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Plan:
e A brief review on Extreme Value Statistics of i.i.d random variables

= three limiting distributions: GUMBEL, FRECHET & WEIBULL
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e A brief review on Extreme Value Statistics of i.i.d random variables

= three limiting distributions: GUMBEL, FRECHET & WEIBULL
e Integer Partition Problem — Ideal Bose Gas
e Same three limiting distributions in the Integer Partition/Bose gas

e Summary and Conclusions
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Law of Averages: Central Limit Theorem

o {X1,Xa,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution
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Law of Averages: Central Limit Theorem

o {X1,Xa,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution

° Average: X = XitXet..tXu
e Probability distribution of X ?

e Central Limit Theorem =—

for large N, if n = [ xp(x)dx and 0 = [ x?p(x)dx — p? is finite, then
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Law of Averages: Central Limit Theorem

o {X1,Xa,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution

° Average: X = XitXet..tXu
e Probability distribution of X ?

e Central Limit Theorem =—

for large N, if n = [ xp(x)dx and 0 = [ x?p(x)dx — p? is finite, then

Prob[X < x] — G {%} where Glz] = —L_ [*_ e/ du

Prob. density: G'(z) = —A=e~*"/2 — GAUSSIAN

= LAW OF AVERAGES
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Extreme Value Statistics of i.i.d Random Variables

o {X1,Xo,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution
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[ MN :IIIaX(Xl,X2,...,XN)
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Extreme Value Statistics of i.i.d Random Variables

o {X1,Xo,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution
[ MN :IIIaX(Xl,X2,...,XN)
e Qu(x) = Prob[My < x] = Prob[X; < x,Xo < x,... Xy < X]

S.N. Majumdar Extreme Value Statistics, Integer Partitions and Bose Gas



Extreme Value Statistics of i.i.d Random Variables

o {X1,Xo,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution
[ MN :IIIaX(Xl,X2,...,XN)
e Qu(x) = Prob[My < x] = Prob[X; < x,Xo < x,... Xy < X]

X N oo N
e Independence = Qu(x) = [f_oo p(x’)dxl} =[1- [ p(x") dx]
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Extreme Value Statistics of i.i.d Random Variables

o {X1,Xo,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution
[ MN :IIIaX(Xl,X2,...,XN)
e Qu(x) = Prob[My < x] = Prob[X; < x,Xo < x,... Xy < X]

e Independence = Qp(x U_ } =[1-/[7 p(x/)dx/]N

e Scaling Limit: N large, x large: Qu(x) — F [X ‘3”}
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Extreme Value Statistics of i.i.d Random Variables

o {X1,Xo,..., Xy} = set of N i.i.d random variables

—each drawn from p(x) — parent distribution

. My = max(Xi, Xa, . . ., Xn)

e Qu(x) = Prob[My < x] = Prob[X; < x,Xo < x,... Xy < X]

e Independence = Qp(x U_ } =[1-/[7 p(x/)dx/]N

e Scaling Limit: N large, x large: Qu(x) — F [X ‘3”}

an, by — Scale factors dependent on p(x)

F(z) — Scaling function: only of 3 possible varieties (depending on the
tails of p(x)) = LAW OF EXTREMES

[Fréchet (1927), Fisher and Tippet (1928), Gnedenko (1943), Gumbel
(1958)...] — Several applications (Climate, Finance, Oceanography.....)
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Three types of Scaling Functions:

Type | (GUMBEL): If p(x) is unbounded with faster than power law tail
(e.g., exponential)

Fi(z) = exp[—e™7]
Type Il (FRECHET): If p(x) has power law tails: p(x) ~ x~(1+1)
Fiu(z) =0 z<0
=exp[-z 7] z>0
Type Il (WEIBULL): If p(x) is bounded: p(x) ~ (1 — x)(7=1)

Fi(z) = exp[—|z]"] z<0
=1 z>0
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Three types of Scaling Functions:

Type | (GUMBEL): If p(x) is unbounded with faster than power law tail
(e.g., exponential)

Fi(z) = exp[—e™]
Type Il (FRECHET): If p(x) has power law tails: p(x) ~ x~(1+1)
Fiu(z) =0 z<0
=exp[-z 7] z>0
Type Il (WEIBULL): If p(x) is bounded: p(x) ~ (1 — x)(7=1)
Fin(z) = exp[—|z["] z<0

=1 z>0
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7
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Integer Partition Problem

Question: How many ways can we partition an integer £ — into
nonincreasing summands — Q(E) = ?

