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Velocity and Vorticity in 2d

The Navier Stokes equation

(∂t + v · ∂)vα − ν ∂2vα = −∂αP + fα , α = 1, 2

∂ · v = 0
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Velocity and Vorticity in 2d

The Navier Stokes equation

(∂t + v · ∂)vα − ν ∂2vα = −∂αP + fα , α = 1, 2

∂ · v = 0

in two dimensions transports the vorticity field

ω := ǫα β∂α vβ , ω = vorticity

∂tω + v · ∂ω − ν ∂2ω = ǫα β∂αfβ

Conservation of vorticity moments in the inviscid limit.
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Kraichnan’s picture of 2d turbulence
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Energy and Enstrophy

Total Energy and Enstrophy equations

∂t

∫

d2x v2 = −2 ν

∫

d2xω2 ≡ −2 ν Ω2

∂t

∫

d2xω2 = −2 ν

∫

d2x (∂αωβ∂αωβ)
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Energy and Enstrophy

Total Energy and Enstrophy equations

∂t

∫

d2x v2 = −2 ν

∫

d2xω2 ≡ −2 ν Ω2

∂t

∫

d2xω2 = −2 ν

∫

d2x (∂αωβ∂αωβ)

Enstrophy Ω can only decrease.

Energy dissipation vanishes as ν ↓ 0.

Energy conservation =⇒ energy transfer towards small
wavenumbers.

Enstrophy dissipation at large wavenumbers.
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Kàrmàn-Howarth-Monin equation

Gaussian, time short-correlated translational invariant
forcing

≺ fα(x, t)fα(y, s) ≻= δ(t − s) F (x − y,m)
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Kàrmàn-Howarth-Monin equation

Gaussian, time short-correlated translational invariant
forcing

≺ fα(x, t)fα(y, s) ≻= δ(t − s) F (x − y,m)

For
δv(x) := v(x, t) − v(0, t)

the Kàrmàn-Howarth-Monin (KHM) equation (equal times) is

1

2
≺ (∂ · δv)(x)δv(x)2 ≻=

= ∂t ≺ v(x) · v(0) ≻ −F (x,m) − 2 ν ≺ (∂αv)(x)(∂αv)(0) ≻
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Hypotheses encoding Kraichnan’s theory:

i velocity correlations are smooth at finite viscosity and
exist in the inviscid limit even at coinciding points:

lim
x→0

∂t ≺ v(x) · v(0) ≻= IE
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Hypotheses encoding Kraichnan’s theory:

i velocity correlations are smooth at finite viscosity and
exist in the inviscid limit even at coinciding points:

lim
x→0

∂t ≺ v(x) · v(0) ≻= IE

ii Galilean invariant functions and in particular structure
functions reach a steady state:

lim
t↑∞

≺ δvµ(x)δv2(x) ≻= S
µ
3 (x)

iii No energy dissipative anomalies occur:
{

lim
ν↓0

lim
x↓0

− lim
x↓0

lim
ν↓0

}

ν ≺ ∂αvβ(x, t)∂αvβ(0, t) ≻= 0
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KHM equation and "mean field" scaling

1

2
∂µS

µ
3 = ∂t ≺ v(x) · v(0) ≻ −F (x,m) − 2 ν ≺ (∂αv)(x)(∂αv)(0) ≻
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KHM equation and "mean field" scaling

1

2
∂µS

µ
3 = ∂t ≺ v(x) · v(0) ≻

︸ ︷︷ ︸

=IE

−F (x,m)
︸ ︷︷ ︸

mx≫1
→ 0

− 2 ν D2(x)
︸ ︷︷ ︸

ν↓0
⇒0

Inverse Energy Cascade

≺ δv3
|| ≻=≺ δv||δv

2
⊥ ≻

mx≫1
=

3 IE x

2

mean field
⇒ δv ∼ x1/3
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KHM equation and "mean field" scaling

Inverse Energy Cascade

≺ δv3
|| ≻=≺ δv||δv

2
⊥ ≻

mx≫1
=

3 IE x

2

mean field
⇒ δv ∼ x1/3

Direct Enstrophy Cascade

≺ δv3
|| ≻=≺ δv||δv

2
⊥ ≻

ℓx≪mx≪1
=

IΩ x3

8

mean field
⇒ δv ∼ x

1

2
∂µS

µ
3 = ∂t ≺ v(x) · v(0) ≻

︸ ︷︷ ︸

=IE

− F (x,m)
︸ ︷︷ ︸

mx≪1
→ IE−IΩx2+...

