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The Navier Stokes equation

(O +v-0)v* —vd* ™ = —0°P + f°, a=1,2
0-v=0
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The Navier Stokes equation

(O +v-0)v* —vd* ™ = —0°P + f°, a=1,2
0-v=20

In two dimensions transports the vorticity field

W = €4 30" ol w = Vorticity
Oyw + v - 0w — v 0w = €q g0 f"

Conservation of vorticity moments in the inviscid limit.

P Muratore-Ginanneschi — pn. 4/



Kraichnan’s picture of 2d turbulence
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Total Energy and Enstrophy equations
at/dev ——ZV/dzxw v 02

at/d2xw = —2V/d2:c (8aw580‘w5)
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Total Energy and Enstrophy equations
at/d2xv = —QV/dew 21 Q)?
at/d%w = —2V/d2x (@awgc?awﬁ)

s Enstrophy Q2 can only decrease.
s Energy dissipation vanishes as v | 0.

s Energy conservation — energy transfer towards small
wavenumbers.
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Total Energy and Enstrophy equations
at/d2xv = —2V/d2xw 21 Q)?
at/d%w = —2V/d2x (@awg(?awﬁ)

s Enstrophy Q2 can only decrease.
s Energy dissipation vanishes as v | 0.

s Energy conservation — energy transfer towards small
wavenumbers.

» Enstrophy dissipation at large wavenumbers.
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Gaussian, time short-correlated translational invariant
forcing

< = 1) faly, s) == 0(t — 5) F(z —y,m)

P Muratore-Ginanneschi — n. 7/



Gaussian, time short-correlated translational invariant
forcing

< = 1) faly, s) == 0(t — 5) F(z —y,m)

For
ov(x) :=v(x,t) —v(0,1)

P Muratore-Ginanneschi — n. 7/



Gaussian, time short-correlated translational invariant
forcing

=< @) faly,s) == 8(t = 5) F(x — y,m)

For
ov(x) :=v(x,t) —v(0,1)

the Karman-Howarth-Monin (KHM) equation (equal times) is

< (0 6v)(x)ov(z)? ==
=0 <v(x) - v(0) = —F(x,m) —2v < (0v)(x)(0%)(0) =

1
2

P Muratore-Ginanneschi — n. 7/



| velocity correlations are smooth at finite viscosity and
exist in the inviscid limit even at coinciding points:

lin% O < v(z)-v(0) == I¢
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Il Galilean invariant functions and in particular structure
functions reach a steady state:
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| velocity correlations are smooth at finite viscosity and
exist in the inviscid limit even at coinciding points:

lim ¢ < v(x) - v(0) == I¢

x—0

Il Galilean invariant functions and in particular structure
functions reach a steady state:

%m < 6v'(z)0v? () == St ()

il No energy dissipative anomalies occur:
{lim lim — lim lim} v < 0qv” (2,4)0%3(0,) == 0
v|0 z]0 «2/0 v]0
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S0k = 0, < v(x) - 0(0) = —F(,m) — 20 < (900) (2)(0"0)(0)
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%GMS“ =0 < v(z) -v(0) = —F(x,m) —2v Ds(x)
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%@LS“ =0 <v(x) v(0) = —F(z,m)—2v Ds(x)
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d
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d
£(h) = [ oEad bl = pl) [ dle e < o(a) - (0) -

scaling arguments suggest (d = 2)

A de=—5/3

InE(k)

de=—3++...
In kF

2d In £k
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d
£(h) = [ oEad bl = pl) [ dle e < o(a) - (0) -

scaling arguments suggest (d = 2)

A de=—5/3

|
|
|
|

Injection scale

2d | In k

InE(k)

>
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UV Renormalization Group analysis

P. Olla (1991),(1994)
Honkonen et al. (1998)
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«

(at+v-a)va—ya%a:—aap+fa—”7 a=1,2
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!c!man |I’ICLOI’\

(0 + v -0 — v %™ = —9°P + f° a=1,2
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!C!man IrlCLOn
(0p +v - 0)v* — v 0 v* = —9°P + fO‘ a=1,2

