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Introduction

Two reasons to review the structure of spacetime at small scale:
I Ultraviolet catastrophe and “failure of renormalisation” (no known

interacting models in 4d);

I Stability of spacetime under localisation alone (localisation in
small region∼high energity density∼black hole. [Bronstein,
Mead, de Witt,. . . ]

N.B. The latter only is meant to prevent non dynamical black hole
formation, namely only as an effect of localisation. It would result in
the paradox of a measurement of position with empty output, the
information being trapped in the closed surface.

Relevant scale: λC(m) ∼ λS(m)⇒ m ∼ mP , in which case
scale∼ λP ∼ 10−33cm.
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Problems:
I No direct guidance from experimental data (so far; maybe what

we look for already contained in astrophysical data, but may
require an already advanced theory);

I Not clear which mathematics to use, and which picture of
geometry;

I What is, in the end, locality? And what is interaction?
Necessary attitude: be rigorous! Start from physically meaning basic
assumptions and explore them whithout stacking “commutative
expectations” on them.

One possible strategy: reason about possibly realistic, intermediate
models (semiclassical quantisation) and get inspired by them.
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DFR model: seek for a model of flat quantum spacetime, generated
by noncommutative coordinates qµ (selfadjoint operators on Hilbert
space).

Regime of (hypothetical validity): very few processes take place at
very high energies. The density of processes is too low to produce
curvature, which hence is fixed to flat. The energy is sufficiently high
to sense the “quantum texture” of spacetime.

General relativity takes place only in giving the stability condition of
spacetime under localisation; not a model of quantum gravity, but
maybe a step in this direction.

What the qµ’s are NOT: they are not observables in the sense of
quantum mechanics (they are not in contradiction with the “no
time-observable” issue of QM)!

In particular, we are NOT aiming at some “(more) noncommutative
quantum mechanics”!
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What are the qµ’s? They generate the localisation algebra. Same rôle
of the x dependence of a relativistic quantum field φ(x) on classical
spacetime.

In ordinary QFT, the label x is not an observable, but a point in the
classical geometric background on which QFT is defined. In LQP
“measuring position” means: observe an event localised in a certain
region O. If we trigger the event, then we say that the resulting state
is localised in O; this QFTheoretical notion of localisation is
DIFFERENT than in QM.

The slogan is “replace x by q”. We take a different, noncommutative
background, and we want to do QFT on it.

In view of future generalisations: Approach with coordinates not in
contradiction with GR. Even in classical GR, coordinates describe the
localisation of events; clearly, this makes sense even if the
coordinates themselves are not observable quantities.
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Note: coordinate operators can be “measured” with abitrary precision:
for every given µ, the uncertainty ∆Ψqµ can be made small at wish by
suitable choices of Ψ. No bounds to the “measurement” of one
coordinate.

But [qµ,qν ] 6= 0 implies that they cannot be simultaneously
“measured” with arbirary precision. Relative (Heisenberg–like)
bounds arise.

The Amati–Ciafaloni–Veneziano relations are not of this kind (they
contain an absolute bound).
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Heurystics
With a = minj ∆x j , b = max ∆x j , τ = ∆x0,

I Energy ∼ 1/τ localised in box of sides ∆x j generates
gravitational potential

|V | / 1
b min(a, τ)

;

I to avoid formation of trapped surface, require

g00 = 1 + 2V > 0;

I this gives the relations

b min(a, τ) ' 1.

More detailed analysis with localised states construced with free
fields on classical spacetime Ψ = eiφ(f )Ω localised in box of sides
∆xµ; estimating the corresponding energy tensor and linearising
Einstein equations leads to weaker set of relations:

∆x0(∆x1 + ∆x2 + ∆x3) & λ2
P ,

∆x1∆x2 + ∆x2∆x3 + ∆x3∆x1) & λ2
P .
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The Relations

Qµν = −iλ2
P [qµ,qν ] definition of Qµν ,

[qµ,Qνµ] = 0 (ansatz for simplicity),
QµνQµν = 0,

Qµν(∗Q)µν = ±4I.

Note: Covariant representations must be (highly) reducible, otherwise
Qµν = θµν I which cannot be unitarily covariant! Qµν must be non
trivial operators!

The Uncertainty Relations (now a mathematical consequence of
commutation relations):

∆(q0)(∆(q1) + ∆(q2) + ∆(q3)) & λ2
P ,

∆(q1)∆(q2) + ∆(q2)∆(q3) + ∆(q3)∆(q1) & λ2
P .

Weaker than those arising from heuristic analysis.

