antiferromagnetic
—€q €+ U
» Can be written as: Aﬁjr —
L U
Hig =2J5 -5,
v__ 4 |
= » 2 (1 A
_ T T 01
075 <fOT fm) . <fo¢)




f

Rpon =~ aT?

1/5

+ Correctly describes T in o< €

(0)

==

- Diverges for T'— 0 3

Logarithmic dependence on the high
energy cutoff D!

[J. Kondo Prog. Theor. Phys. 32 37 (1964
N — —

Jun Kondo explanation of the resistance minimum

Scattering rate of Kondo impurities: perturbation theory in J

Rinp (T) X CimpJ (1 — aJlog (kgT /D)) + O(J*)
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Jun Kondo explanation of the resistance minimum

Logarithms appear in thermodynamic properties like the
specific heat and the magnetic susceptibility.

Higher order terms in perturbation in J do not cure the
problem

Infinite summations lead to divergence at finite temperature
TK — De_l/po']
Logarithms come from integrals of the form
D
dE
kgT 2Fo
all energy scales make the same contribution: / = In?2

E
What is the ground state? ’




Renormalization group

* Problems where there are many relevant length or energy
scales and associated divergences:

- Field theory: diagrammatic calculations in quantum
electrodynamics, dressed particles

- Near phase transitions: e.g. Ising model
ferromagnetic/paramagnetic transition

- Many body problems: Kondo problem

K.G. Wilson, Rev. Mod. Phys. 47 773 (1975)




Kadanoff block spin renormalization

Partition function Higing = J Z 515
(2,5)

Z=) oK ) sis)) P AAAAY
! o AL ALY
K=—J/ksT VYV YAy
Partial sum: new partition function A BE DY 3N B BN
) . T B Y S AN

L~ exp( K ;S
% p( % ) AV 44 h v s
K-> K Y 4 4 4 4 Y
b4 v 4 ¥ 44
2 4 4444

L. P. Kadanoff, Physics 2 263 (1966).

<+~ P > 4+ 4 P 4 P >
> - > P P > 4P

—




Fixed points

« Continue renormalization (changing length scale) until there
are no more changes in the couplings (fixed point)

» Types of fixed points:
- Weak coupling, e.g. paramagnet, vapor: i _
- Strong coupling, e.g. ferromagnet, liquid: ¥ — ~
- Critical, critical point: K = K,

 Different fixed points are associated with different behavior.




Poor man's scaling

» The local spin couples to the conduction band at all energy

scales:
Hig =J Z Cka'T +5” cmckr¢ + 5. (CMCM chckr¢))
kk’

» Energy space renormalizacion: D PE) = [;OD
Construct effective low energy oD
Hamiltonian eliminating high energy J
degrees of freedom in the conduction o
band successively. —F

P. W. Anderson J. Phys. C: Solid State Phys. 3 2436 (1970) D \5D|

) I ——




Poor man's scaling

« Consider the effect of the high energy states (conduction
states at the edge of the band) at second order perturbation
theory on the coupling .

- The coupling needs to be small: pyJ <« 1

» The low energy Hamiltonian has the same form as the original
one with renormalized parameters:

H(D,J) — H(D +6D) = H(D + 6D, J + 6.J)
T — T’

P. W. Anderson J. Phys. C: Solid State Phys. 3 2436 (1970)




Poor man's scaling

« Anderson considered an anisotropic Kondo Hamiltonian:
D

Hg= > Z Hkk'JrZEkanga

Gk.,l——D Gk——D

Hy = JJ_(S—I_CIQC]C/T + S_CLTC’*C’U + J||Sz(C]zTCk’T — CZ¢C/€’¢)

* And a metal with a symmetric band of half-bandwidth D and
an energy independent density of states Lo

P. W. Anderson J. Phys. C: Solid State Phys. 3 2436 (1970)

N—— eSS - ———




S — — e m—

Poor man's scaling
hi=[-D,—D+[dD||U[D —|dD|, D]
lo = (— l)+¢dD| —|6D))

Z Z Hy o + Z EkaUCka D 0 D)|

Ek/——D ek——D
Hy = H + HY + HY J

Y T Hk kT ZEkckockU Er

er€loeg€lo 41*
— j 4 j 4 HQ)QI

€q’ chie,chi
o o _D 0D
o ) ) ’k, —I_ g j g k,q
€, €lo eg€hi eq€hieg€lo

Hyr = JJ_(S+CL¢C]€/T -+ S_Cl];Tck’i) + JIISZ(CI];TCWT — C]];¢Ck/¢)

N—— eSS - ———




Poor man's scaling

Hy = Hy* + Hy + Hjf 6D

| Hg(: T T Hkk’ —I—ZEkaGCkU J

€,r€loeg€lo

ISR SR S Y

€7 €lo e €hi €,.7€hieg€lo

— S: S: HCIaql —D ‘5D|

€,/ €hi e, €hi

» Canonical transformation to eliminate high energy states as
done going from Anderson to Kondo model.