Example: £E =4
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Integer Partition Problem

Question: How many ways can we partition an integer £ — into
nonincreasing summands — Q(E) = ?

YOUNG
4=4 DIAGRAMS
949 EEI; Q@) =5
2+1+1 l;l::.;
1+1+1+1 L::D;

Example: £E =4
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w
+
[

S.N. Majumdar Extreme Value Statistics, Integer Partitions and Bose Gas



Integer Partition Problem

Question: How many ways can we partition an integer £ — into
nonincreasing summands — Q(E) = ?

YOUNG
4= 4 DIAGRAMS
Q@) =5
2+1+1 l;l::.;
1+1+1+1 L::D;

Classical result of Hardy- RamanUJam (1918): for large E,

6 en e

Example: £E =4
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w
+
[
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+
[\

S.N. Majumdar Extreme Value Statistics, Integer Partitions and Bose Gas



Number of Summands in a Partition

Q(E) — No. of partitions of E.
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Number of Summands in a Partition

Q(E) — No. of partitions of E.

N — No. of terms (summands) in a given partition of E: N varies from
one partition to another
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Number of Summands in a Partition

Q(E) — No. of partitions of E.

N — No. of terms (summands) in a given partition of E: N varies from
one partition to another

Example: E = 4: Note N = No. of columns in the associated Young

diagram
N=no. of terms
4=4 N=1
= 3+1 E:; N=2
N=2
= 2+2
N=3
=2+1+1
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Number of Summands in a Partition

Q(E) — No. of partitions of E.

N — No. of terms (summands) in a given partition of E: N varies from
one partition to another

Example: E = 4: Note N = No. of columns in the associated Young

diagram
N=no. of terms
4=4 N=1
=3+1 E N=2
N=2
= 2+2
N=3
=2+1+1

. of partitions of E with N terms =7

Question: Q(N, E) =
) = 1 (2,4) =2,Q(3,4)=1,0Q(4,4) =1

Example: Q(1,4
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Young Diagram: A Combinatorial Problem

Arrange N columns of non-increasing heights: hy > h, > ... > hy >0

YOUNG DIAGRAM

N

1 2345 .- N J

e Q(N, E) = No. of ways of arranging N non-increasing columns such
that
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All Partitions Equally Likely: Distribution of

If all partitions of E — Equally Likely: Uniform Measure

N fluctuates from one partition of E to another.
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All Partitions Equally Likely: Distribution of

If all partitions of E — Equally Likely: Uniform Measure

N fluctuates from one partition of E to another.

P(N|E) = S5 — probability distribution of N given £
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All Partitions Equally Likely: Distribution of

If all partitions of E — Equally Likely: Uniform Measure

N fluctuates from one partition of E to another.

P(N|E) = S5 — probability distribution of N given £

Asymptotically for large N and large E, Erdés and Lehner (1951) proved:

Q(N|E) = Xpi—g P(N'|E) — Fy | Fz(N — N*(E))
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All Partitions Equally Likely: Distribution of

If all partitions of E — Equally Likely: Uniform Measure

N fluctuates from one partition of E to another.

P(N|E) = S5 — probability distribution of N given £

Asymptotically for large N and large E, Erdés and Lehner (1951) proved:
Q(N|E) = S pi—o P(N'|E) — Fy | == (N — N*(E))

where N*(E) = /25 In(E) and Fj(z) = exp[—e %] — GUMBEL form

272
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All Partitions Equally Likely: Distribution of

If all partitions of E — Equally Likely: Uniform Measure

N fluctuates from one partition of E to another.