Note: ∆(·) is not linear, hence ∆(qµ) is not a 4-vector. The
uncertainty relations are true in any reference frame.
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No Relations whithout Representations!

(Lorentz covariant coordinates only, for simplicity; fully Poincaré
covariant coordinates may be constructed as well)

I Hilbert Space:

H = L2(L ,dΛ)⊗ L2(R2,ds1ds2),

where dΛ = Haar measure of L .

I kets:
|Λ〉|s1, s2〉, Λ ∈ L , (s1, s2) ∈ R2,

I normalisation:

{〈Λ|〈s1, s2|}{|Λ′〉|s′1, s′2〉} = 〈Λ|Λ′〉〈s1, s2|s′1, s′2〉 =

= δI(Λ
−1Λ′)δ(s1 − s′1)δ(s2 − s′2),

where integrals are taken with the measure dΛds1ds2.
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I Position operators:

qµ|Λ〉|ξ〉 = λP |Λ〉{ΛµνX ν |ξ〉},

I in particular for Λ = I

X 0|I〉|ξ〉 = λP |I〉{P1|ξ〉}, X 1|I〉|ξ〉 = λP |I〉{P2|ξ〉},
X 2|I〉|ξ〉 = λP |I〉{Q1|ξ〉}, X 3|I〉|ξ〉 = λP |I〉{Q2|ξ〉}.

with [Pj ,Qk ] = −iI, [Qj ,Qk ] = [Pj ,Pk ] = 0 ⇐ (von Neumann “!”).
I unitary representation U of L :

U(Λ)|M〉|s1, s2〉 = |ΛM〉|s1, s2〉;
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Weyl quantisation and ?-product
Given function f on R4, define the operator

f (q) =
1

4π2

∫
dk eikq

∫
dx f (x)e−ikx .

Problem:
f (q)g(q) not of the form h(q) (some h).

Need more general symbols, i.e. functions f = f (σ, x) of Σ× R4.
Then DFR generalisation of Weyl quant.:

f (σ, x)→ f (Q, x)︸ ︷︷ ︸
funct. calc.

→ f (Q,q)︸ ︷︷ ︸
Weyl. Quant.

? := pullback of operator product:

f (Q,q)g(Q,q) = (f ? g)(Q,q)

which gives:
(f ? g)(σ, ·) = f (σ, ·) ?σ g(σ, ·)

with ?σ=usual ?-product with fixed matrux σ (θ in most of literature).

The resulting algebra is E = C(Σ,K).
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Optimal localisation and large scale limit

Candidate states to become points in the large scale limit? Naive
answer: the pure states.

Problem 1: estimating the localisation region of pure states with the
corresponding undertainties in the coordinates, one finds regions
which are large compared with λP .

Problem 2: taking all the pure states, the large scale limit is R4 × Σ,
where Σ is a non compact manifold!

The only mathematically well defined possibility: states with optimal
localisation, namely which minimize

∑
µ(∆(qµ))2.

Of coursič, this definition breaks covariance under Lorentz boosts.
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Define the orthogonal projection

E0 =

∫
O(R3)

dR |R〉〈R| ⊗ I.

We have [qµ,E0] = 0, so for every state |Ψ〉∑
µ

(qµ)2E0|Ψ〉 = λ2
P

∫
dR

∑
µντ

Rµ
νRµ

τ{|R〉〈R| ⊗ X νX τ}|Ψ〉 =

= λ2
P

∫
dR {|R〉〈R| ⊗

∑
τ

(X τ )2}|Ψ〉

where H0=Hamiltonian of harmonic oscillator> 1/2.

Hence, if 〈Ψ|qµ|Ψ〉 = 0 and Ψ = E0Ψ,∑
µ

∆Ψ(qµ)2 = 2λ2
P〈Ψ|I ⊗ H0|Ψ〉 > 2λ2

P ,

saturated by the states which are coherent on the second tensor
factor= states with optimal localisation (a frame dependent definition).
Note that the breakdown of covariance “only” means that relatively
boosted observers do not agree on the set of states with optimal
localisation; the bound stays true for every observer!
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Using the states with optimal localisation, the classical limit is

R4 × Σ0,

where
Σ0 = {Rσ0Rt , R ∈ O(R3)} ⊂ Σ

which is compact!

Analogously one relates qµqν to with the Hamiltonian of the
anharmonic oscillator, which hase spectrum R.
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Independent events
We go one step further

qµ1 = qµ ⊗ I ⊗ I ⊗ · · · ,
qµ2 = I ⊗ qµ ⊗ I ⊗ · · · ,

. . .