Gaussian, time short-correlated, translational invariant
forcing

< (2, 0) [Py, 5) ==

o [ for 2]

with
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forcing

< (2, 0) [Py, 5) ==

o [ for 2]

with power law spectrum d = 2

3
- g1 v hl (p7 M? m)
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!C!man IrlCLOn
(0p +v - 0)v* — v 0 v* = —9°P + fO‘ a=1,2

Gaussian, time short-correlated, translational invariant
forcing

< (2, 0) [Py, 5) ==

o [ for 2]

with power law spectrum d = 2

3
- g1 v hl (p7 M? m)
F(p) = pd—4+2¢

+ g2 V3p2 h2(p7 M7m)
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» The model contains four parameters (v, g1, g2, 7).
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» The model contains four parameters (v, g1, g2, 7).

» By dimensional analysis a consistent perturbation
expansion appears to be possible if

V=4,V

p =gt = g =27 g1, "

g2 = Zgg g2.r
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» The model contains four parameters (v, g1, g2, 7).
» By dimensional analysis a consistent perturbation
expansion appears to be possible if

V=4,V
p =gt = g =27 g1, "
g2 = Zgg g2.r
» Multiplicatively renormalizable by local counterterms.

» An infra-red scaling regime appears for

g1rx~ g2+ =0(e) (R.G. fixed point)
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» The model contains four parameters (v, g1, g2, 7).
» By dimensional analysis a consistent perturbation
expansion appears to be possible if

V=4,V
3 3,2 -3 2
GV =gLevE ptt = g1 =2, g1 1T

g2 = Zgg g2.r
» Multiplicatively renormalizable by local counterterms.
» An infra-red scaling regime appears for

g1rx~ g2+ =0(e) (R.G. fixed point)

s 7 seems to play no role for RG !
B
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Energy spectrum

_ 927
_de m [ qp ’
S(Q) T 81/3 gl/ V2 ql 3 87 Ea (?) (*)
1 _ a
E 6—2¢
T [V3’7'3}
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Energy spectrum

_ 927
_de m [ qp ’
S(Q) T 81/3 gl/ V2 ql 3 87 Ea (?) (*)
1 _ a
E 6—2¢
T [V3’7'3}

If Rhas alimitforq | 0
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Energy spectrum

€ mTm 3
E(q) =225 R | ™ (@) ()
1
E 6—2¢
9 & {VST:%}

If R has a limit for ¢ | 0 the scaling prediction of (%)
coincides with the scale by scale balance prediction

dy —dy = —— — dy (2 — ¢)
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Numerics
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We numerically integrate the vorticity equation

w = eag(?o‘vﬁ

(-1t

Orw + v - 0w = (=1)PTIuAPw + A %+ f,

» Resolution up to 20482
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» Resolution up to 20482
s (—1)PTvAPw: hyperviscosity.
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We numerically integrate the vorticity equation

w = eag(?avﬁ
(_1)q—l—1

Opw + v - 0w = (—1)PTH v APw + A w+ f,

» Resolution up to 20482

s (—1)PTvAPw: hyperviscosity.
s (=19 aA~90: hypofriction.
s (p,q)=(4,0)fore <2
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We numerically integrate the vorticity equation

w = eag(?avﬂ
(_1)q—l—1

Ow + v - 0w = (=1)PTUAPw + A w + f,

» Resolution up to 20482

s (—1)PTlvAPw: hyperviscosity.
(—=1)?taA™9w: hypofriction.

s (p,q) =(4,0)fore < 2
(p,q) =

D, (4, 1) for £ > 3 to inquire the inverse cascade.
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“*Small scale forcing” ¢ <2

E(k)
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Energy flux for ¢ = 1 and integrated energy input
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Enstrophy flux for ¢ = 4 and integrated enstrophy input
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(b) N\

Mg z(k)

» circles: &-flux line: integrated £-input

» crosses: Q-flux dashes: integrated Q-input
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» ¢ =1 (squares): jv ~ z!/?

s =25 (circles): jv ~z 1%

» ¢ =4 (triangles): v ~ x

(Inverse cascade).