- Keep terms up to second order in H{®

N—— eSS ———




Poor man's scaling

* Transformed Hamiltonian: ¢, ¢ < D

(s kK| Hic ' k) = (s K[ Ho* |1/ K
L1 S (. K| HY v, ) (v, q| HP |1/, K')
€q€hi,v €k~ Cq

Lo R g v al T )

+ O(Hy)

€Eq — €L/
€q€hi,v q k

« The perturbation has the same form as the original
Hamiltonian with an extra:

- shift in energy

- weak potential scattering (zero at the Fermi energy)

e e ———




Poor man's scaling

Hy = Jio (SJr f ck/¢+S chckr )+J||S ( €yt Ch/t _C:rnck’i)
(u, B H v, ) (v, g HE |1/ B)

Hipg = Jo (S+Ck¢crﬁ + S_CIZTqu) + J)|5% (CLTCqT - Cl];¢cq¢)

Terms of the form J, J, contribute to dJy, Jy — J) +dJ)
BT dab) k)
St S
Terms of the form J, Jjcontribute to 6J,, J, — J| +4dJ1
k1) g 1) k")
»>




Low energy sector

0D

EF 4‘7 JJ_S—C]];TC/C’L EF 417

D 10D D 0D

S‘ 7 Hy o + Zekckacka

€’ €loeg€lo

Hiw = JL(S el crp + S cpqewy) + I Sa(cppchn — ¢ il |




Second order contribution (i )?

Hf= > Y Hpw+ Y > Hyp

€, €lo e €hi €,/ €hieg€lo
Initial state iIntermediate state final state
1 P 5D b 5D b 5D
Hy HE
_D 10D _D 10D _D 0D
JLS™ jpcay JyS*tel enn

The effect of the second contrlbutlon term is equivalent to a low
energy spin flipterm oc S~ cchk/¢ — 0J |

N—— eSS ———




Second order contribution (i )?

Hf= > Y Hpw+ Y > Hyp

€, €lo e €hi €,/ €hieg€lo
Initial state iIntermediate state final state
1 P 5D b 5D b 5D
Hy HE
_D 10D _D 10D _D 0D
JJ_S_C};TC(N JJ_SZCZL]TC]@/¢

The effect of the second cor]gtribution term is equivalent to a low
energy parallel term o Sz¢p1Chr — 0J)

N—— eSS ———




Poor man's scaling

(1, k| H v, g) (v, g HF |1, k)
Fr - E,

1
o HSHE W K) = 5

l\')lr—k

€hi,
Z )(L,]{|H‘[/<|l/, Q><V7Q|H\If<|lu“,7k,>
B, — by
€hi,

0D<«D—E,~D

—Zl—)/deqpeq ) ~ podD

I €q€hi

Scaling equations:
5J|| = —2p0JJ2_5D/D >0 0J, = _2POJ||JJ_5D/D

P. W. Anderson J. Phys. C: Solid State Phys. 3 2436 (1970)

N—— eSS - ———




Poor man's scaling

o = pod DI _ g2
5,]” :—QpOJJ2_5D/D Ja = PoYa dlnD
dj .
5J1 = —2poJyJL6D/D = 2y

fm Kondo afm Kondo

-0l 0 0l 4
2,0 Jl|



Poor man's scaling

* Isotropic case weak coupling: J = J, = J, poJ <1

dJ

SR S 2
* Flow equation: D 2p0J
* Integrating:
1 1 -
—— — — =1In(D/D)
pod  pod

- Scale invariant: De /07 = De=t/rod

kpT = De~1/Po/

~

D—)kBTK, J — 00




Poor man's scaling

* Ferromagnetic Kondo:
- Flows to weak coupling fixed point J — 0

- The impurity spin is asymptotically free at low
temperatures.

+ Antiferromagnetic Kondo:
- Flows to strong coupling fixed point J — oo
- The approximations breakdown for J — 1
- Energy scale: Tk = Det/ro/
- Singlet ground state?




Conclusion

Resonance + local interactions lead to magnetic moment

Anderson model spin couples antiferromagnetically to
conduction electrons

Perturbation theory explains resistance minimum but leads to
logarithms on the temperature and the high energy cutoff.

Scaling approach reveals Kondo scale and suggests singlet
ground state

Better methods needed to study low temperatures 7' < Tk
Next lecture:

Numerical renormalization group
Nozieres Fermi liquid and slave bosons
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