P(N|E) = S5 — probability distribution of N given £

Asymptotically for large N and large E, Erdés and Lehner (1951) proved:

Q(N|E) = Xpi—g P(N'|E) — Fy | Fz(N — N*(E))

where N*(E) = /35 In(E) and Fj(z) = exp[—e ?] — GUMBEL form

GUMBEL PDF

P(NIE)

0 ,
N(E)~ EInE)
N —>
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Analogues of Fréchet and Weibull in Partition

Problem?

Gumbel form also appears in the Extreme Value Statistics (EVS).
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Analogues of Fréchet and Weibull in Partition

Problem?

Gumbel form also appears in the Extreme Value Statistics (EVS).

But EVS has three limiting distributions: (i) Gumbel (ii) Fréchet and (iii)
Weibull

A natural question: Are there analogues of the Fréchet and Weibull
distributions in the partition problem ?

In other words: Is it possible to generalize the partition problem and find
all the three limiting distributions?
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Analogues of Fréchet and Weibull in Partition

Problem?

Gumbel form also appears in the Extreme Value Statistics (EVS).

But EVS has three limiting distributions: (i) Gumbel (ii) Fréchet and (iii)
Weibull

A natural question: Are there analogues of the Fréchet and Weibull
distributions in the partition problem ?

In other words: Is it possible to generalize the partition problem and find
all the three limiting distributions?

If Yes: What is the connection between EVS and the partition problem,
if there is any!
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Integer Partition Ideal Bose Gas

Q(E) — No. of partitions of E ~ exp {W\/%El/ﬂ
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Integer Partition Ideal Bose Gas

Q(E) — No. of partitions of E ~ exp {W\/%El/ﬂ

n; — no. of times / appears in a partition=no. of columns with height /

o0
C = partition config. — {ny,np, n3,...} and E = Zn;/
i=1
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Integer Partition Ideal Bose Gas

Q(E) — No. of partitions of E ~ exp {W\/%El/ﬂ

n; — no. of times / appears in a partition=no. of columns with height /
o0

C = partition config. — {ny,np, n3,...} and E = Zn;/
i=1

Example: Partitions of £ = 4

=

N 1=0,115=0,Ny=0, N =1

171, Ny=0,Ny=1,N,=0

n
w
+
[un

N=0,N5=2, Ng=0,N4=0

B

N,=2,Ny=1,Ny=1,=0

=2+1+1
= 1414141 D= MmO
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Integer Partition Ideal Bose Gas

Q(E) — No. of partitions of E ~ exp {W\/%El/ﬂ

n; — no. of times / appears in a partition=no. of columns with height /
o0

C = partition config. — {ny,np, n3,...} and E = Zn;/
i=1

Example: Partitions of £ = 4

=

N 1=0,115=0,Ny=0, N =1

171, Ny=0,Ny=1,N,=0

n
w
+
[un

N=0,N5=2, Ng=0,N4=0

B

N,=2,Ny=1,Ny=1,=0

=2+1+1

n.=4,N,=n,=n,=0
= 1+1+1+1 ! zoe

;

E = Total excitation energy of the Bose gas = Z n;e; where ¢; = |.
i

e ¢; = [ — single particle energy levels (equidistant)

e n; — no. of bosons at level ¢; where n; =0,1,2,....
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Integer Partition and Ideal Bose Gas

Integer Partition Problem — Excitation Spectrum of Ideal Bose Gas

YOUNG DIAG. BOSE GAS

h; li

w
W
NW A O o

™
PN

[y

‘ . 0! 00000
J—

@) E=§hj=.zni5i () N=2n
Jj=1 i 1

o0
o £ = Z nje; = Total excitation energy
i=1

oo
o N = Z n; = Total no. of excited particles.
i=1
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Hardy-Ramanujam via Bose Gas
Q(E)= No. of partitions of E= Zd <E - Z n,-e,-)

{ni} !
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Hardy-Ramanujam via Bose Gas
Q(E)= No. of partitions of E= Z(S <E - Z n,-e,-)

{ni} !

s 1
el

!