We take ⊗= Z -module tensor product over centre of localisation
algebra (generated by Qµν ’s). Then

Qµν ⊗ I = I ⊗Qµν (= Qµν).

Same relations up to a factor:

[(qj − qk )µ, (qj − qk )ν)] = 2iλ2
PQµν

Same relations means same bound:∑
µ

(qµj − qµk )2 ≥ 4λ2
P

The Euclidean quantum distance is bounded below

We want now make this a bit more systematic.
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Perturbative models
Consider φ(x) =

∫
dk φ̌(k) free scalar quantum field of mass m;

define “third quantisation” according to Weyl quantisation:

φ(q) =

∫
dk φ̌(k)⊗ eikµqµ

.

It is covariant! Evaluation on a localisation state is

〈ω, φ(q)〉 =

∫
dk φ̌(k)ω(eikq) = φ(fω).

if omega optimally localised around x and ωa=translation of ω by a,

[φ(fω), φ(fωa ]

falls off exponentially in a in any spacelike direction.

Perturbative Dyson series with effective non local Hamiltonian: based
either on : φn(x) : replaced with :φn(q) : = :(φ ? · · · ? φ)(q) :or on
setting qj − qk to minimum on :φ(q1) · · ·φ(qn) :.
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Good regularisation; especially second prescription leads to
ultraviolet regular theory.

Problem: all approaches break covariance. We also tried
Yang-Feldan equations (apparently covariant), but then covariance
brken at the level of mass renormalisation (which is frame
dependent).

Apparently the problem is conceptual: we do not know which concept
should replace locality in this setting, so to reproduce it in the large
scale limit.
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The Universal Calculus of Dubois-Violette)
Given unital algebra A, take

Λ(A) =
⊕

n

Λn(A) =
⊕

n

An⊗

with product and differential

(a1 ⊗ · · ·an) · (b1 ⊗ . . .⊗ bm) = a1 ⊗ · · · ⊗ an−1 ⊗ anb1 ⊗ b2 ⊗ · · · ⊗ bm,

da = a⊗ I − I ⊗ a,

(extended as a graded differential). Define Ω(A) as the d-stable
subalgebra of Λn(A), generated by A.

Want to apply this to A = M(E). Keep in mind: ⊗ = ⊗Z .

dqµ = qµ ⊗ I − I ⊗ qµ

interpreted as separation of independent events. It “lives” in E ⊗ E .

dqµ dqν = (qµ ⊗ I − I ⊗ qµ)(qν ⊗ I − I ⊗ qν) =

= qµ ⊗ qν ⊗ I − qµ ⊗ I ⊗ qν − I ⊗ qµqν ⊗ I + I ⊗ qµ ⊗ qν

“lives” in M(E ⊗ E ⊗ E).
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The Universal Calculus of Dubois-Violette)
Given unital algebra A, take

Λ(A) =
⊕

n

Λn(A) =
⊕

n

An⊗

with product and differential

(a1 ⊗ · · ·an) · (b1 ⊗ . . .⊗ bm) = a1 ⊗ · · · ⊗ an−1 ⊗ anb1 ⊗ b2 ⊗ · · · ⊗ bm,

da = a⊗ I − I ⊗ a,

(extended as a graded differential). Define Ω(A) as the d-stable
subalgebra of Λn(A), generated by A.

Want to apply this to A = M(E). Keep in mind: ⊗ = ⊗Z .

dqµ = qµ ⊗ I − I ⊗ qµ

interpreted as separation of independent events. It “lives” in E ⊗ E .

dqµ dqν = (qµ ⊗ I − I ⊗ qµ)(qν ⊗ I − I ⊗ qν) =
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Volume operators

We use DV Calculus to define the covariant volume operator: e.g.

V = dq0 ∧ dq1 ∧ dq2 ∧ dq3 = εµνρσdqµdqνdqρdqσ

(but also area operators dqµ ∧ dqν , 3-volume operators,. . . ).
In particular V “lives” in

E ⊗ · · · ⊗ E︸ ︷︷ ︸
5 factors

Strength: use the abstract universal differential calculus to define
them, but then can compute spectra as operators affiliated to
C*-algebras.
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Spectrum of the 4-volume

V is a normal operator and has pure point spectrum

specpp(V ) = λ4
PS

where
S = ±2 + Za+a− + i (Za+ + Za−) .

Above,

a± =

√
5± 2

√
5.

Then
spec(V ) = specpp(V ) = λ4

P(±2 + Z
√

5 + iR).