− 2 ν D2(x)
︸ ︷︷ ︸

ν↓0
⇒0
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Energy spectrum

E(k) =

∫
ddp

(2π)d
δ(|k| − |p|)

∫

ddx eıp·x ≺ v(x) · v(0) ≻
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Energy spectrum

E(k) =

∫
ddp

(2π)d
δ(|k| − |p|)

∫

ddx eıp·x ≺ v(x) · v(0) ≻

scaling arguments suggest (d = 2)

ln E(k)

2d

dE=−5/3

dE=−3+...

ln k

ln kF
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Energy spectrum

E(k) =

∫
ddp

(2π)d
δ(|k| − |p|)

∫

ddx eıp·x ≺ v(x) · v(0) ≻

scaling arguments suggest (d = 2)

ln E(k)

2d

dE=−5/3

dE=−3+...

ln k

ln kF

Injection scale
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UV Renormalization Group analysis

P. Olla (1991),(1994)
Honkonen et al. (1998)
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Power law forcing

(∂t + v · ∂)vα − ν ∂2vα = −∂αP + fα −
vα

τ
α = 1, 2
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Power law forcing

(∂t + v · ∂)vα − ν ∂2vα = −∂αP + fα −
vα

τ
α = 1, 2

Eckman friction

Gaussian, time short-correlated, translational invariant
forcing

≺ fα(x, t)fβ(y, s) ≻=

δ(t − s)

∫
ddp

(2π)d
eıp·x

[

δα β −
pαpβ

p2

]

F̌ (p)

with
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Power law forcing
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Gaussian, time short-correlated, translational invariant
forcing
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∫
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Power law forcing

(∂t + v · ∂)vα − ν ∂2vα = −∂αP + fα −
vα

τ
α = 1, 2

Eckman friction

Gaussian, time short-correlated, translational invariant
forcing

≺ fα(x, t)fβ(y, s) ≻=

δ(t − s)

∫
ddp

(2π)d
eıp·x

[

δα β −
pαpβ

p2

]

F̌ (p)

with power law spectrum d = 2

F̌ (p) =
g1 ν3 h1(p,M,m)

pd−4+2 ε
+ g2 ν3 p2 h2(p,M,m)
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Expansion in the Hölder exponentε

The model contains four parameters (ν, g1, g2, τ).
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Expansion in the Hölder exponentε

The model contains four parameters (ν, g1, g2, τ).

By dimensional analysis a consistent perturbation
expansion appears to be possible if

ν = Zν νr

g1 ν3 = g1,r ν3
r µ2 ε ⇒ g1 = Z−3

ν g1,r µ2 ε

g2 = Zg2
g2,r

Multiplicatively renormalizable by local counterterms.

An infra-red scaling regime appears for

g1,r,⋆ ∼ g2,r,⋆ = O(ε) (R.G. fixed point)

τ seems to play no role for RG !
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RG prediction

Energy spectrum

E(q) = ε1/3 g
2/3
1 ν2 q1− 4 ε

3 R

[

ε,
m

q
,

(
qb

q

)2− 2 ε

3

]

(⋆)

qb ∝
[ ε

ν3τ3

] 1

6−2ε
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RG prediction

Energy spectrum

E(q) = ε1/3 g
2/3
1 ν2 q1− 4 ε

3 R

[

ε,
m

q
,

(
qb

q

)2− 2 ε

3

]

(⋆)

qb ∝
[ ε

ν3τ3

] 1

6−2ε

If R has a limit for q ↓ 0 the scaling prediction of (⋆)
coincides with the scale by scale balance prediction

dv − dt = −
dt

2
− dx (2 − ε)

2 dv − dx = −
dt

2
− dx (2 − ε)
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Numerics
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Model

We numerically integrate the vorticity equation

ω = ǫα β∂αvβ

∂tω + v · ∂ω = (−1)p+1ν∆pω +
(−1)q+1

τ
∆−qω + fω

Resolution up to 20482
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Model

We numerically integrate the vorticity equation

ω = ǫα β∂αvβ

∂tω + v · ∂ω = (−1)p+1ν∆pω +
(−1)q+1

τ
∆−qω + fω

Resolution up to 20482

(−1)p+1ν∆pω: hyperviscosity.

(−1)q+1α∆−qω: hypofriction.

(p, q) = (4, 0) for ε ≤ 2

(p, q) = (4, 1) for ε ≥ 3 to inquire the inverse cascade.
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Numerical Energy Spectra

“Small scale forcing” ε ≤ 2

1
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Energy flux at ε = 1

Energy flux for ǫ = 1 and integrated energy input

∫

k≤p

ddk

(2π)d
1

kd−4+2ε

∣
∣
∣
∣
d=2,ε=1

∼ p2

 1 1

10-1

10-2

 1 1 101 1021

Π
E
(k

)

k

(a)

′
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Enstrophy flux at ε = 4

Enstrophy flux for ǫ = 4 and integrated enstrophy input

∫

k≥p

ddk

(2π)d
k2

kd−4+2ε

∣
∣
∣
∣
d=2,ε=4

∼ p−2

10-1

10-2

10-3

10-4

101 102

Π
Z
(k

)

k

(c)
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ε = 2.5

103

102

101

1

10-1

10-2

10-3

101 102

Π
E

,Z
(k

)

k

(b)

circles: E-flux line: integrated E-input

crosses: Ω-flux dashes: integrated Ω-input
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Third order velocity structure functions
 1 1

10-1

10-2

10-3

10-4

10-5

10-6

10-7

 1 110-110-2

S
3(

x)

x

ε = 1 (squares): δv ∼ x1/3 (inverse cascade).