(dimensional).
(direct cascade).
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—%@L < 0vH(x)ovi(z) ==

29 FQA(—4—|-2€,2)
272 (4—26)at2¢

— < (Opvg)(x) vﬁ(O) —
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_%8u < 0vH(x)ovi(z) ==

29 FQA(—4—|-2€,2)
272 (4—26)at2¢

— < (Opvg)(x) UB(O) —

By hypotheses (i), (ii)

Yo M2 Fy_o,
(27)?  4-—2¢

< (Orvg)(x) vﬁ(()) ——
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1
_58“ < 0vH(x)ovi(z) ==

Yo FyA(—4+2¢,2)
272 (4—26)at2¢

— < (Opvg)(x) UB(O) —

The ratio between forcing and energy injection rate is

0y < vg(x) vP(0) -
e, (z)

x (Mz)72¢ > 1
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1
_56“ < 0vH(x)ovi(z) ==

Yo FyA(—4+2¢,2)

Br? d-zearze < Q)@ v0) -

The ratio between forcing and energy injection rate Is

O < vg(x) v (0) =

x (Mz)4¥2¢ > 1
Fo(2) (Mz)

Céf% X
r3—2¢ S

< 5v|3| —~ MA2 By o +

P Muratore-Ginanneschi — n. 22/



1
Oy < vg(x) v?(0) > —5(9” < oM (x)0v2 (x) =ox

mA 2 Fy_o, N m*2¢ (mx)? Fs_o. - IpA(2e —4,2) p2ed N
(2e — 4) 4(6 —2¢) (2e —4)
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1
Oy < vg(x) v?(0) > —5({9” < oM (x)0v2 (x) =ox

m*2€ [y o, N m*=2¢ (mx)? Fg_o. i A(2e —4,2)z?c 4 N
(2e —4) 4(6—2¢) (2e —4)

The injection rate Is

< (Orvg)(x) vﬁ(()) ——
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1
Oy < vg(x) v?(0) > —5({9” < oM (x)0v2 (x) =ox

mA 2 Fy_o, N m*2¢ (mx)? Fs_o. - IpA(2e —4,2) p2ed N
(2e — 4) 4(6 —2¢) (2e —4)

The KHM reduces to

1
—5(9” < SvH(x)0v2(z) ==

29 {m4_25 (m x)2 F6_25 Fy A(2 e — 4, 2) p2e—d n }

(27)2 4(6—2¢) B (2e —4)
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1
0y = vg(x) v (0) = —5({9” < 0o (x)ovE(z) >ox

mA2€ Fy o, N mi—2¢ (mx)? Fg_o. B FoA(2e —4,2) p2e—4 N
(2e —4) 4(6—2¢) (2e —4)

The structure function scales as
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s The spectrum depends upon the large scale dissipation
mecanism used in the numerics (Nam et al. 2000,
Boffetta et al. 2002).
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s The spectrum depends upon the large scale dissipation
mecanism used in the numerics (Nam et al. 2000,
Boffetta et al. 2002).

In the Infinite volume case

1
—5% < 0o (x)ovE(z) =

29 {m4_25 (m 33)2 F6_28 Fy A(28 — 4, 2) p2e—d n }

(27)2 4(6—2¢) B (2e — 4)
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s The spectrum depends upon the large scale dissipation
mecanism used in the numerics (Nam et al. 2000,
Boffetta et al. 2002).

The structure function scale as
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» Structure functions of order n = 1,2, 3,4
A

P. Muratore-Ginanneschi — n. 26/



Numerical analysis:
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consistent with direct cascade

RG:

» No obvious O.P.E. corrects the prediction.
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Numerical analysis:

s ¢ < 2 both enstrophy and energy input in the UV:
consistent with inverse cascade

s 2 < e < 3IR energy input UV enstrophy input:
consistent with local balance

» ¢ > 3 both enstrophy and energy input in the IR:
consistent with direct cascade

RG:

» No obvious O.P.E. corrects the prediction.
» why the discrepancy?
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