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Properties:

I For

G = U(1) 3 expA, HL = HR = C 3 ψ, HS = {0},

with ρ̃L(A)ψ = ρ̃R(A)ψ = qAψ, the Yang-Mills Lagrangian is Maxwell’s
Lagrangian describing the interaction of the photon A with a spinor ψ of
electric charge qe and with coupling constant g = e/

√
ε0.

I The Yang-Mills-Higgs Lagrangian is gauge invariant.

I The Yang-Mills-Higgs Lagrangian defines a perturbatively renormalizable
quantum field theory if the Yang-Mills anomaly

aYM = tr
[
ρ̃L(A)3

]
− tr

[
ρ̃R(A)3

]
vanishes for all A ∈ Lie(G ).

I The Yang-Mills-Higgs action is invariant under general coordinate
transformations.
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Continuous parameters:

g1 = 0.3574± 0.0001, g2 = 0.6518± 0.0003, g3 = 1.218± 0.01,

at E = mZ ,

mW =
g2µ

4
√
λ

= 80.398± 0.025 GeV, mH =
√

2µ = 125.5± 1.5 GeV,

gY
′s  fermion masses and mixings.
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Reconstruction theorem (Connes, hep-th/9603053): There is a one-to-one
correspondence between commutative (even) real spectral triples

(A,H, ∂/, J, (χ))

and (even-dimensional) compact Riemannian spin manifolds M.

A = C∞(M),

H = L2(S),

∂/ = iγµ(∂/∂xµ + 1
4ωµabγ

aγb),

J = γ0γ2 ◦ complex conjugation,

χ = γ5,

HL = 1
2(1− χ)H.

Example (D. Hamilton, 1996)
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Constraints on discrete parameters:

I

G = Aut(A),

Examples: Aut(C∞(M))e = Diff(M)e , Aut(H) = SU(2)/Z2,
Aut(M3(C)) = SU(3)/Z3

Counter-examples: G2, F4, E6, E7, E8, U(1) !

I Fermion representations HL, HR are direct sums of fundamental
representations.

I Krajewski diagrams (Dynkin and weight diagrams)



Constraints on discrete parameters:

I

G = Aut(A),

Examples: Aut(C∞(M))e = Diff(M)e , Aut(H) = SU(2)/Z2,
Aut(M3(C)) = SU(3)/Z3

Counter-examples: G2, F4, E6, E7, E8, U(1) !

I Fermion representations HL, HR are direct sums of fundamental
representations.

I Krajewski diagrams (Dynkin and weight diagrams)



Constraints on discrete parameters:

I

G = Aut(A),

Examples: Aut(C∞(M))e = Diff(M)e , Aut(H) = SU(2)/Z2,
Aut(M3(C)) = SU(3)/Z3

Counter-examples: G2, F4, E6, E7, E8, U(1) !

I Fermion representations HL, HR are direct sums of fundamental
representations.

I Krajewski diagrams (Dynkin and weight diagrams)



Constraints on discrete parameters:

I

G = Aut(A),

Examples: Aut(C∞(M))e = Diff(M)e , Aut(H) = SU(2)/Z2,
Aut(M3(C)) = SU(3)/Z3

Counter-examples: G2, F4, E6, E7, E8, U(1) !

I Fermion representations HL, HR are direct sums of fundamental
representations.

I Krajewski diagrams (Dynkin and weight diagrams)



a b c d

a

b

c

d

//

00

a b c d

a

b

c

d

//

��

a b c d

a

b

c

d

//

oo

a b c d

a

b

c

d

//

nn

diag. 1 diag. 2 diag. 3 diag. 4

a b c d

a

b

c

d

//

//

a b c d

a

b

c

d

oo

oo

a b c d

a

b

c

d

oo

//

diag. 5 diag. 6 diag. 7

Jureit & Stephan 2007: the irreducible Krajewski diagrams with 4 or less simple algebras in
KO dimension 6. Diag. 6 yields the standard model with one generation of fermions.
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gY  ∂/internal ⇒ f (g , λ, gY ) = 0.
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Post- and predictions:
postdiction The first order condition (Krajewski diagrams) implies that the

strong force preserves parity, ρL|SU(3) = ρR |SU(3) .

prediction HS = (2,−1
2 , 1) implies that there is only one Higgs scalar.

(Super symmetry implies five.)

postdiction HS = (2,−1
2 , 1) implies that photons and gluons are massless.

postdiction HS = (2,−1
2 , 1) implies that the ρ0 parameter

ρ0 :=
g2
1 + g2

2

g2
1

m2
W

m2
Z

= 1
(

= 1.0002+0.0007
−0.0004

)
.

prediction g2 = g3 plus big desert implies uncertainty in proper-time
measurements ∆τ ∼ ~/Λ ∼ 10−41 s.

postdiction g2 = 1
2(
∑

g2
Y )1/2 plus big desert implies mt < 186 GeV.

(mt = 172.6± 1.4 GeV.)

postdiction g2 =
√

3λ plus big desert implies

mH = 170± 10 GeV (= 125.5± 1.5 GeV), PROBLEM!
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I

SU(2)L × U(1)Y × SU(3)C × U(1)X → U(1)em × SU(3)C

I Add in each generation a vector-like fermion X charged only under
U(1)X with gauge invariant Dirac mass.

I Fluctuations of the Dirac operator produce one additional complex Higgs
scalar and the spectral action produces spontaneous symmetry breaking
giving mass to the U(1)X gauge boson.

I Two remaining physical scalars mix,

mH1 ≥ 120 GeV, mH2 ≥ 170 GeV,

depending on the masses of the X fermions.
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