ε = 2.5 (circles): δv ∼ x−1+ 2 ε

3 (dimensional).

ε = 4 (triangles): δv ∼ x (direct cascade).
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KHM for power law forcing: 0 ≤ ε ≤ 2

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2
F0 A(−4 + 2 ε, 2)

(4 − 2 ε) x4−2 ε
− ≺ (∂tvβ)(x) vβ(0) ≻
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KHM for power law forcing: 0 ≤ ε ≤ 2

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2
F0 A(−4 + 2 ε, 2)

(4 − 2 ε) x4−2 ε
− ≺ (∂tvβ)(x) vβ(0) ≻

By hypotheses (i), (ii)

≺ (∂tvβ)(x) vβ(0) ≻=
Σ2

(2π)2
M4−2 ε F̄4−2 ε

4 − 2 ε
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KHM for power law forcing: 0 ≤ ε ≤ 2

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2
F0 A(−4 + 2 ε, 2)

(4 − 2 ε) x4−2 ε
− ≺ (∂tvβ)(x) vβ(0) ≻

The ratio between forcing and energy injection rate is

∂t ≺ vβ(x) vβ(0) ≻

Fα
α(x)

∝ (Mx)4−2 ε ≫ 1
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KHM for power law forcing: 0 ≤ ε ≤ 2

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2
F0 A(−4 + 2 ε, 2)

(4 − 2 ε) x4−2 ε
− ≺ (∂tvβ)(x) vβ(0) ≻

The ratio between forcing and energy injection rate is

∂t ≺ vβ(x) vβ(0) ≻

Fα
α(x)

∝ (Mx)4−2 ε ≫ 1

≺ δv3
|| ≻≃ M4−2 ε F0 c′1 x +

c′2 F0

x3−2 ε
+ . . .
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KHM for power law forcing: 2 < ε < 3

∂t ≺ vβ(x) vβ(0) ≻ −
1

2
∂µ ≺ δvµ(x)δv2(x) ≻∝

m4−2 ε F̄4−2 ε

(2 ε − 4)
+

m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .
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KHM for power law forcing: 2 < ε < 3

∂t ≺ vβ(x) vβ(0) ≻ −
1

2
∂µ ≺ δvµ(x)δv2(x) ≻∝

m4−2 ε F̄4−2 ε

(2 ε − 4)
+

m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .

The injection rate is

≺ (∂tvβ)(x) vβ(0) ≻=
Σ2

(2π)2
m4−2 ε F̄4−2 ε

4 − 2 ε
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KHM for power law forcing: 2 < ε < 3

∂t ≺ vβ(x) vβ(0) ≻ −
1

2
∂µ ≺ δvµ(x)δv2(x) ≻∝

m4−2 ε F̄4−2 ε

(2 ε − 4)
+

m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .

The KHM reduces to

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2

{
m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .

}
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KHM for power law forcing: 2 < ε < 3

∂t ≺ vβ(x) vβ(0) ≻ −
1

2
∂µ ≺ δvµ(x)δv2(x) ≻∝

m4−2 ε F̄4−2 ε

(2 ε − 4)
+

m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .

The structure function scales as

≺ δv3
|| ≻

(m x)≪ 1
≃ F0 c′2x

2 ε−3
{
1 + c′1(mx)6−2 ε + . . .

}
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KHM for power law forcing: 3 < ε

The spectrum depends upon the large scale dissipation
mecanism used in the numerics (Nam et al. 2000,
Boffetta et al. 2002).
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KHM for power law forcing: 3 < ε
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In the infinite volume case

−
1

2
∂µ ≺ δvµ(x)δv2(x) ≻=

Σ2

(2π)2

{
m4−2 ε (mx)2 F̄6−2 ε

4 (6 − 2 ε)
−

F0 A(2 ε − 4, 2) x2 ε−4

(2 ε − 4)
+ . . .

}
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KHM for power law forcing: 3 < ε

The spectrum depends upon the large scale dissipation
mecanism used in the numerics (Nam et al. 2000,
Boffetta et al. 2002).

The structure function scale as

≺ δv3
|| ≻

(m x)≪ 1
≃ m6−2 ε F0 c′1x

3
{
1 + c′2(mx)2 ε−6 + . . .

}
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No velocity struct. fun. intermittency
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vorticity intermittency (direct cascade)?
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Conclusions

Numerical analysis:

ε ≤ 2 both enstrophy and energy input in the UV:
consistent with inverse cascade

2 < ε < 3 IR energy input UV enstrophy input:
consistent with local balance

ε ≥ 3 both enstrophy and energy input in the IR:
consistent with direct cascade

RG:

No obvious O.P.E. corrects the prediction.
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