> Q(E)ePE =
E {ni
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Hardy-Ramanujam via Bose Gas
Q(E)= No. of partitions of E= Z(S <E - Z n,-e,->

{ni} !

s 1
el

!

> Q(E)ePE =
E {ni

Inverting: Q(E) = % exp [BE — 3, log(1 — e7#4)] = Zd—j e>(B.E)

iyl
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Hardy-Ramanujam via Bose Gas
Q(E)= No. of partitions of E= Z(S <E - Z n,-e,->

{ni} !

y e 1
ng)e PE — . e = e

!

{ni

Inverting: Q(E) = % exp [BE — 3, log(1 — e7#4)] = Zd—j e>(B.E)

iyl
Saddle point (for large E): 3—51 =0=>E=Y, 555 — [ Pe(;)E_dl‘

Density of states: p(e) = ve’ ™!

Integer partition (special case): ¢; =i = p(e)=1=rv =1
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Hardy-Ramanujam via Bose Gas

Q(E)= No. of partitions of E= Zé <E — Z ni€i>

{ni} !

!

y e 1
ng)e PE — . e = e

{ni

Inverting: Q(E) = % exp [BE — 3, log(1 — e7#4)] = Zd—j e>(B.E)

iyl

Saddle point (for large E): 3—51 =0=>E=Y, 555 — [ Pe(;)E_dl‘

Density of states: p(e) = ve’ ™!
Integer partition (special case): ¢; =i = p(e)=1=rv =1

_ vl (v+1)¢(v+1)
E= Byt ’

Saddle point solution (,:
Q(E) ~ es(*/’*’E) ~ exp [aVE’//(1+1/)]
where a, = (v + 1)y /I[N (v + 1)¢ (v + 1)1V 0+)

For v = 1 (Hardy-Ramanujam): Q(E) ~ exp [w\/gEl/z]
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Single particle density of states:

Consider the case where for large e:

p(e) ~ve’~L with v >0

Examples:
e Partition into sums of powers: E = n;i®; Integer partition: s =1

€ =1°* = p(e) — %e’”l/s, thus p(e) ~ve’ T with v =1/s
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Single particle density of states:

Consider the case where for large e:

p(e) ~ve’~L with v >0

Examples:
e Partition into sums of powers: E = n;i®; Integer partition: s =1
€ =1°* = p(e) — %e’”l/s, thus p(e) ~ve’ T with v =1/s

e Particle in a D-dimensional harmonic oscillator:
e=my+my+ ...+ mp+ D/2 (m; — positive integers)

ple) ~eP~t = v =D
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Single particle density of states:

Consider the case where for large e:

p(e) ~ve’~L with v >0

Examples:
e Partition into sums of powers: E = n;i®; Integer partition: s =1
€ =1°* = p(e) — %e’”l/s, thus p(e) ~ve’ T with v =1/s

e Particle in a D-dimensional harmonic oscillator:

e=my+my+ ...+ mp+ D/2 (m; — positive integers)
ple) ~eP~t = v =D

e Particle in a D-dimensional box: ¢ = m? +m3 + ...+ m?

ple) ~ P21 — v =D/2
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Single particle density of states:

Consider the case where for large e:

p(e) ~ve’~L with v >0

iExampIes:
e Partition into sums of powers: E = n;i®; Integer partition: s =1
€ =1°* = p(e) — %e’”l/s, thus p(e) ~ve’ T with v =1/s
e Particle in a D-dimensional harmonic oscillator:
e=my+my+ ...+ mp+ D/2 (m; — positive integers)
ple) ~ePt = v =D
e Particle in a D-dimensional box: ¢ = m? +m3 + ...+ m?
ple) ~ P21 — v =D/2
e Particle in a one dimensional potential: V/(x) ~ |x|*

WKB approximation: p(e) ~ ?=)/2¢ — 1 = (a + 2)/2a
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Partition of = with exactly ' terms

Q(N, E) = No. of ways of partitioning integer £ with exactly N terms
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Partition of = with exactly ' terms