Note that spec(V ) stays away from zero by a constant of order of λ4
p.
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A bound on 3-volume’s euclidean length
Computation of spectrum of -volume is too long. To get a flavour,
consider 3-volume instead:

Vσ = εµνρσdqµdqνdqρ = Aσ + iBσ

where

Aσ =
1
6

det


1 qµ1 qν1 qρ1
1 qµ2 qν2 qρ2
1 qµ3 qν3 qρ3
1 qµ4 qν4 qρ4

 εµνρσ, (1a)

Bσ =
1
2

Qµν(qρ1 − qρ2 + qρ3 − qρ4 )εµνρσ =

= q̃1σ − q̃2σ + q̃3σ − q̃4σ. (1b)

where q̃ = Q−1q. Then∑
σ

V ∗σVσ =
∑
σ

(A2
σ + B2

σ) >
∑
σ

B2
σ.

Since [q̃, q̃] = iQ−1, we have [Bσ,Bρ] = iQ−1
σρ and thus

∑
σ B2

σ > 8.
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Back to Calculus

We define a new, A-valued pairing on Λ(A), which we name the
q-pairing:

〈a0 ⊗ · · · ⊗ an,b0 ⊗ · · · ⊗ bm〉 := δn,m a0b0 . . . anbn.

when restricted to Ω(A), the q-pairing has some additional properties:
for any ai ,bi ,a,b ∈ A, and ω,dψ ∈ Ωn(A), and φ, λ ∈ Ωm(A), we have

〈da1...dan,db1...dbn〉 = [a1,b1]...[an,bn]

〈ωφ, (dψ)λ〉 = 〈ω,dψ〉〈φ, λ〉
〈λdψ, φω〉 = 〈λ, φ〉〈dψ, ω〉
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The A-valued q-pairing can be turned into a C-valued pairing by
composition with a trace τ .
Let δ denote the Hochschild boundary defined by

δ(a0 ⊗ · · · ⊗ an) =
n−1∑
k=0

(−1)k a0 ⊗ · · · ⊗ ak−1 ⊗ ak ak+1 ⊗ ak+2 ⊗ · · · ⊗ an+

+ (−1)nana0 ⊗ · · · ⊗ an−1.

Then the Hochschild boundary is a Hodge dual of the differential for
the pairing τ(〈·, ·〉), namely

τ(〈δω, φ〉) = τ(〈ω,dφ〉), ω, φ ∈ Λ(A).

The associated Laplacian d2 + δ2 = dδ + δd has been studied by
Cuntz and Quillen.
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Connection and Parallel Transport
If H is a right module over A, set

Λ(A,H) = H ⊗A Λ(A), Ω(A,H) = H ⊗A Ω(A),

and extend the q-pairing:

〈σ ⊗ a1 ⊗ · · ⊗an,b0 ⊗ · · ⊗bn〉 := σb0

n∏
i=1

aibi .

(aj ,bj ∈ A, σ ∈ H).

A universal connetion on H is a linear map

D : H → Ω1(A,H)

satisfying the Leibniz rule

D(σa) = (Dσ)a + σda .

for all σ ∈ H, a ∈ A.
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D has a unique extension to Ω(A,H), which is uniquely fixed by the
requirement

D(σα) := (Dσ)α + σdα

D2 is a right Ω(A)-module homomorphism, which we call the
curvature of the connection.

We introduce the generalisation of
covariant coordinates as

L(a)σ := σa− 〈Dσ, da〉

(which is a right module map). Take for example H = A = E , the
DDFR algebra generated by qµ. Pick a covariant derivative
Da = da + Aa where A is 1-form. We find

L(qµ)(a) = qµa + 〈A,dqµ〉a.

If A = A(1)
ν dqνA(2)

ν (in Sweedler’s notation), we indeed find,

L(qµ)(a) = (qµ + iQµνA(1)
ν A(2)

ν ) a (2)

.
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Note that the generalised covariant coordinates can be written as

L(a)σ = σa− 〈Uσ, da〉,

where
Uσ = Dσ + σ ⊗ 1

can be interpreted as a parallel transport.
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Conclusions and Outlook

I Regularisation effect of QST arise from stability criteryon.

I Not clear how to generalise to possibly curved manifolds (no
“locally noncommutative approach semes possible: DFR
coordinates are intrinsically unbounded).

I Recent attempt to obtain uncertainty relations in curved
background (Tomassini Viaggiu), but no models implementing
them so far.

I Ideally one should seek for solutions of

[qµ,qν ] = iQµν(g)

for some metric g which, together with energy momentum arising
from quantum fields, solves the Einstein equations.

I Some expectations in this direction in a recent paper by
Doplicher Morsella and Pinamonti.
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