Q(N, E) = No. of ways of partitioning integer £ with exactly N terms

In terms of {n;} variables:

E = i n;i such that N = i n;
i=1

i=1
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Partition of = with exactly ' terms

Q(N, E) = No. of ways of partitioning integer £ with exactly N terms

In terms of {n;} variables:

E = i n;i such that N = i n;
i=1

i=1

— corresponds to a Bose gas with total Excitation energy E and the no.
of excited particles N
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Partition of = with exactly ' terms

Q(N, E) = No. of ways of partitioning integer £ with exactly N terms

In terms of {n;} variables:

E = i n;i such that N = i n;
i=1

i=1

— corresponds to a Bose gas with total Excitation energy E and the no.
of excited particles N

Q(N,E) = microcanonical partition function

The special choice: ¢; = i — Integer partition problem
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Partition of = with exactly ' terms

Q(N, E) = No. of ways of partitioning integer £ with exactly N terms

In terms of {n;} variables:

E = i n;i such that N = i n;
i=1

i=1

— corresponds to a Bose gas with total Excitation energy E and the no.
of excited particles N

Q(N,E) = microcanonical partition function

The special choice: ¢; = i — Integer partition problem

We will consider a general Bose gas with a density of states:
p(e) = ve'~
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Generating function—Grand canonical partition

function

Convenient to consider: C(N, E) Z Q(N’, E)= No. of partitions of
N'=1
E with at most N terms
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Generating function—Grand canonical partition

function

Convenient to consider: C(N, E) Z Q(N’, E)= No. of partitions of
N'=1
E with at most N terms

N
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Generating function—Grand canonical partition

function

Convenient to consider: C(N, E) Z Q(N’, E)= No. of partitions of
N'=1
E with at most N terms

N

oo

Note that N, = Z n; = no. of excited bosons.
i=1

C(N, E) = No. of config. where [Ne < N, given E ]
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Generating function—Grand canonical partition
function

Convenient to consider: C(N, E)

ZQN’

= No. of partitions of
N'=1
E with at most N terms
= 2(5 <E—Zn,—e,—> 0 (N—ZI’I,‘)
{n;} i=1 i=1

oo

Note that N, = Z n; = no. of excited bosons
i=1

C(N, E) = No. of config. where [Ne < N, given E ]

Evidently, as N — oo, C(o0, E) = Q(E) = no. of config. with energy E

S.N. Majumdar
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Saddle Point Solution for large = and

Generating function:

oo

— 1
ZC(N,E)G ‘JEZN == Hm

N,E i=0
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Saddle Point Solution for large = and

Generating function:

oo

‘ 1
N,E)e PEZN = -
Z C(N.E)e™ = H 1—ze Pei
N,E i=0
Inversion gives:
dg d .
C(N,E) = | % 2—7:/ exp [BE — Nlog(z) + Z log(1 — Zed(,)‘|
_ / dp z &5(8,2,N,E)
2mi 27i

S.N. Majumdar

Extreme Value Statistics, Integer Partitions and Bose Gas



Saddle Point Solution for large = and

Generating function:

oo

% 1
N,E)e PEZN = I
Z C(N.E)e™ = H 1—ze Pei
N,E i=0
Inversion gives:
dg d §
C(N,E) = | % 2—7:/ exp [BE — Nlog(z) + Z log(1 — Zed(,)‘|
— / ag z &5(8,2,N,E)
2mi 27i

9s _ 9s __ :
%—Oandafz—Oglve

e € "> ep(e)de
E = Z }36/7]_%‘/0 1.7 -1

Saddle point solution (large E and N):
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Asymptotic behaviour for large = and

For large E and N, C(N,E) ~ 5820, E-N) \yhere (. andz, are solutions
of the saddle points egs.

For the case, p(¢) = ve’ 1
vi(v+1) . Mv+1)_ .
E= % L1u+1(2*); N = % le/(Z*)

where Li, (z) = >°;2, 2"k — Poly-Log function.
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Asymptotic behaviour for large = and

For large E and N, C(N,E) ~ 5820, E-N) \yhere (. andz, are solutions
of the saddle points egs.

For the case, p(¢) = ve’ 1
vi(v+1) . Mv+1)_ .
E= % L11/+1(Z*); N = % le/(Z*)

where Li, (z) = >°;2, 2"k — Poly-Log function.

large E and N = (3, — 0and z, — 1~

Asz —1":
Li,(z) ~ M1-v)(1—z)"0 O<v<l1
= —log(l-2) v=1
~ (W+TA-v) Q-2 +. .. v>1

Thus v = 1 plays a critical or borderline role
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Three limiting distributions for

Critical Case

Three limiting behaviours of the cumulative distribution of N given large
E and single particle d.o.s p(e€) ~ ve’ "1 :

Q(N\E):C&V;) for v=1, 0<v<l1l, andv>1
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Three limiting distributions for

Critical Case

Three limiting behaviours of the cumulative distribution of N given large
E and single particle d.o.s p(e€) ~ ve’ "1 :

Q(N\E):Cg(v;) for v=1, 0<v<l1l, andv>1

o _ N—N"(E)
e v =1: GUMBEL: Q(N|E) — F { E/c(z)}

N*(E) = /2@ In(y/ 7)) and Fi(z) = exp[~e~?] — GUMBEL

— recovering the Erdos-Lehner result for integer partition problem
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Three limiting distributions for

Critical Case

Three limiting behaviours of the cumulative distribution of N given large
E and single particle d.o.s p(e€) ~ ve’ "1 :

Q(N\E):Cg(v;) for v=1, 0<v<l1l, andv>1

o _ N—N"(E)
e v =1: GUMBEL: Q(N|E) — F { E/c(z)}

N*(E) = /2@ In(y/ 7)) and Fi(z) = exp[~e~?] — GUMBEL

— recovering the Erdos-Lehner result for integer partition problem

* 0 < v <1 FRECHET: Q(NIE) — Fiy | —¢lles |

Fil(z) = exp [~ 27t ] — FRECHET
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Three limiting distributions for

Critical Case

Three limiting behaviours of the cumulative distribution of N given large
E and single particle d.o.s p(e€) ~ ve’ "1 :

Q(N\E):Cg(v;) for v=1, 0<v<l1l, andv>1

o _ N—N"(E)
e v =1: GUMBEL: Q(N|E) — F { E/c(z)}

N*(E) = /2@ In(y/ 7)) and Fi(z) = exp[~e~?] — GUMBEL

— recovering the Erdos-Lehner result for integer partition problem

* 0 < v <1 FRECHET: Q(NIE) — Fiy | —¢lles |

Fil(z) = exp [~ 27t ] — FRECHET
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Three limiting distributions

e v > 1: WEIBULL:

The prob. density of N gets cut-off for N > N, = B, E*/(1*%) so that the
cumulative distribution:

Q(NIE) = 1 for N > N
= exp[-ALIN — N.|7] for N < N,

where y =v/(v—1)for 1 <v <2and vy =2forv=>2
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Three limiting distributions

e v > 1: WEIBULL:

The prob. density of N gets cut-off for N > N, = B, E*/(1*%) so that the
cumulative distribution:

Q(NIE) = 1 for N > N
= exp[-ALIN — N.|7] for N < N,

where y =v/(v—1)for 1 <v <2and vy =2forv=>2

Thus Q(N|E) — Fiy(z) — — — — — — > WEIBULL scaling form with
z=N-—N,.
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Three limiting distributions

e v > 1: WEIBULL:

The prob. density of N gets cut-off for N > N, = B, E*/(1*%) so that the
cumulative distribution:

Q(NIE) = 1 for N > N
= exp[-ALIN — N.|7] for N < N,

where y =v/(v—1)for 1 <v <2and vy =2forv=>2
Thus Q(N|E) — Fiy(z) — — — — — — > WEIBULL scaling form with
z=N—-N,.

WEIBULL <= Bose-Einstein condensation

Nex = no. of excited bosons can not exceed N . If the total no. of
particles N exceeds N, all extra particles N — N condense to the ground
state ¢g = 0
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Weibull Bose-Einstein Condensation

YOUNG DIAG.

h.

J

BOSE GAS

j—

@ E=3h;=3n¢ G N=Zn
=1 i I
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Three limiting distributions

Summary:
Q(N|E)= Prob[ N, < N, given energy E]

The distribution of the no. of excited particles N, of an ideal gas of
bosons with fixed total energy E and with single particle density of states
p(€) = ve”~! has three possible limiting behaviours:
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Three limiting distributions

Summary:
Q(N|E)= Prob[ Nex < N, given energy E]

The distribution of the no. of excited particles N, of an ideal gas of
bosons with fixed total energy E and with single particle density of states
p(€) = ve”~! has three possible limiting behaviours:

e GUMBEL for v = 1 : examples: Integer partition problem, bosons in
1-d harmonic well, bosons in a 2-d box etc.
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Three limiting distributions

Summary:
Q(N|E)= Prob[ N, < N, given energy E]

The distribution of the no. of excited particles N, of an ideal gas of
bosons with fixed total energy E and with single particle density of states
p(€) = ve”~! has three possible limiting behaviours:

e GUMBEL for v = 1 : examples: Integer partition problem, bosons in
1-d harmonic well, bosons in a 2-d box etc.

e FRECHET for 0 < v < 1 : examples: partitioning an integer into sums
of squares (v = 1/2), sums of cubes (v = 1/3) etc, bosons in a 1-d box

(v=1/2) ...
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Three limiting distributions

Summary:
Q(N|E)= Prob[ Nex < N, given energy E]

The distribution of the no. of excited particles N, of an ideal gas of
bosons with fixed total energy E and with single particle density of states
p(€) = ve”~! has three possible limiting behaviours:

e GUMBEL for v = 1 : examples: Integer partition problem, bosons in
1-d harmonic well, bosons in a 2-d box etc.

e FRECHET for 0 < v < 1 : examples: partitioning an integer into sums
of squares (v = 1/2), sums of cubes (v = 1/3) etc, bosons in a 1-d box

(v=1/2) ...

e WEIBULL for v > 1 : examples: partitioning a large positive number
into sums of square roots (v = 2) etc, bosons in a d > 1-dimensional
harmonic well (v = d), bosons in a d > 2-dimensional box (v = d/2) ....
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Three limiting distributions

Summary:
Q(N|E)= Prob[ Nex < N, given energy E]

The distribution of the no. of excited particles N, of an ideal gas of
bosons with fixed total energy E and with single particle density of states
p(€) = ve”~! has three possible limiting behaviours:

e GUMBEL for v = 1 : examples: Integer partition problem, bosons in
1-d harmonic well, bosons in a 2-d box etc.

e FRECHET for 0 < v < 1 : examples: partitioning an integer into sums
of squares (v = 1/2), sums of cubes (v = 1/3) etc, bosons in a 1-d box

(v=1/2) ...

e WEIBULL for v > 1 : examples: partitioning a large positive number
into sums of square roots (v = 2) etc, bosons in a d > 1-dimensional
harmonic well (v = d), bosons in a d > 2-dimensional box (v = d/2) ....

Question: What is the connection to Extreme Value Statistics of i.i.d
random variables, If any ?
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Integer partition and Extreme value statistics:

eForv=1:
h;y = Maximal Height of a column= N = No. of columns
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Integer partition and Extreme value statistics:

eForv=1:
h;y = Maximal Height of a column= N = No. of columns

h 1= maximal height
N = no. of columns

(X,y) —-—=> (Y7X)

L L
L e
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Integer partition and Extreme value statistics:

eForv=1:
h;y = Maximal Height of a column= N = No. of columns

h 1= maximal height
N = no. of columns

(x,y) ———> (y,%)
i,

i i
N ehIH

Column heights are weakly correlated = h; = N — Gumbel distributed
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Integer partition and Extreme value statistics:

eForv=1:
h;y = Maximal Height of a column= N = No. of columns

h1 = maximal height
N = no. of columns

(X,y) —-—=> (Y7X)

T
L L

~—h——

1

~N

Column heights are weakly correlated = h; = N — Gumbel distributed
e For v # 1. maximal height h; # N. While h; is still Gumbel distributed
for all v, N has Fréchet (0 < v < 1) and Weibull (v > 1) distributions

respectively.
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Origin of the three limiting distributions

o Extreme value statistics of i.i.d random variables
= 3 limiting distributions: (i) Gumbel (ii) Fréchet and (iii)
Weibull
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Origin of the three limiting distributions

o Extreme value statistics of i.i.d random variables
= 3 limiting distributions: (i) Gumbel (ii) Fréchet and (iii)
Weibull

e Reverse is not necessarily true:

Appearence of the 3 limiting distributions does not necessarily imply an
underlying extreme value of i.i.d random variables.
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Origin of the three limiting distributions

o Extreme value statistics of i.i.d random variables
= 3 limiting distributions: (i) Gumbel (ii) Fréchet and (iii)
Weibull

e Reverse is not necessarily true:

Appearence of the 3 limiting distributions does not necessarily imply an
underlying extreme value of i.i.d random variables.

e Another example: sums of non-identical and correlated random
variables can also have the 3 limiting distributions above
(Bertin, 2005, Bertin and Clusel, 2006).
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Summary and Conclusions:

e For ldeal Bose Gas:
Q(N|E)= Prob[ N, < N, given total energy E] = 3 limiting

distributions depending on the single particle d.o.s (parametrized by v).
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Summary and Conclusions:

e For ldeal Bose Gas:
Q(N|E)= Prob[ N, < N, given total energy E] = 3 limiting

distributions depending on the single particle d.o.s (parametrized by v).

e Predictions for number theory:
E =3, n;i® with N= no. of summands= ), n;

Distribution of N is:
s =1 — GUMBEL (Erdés-Lehner)

s > 1 (sums of squares/cubes..etc) — FRECHET
0 < s < 1 (sums of square roots/cube roots etc)— WEIBULL

o Ideal Fermi Gas in this fixed-E ensemble: Q(N|E) = Gaussian
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Summary and Conclusions:

e For ldeal Bose Gas:
Q(N|E)= Prob[ N, < N, given total energy E] = 3 limiting

distributions depending on the single particle d.o.s (parametrized by v).

e Predictions for number theory:
E =3, n;i® with N= no. of summands= ), n;

Distribution of N is:
s =1 — GUMBEL (Erdés-Lehner)

s > 1 (sums of squares/cubes..etc) — FRECHET
0 < s < 1 (sums of square roots/cube roots etc)— WEIBULL

o Ideal Fermi Gas in this fixed-E ensemble: Q(N|E) = Gaussian
e Question: Q(N|E) for an Interacting Bose or Fermi gas?

Example: Calogero model in 1-dimension: interacting system
Q(N|E) = Gaussian (A. Comtet, S.M. and S. Ouvry, 2007)

S.N. Majumdar Extreme Value Statistics, Integer Partitions and Bose Gas



Summary and Conclusions:

e For ldeal Bose Gas:
Q(N|E)= Prob[ N, < N, given total energy E] = 3 limiting

distributions depending on the single particle d.o.s (parametrized by v).

e Predictions for number theory:
E =3, n;i® with N= no. of summands= ), n;

Distribution of N is:
s =1 — GUMBEL (Erdés-Lehner)

s > 1 (sums of squares/cubes..etc) — FRECHET
0 < s < 1 (sums of square roots/cube roots etc)— WEIBULL

o Ideal Fermi Gas in this fixed-E ensemble: Q(N|E) = Gaussian
e Question: Q(N|E) for an Interacting Bose or Fermi gas?

Example: Calogero model in 1-dimension: interacting system
Q(N|E) = Gaussian (A. Comtet, S.M. and S. Ouvry, 2007)

e Question: Is Q(N|E) generically Gaussian?
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