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Some numerology

01/35– 2 is the magic number:
Dimensional flow in quantum gravity

Perturbative QG: Renormalizable near D = 2 [Gastmans et al.

1978; Weinberg 1979; Kawai & Ninomiya 1990;. . . ].

String theory (worldsheet): conformal techniques.
Noncommutative geometry: fundamental and effective
level [Connes 2006; Benedetti 2008; Alesci & Arzano 2012].
Spin foams: dS < 4 [Modesto (et al.) 2008–10].
QEG (asymptotic safety): UV spectral dimension dS = 2,
intermediate regime dS ∼ 4/3 [Lauscher & Reuter 2005; Reuter &

Saueressig 2011].
CDT (simplicial path integral): dS ∼ 2 at small
scales [Ambjørn et al. 2005; Benedetti & Henson 2009].
HL gravity (effective QFT): UV dS = 2 [Hořava 2008,2009].
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Some numerology

02/35– 2 is the magic number:
Dimensional flow in quantum gravity

Dimensional reduction or Dimensional flow
Changing behaviour of correlation functions (as across a phase
transition), spacetime with scale-dependent “dimension.”

Universal feature in quantum gravity related to UV finiteness
[’t Hooft 1993; Carlip 2009,2010].
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Some numerology

03/35– A mysterious constant
Based on a not-too-recent observation by Barrow (1983)

Including Planck’s constant ~, the electron charge e, Newton’s
constant G, and the speed of light c, one can construct a
dimensionless constant in a spacetime of Hausdorff dimension
dH as

C = `
2(3−dH)
Pl edH−2G

dH
2 −1c2(2−dH), `Pl =

√
~G
c3 .

Remarkably, in dH = 2 the fundamental constant coincides with
(the square of) the Planck length, C = `2

Pl, while all the other
couplings disappear.
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Field theory on multifractal spacetimes

04/35– Recipe

Formalism describing this and other features of QG
theories with tools borrowed from other branches of
physics: fundamental or effective (double goal).

Dimensional flow at structural level (rather than indirect
property): dS ↔ dH, multiscale. (dS: indirect property,
diffusion of a pointwise source to probe local manifold
structure. In general dH 6= dS).
Regarded as fundamental: (power-counting)
renormalizable.
Invariant under some symmetry group [Collins et al. 2004,2006].
Lorentz invariant at large scales.
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Field theory on multifractal spacetimes

05/35– Added boni:

Discrete-to-continuum transition of geometry and
emergence of scale hierarchy.

Clarification of spectral theory (Fourier transform) on
fractals.
Insight into the relationship between multiscale geometries,
stochastic processes and analytic profiles for dS.
Connection with noncommutative spacetimes and
clarification of κ-Minkowski.
Insight into RG flow.
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Field theory on multifractal spacetimes

06/35– From fractals to fractional

A simple implementation of dimensional flow (multifractal
geometry) is a change of measure.
Working with discontinuous sets may be very difficult
(mathematics not yet fully developed).
In certain regimes, calculus on fractals is approximated by
continuous fractional calculus [Ren et al. 1996–2003; Nigmatullin et

al. 1992–2010], natural to consider fractional integrals over a
space with (scale-dependent) fractional dimension.
Dimensional flow is only one among the many very
interesting properties of these models.
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Field theory on multifractal spacetimes

07/35– References

Main idea: G.C., Phys. Rev. Lett. 2010
[arXiv:0912.3142]; JHEP 2010 [arXiv:1001.0571];
Phys. Lett. B 2011 [arXiv:1012.1244].
Overviews of fractional implementation: G.C., Phys. Rev. D
2011 [arXiv:1106.0295]; G.C., AIP Conf. Proc. 2012
[arXiv:1209.1110].
Applications: Arzano, G.C., Oriti & Scalisi, Fractional and
noncommutative spacetimes, Phys. Rev. D 2011
[arXiv:1107.5308]; G.C., Nardelli & Scalisi, QM in
fractional and other anomalous spacetimes, J. Math. Phys.
2012 [arXiv:1207.4473]; G.C., Multi-fractional
spacetimes, asymptotic safety and Hořava-Lifshitz gravity,
arXiv:1209.4376; G.C., Eichhorn & Saueressig, in
progress.
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arXiv:1209.4376; G.C., Eichhorn & Saueressig, in
progress.

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes I – Single- and multiscale geometry



Motivation and introduction Fractional Euclidean space Multifractional spaces

Field theory on multifractal spacetimes

07/35– References and strategy

Fractional implementation:

Fractional Euclidean space: [1] G.C., Adv. Theor. Math.
Phys. 2012 [arXiv:1106.5787].
Fractional Minkowski space: [2] G.C., JHEP 2012
[arXiv:1107.5041].
Momentum transforms: [3] G.C. & Nardelli,
arXiv:1202.5383.
Multiscale spaces: [1]; [4] G.C., Phys. Rev. D 2012
[arXiv:1204.2550]; [5] G.C., arXiv:1205.5046.
Diffusion equation and dS: [1,4,5].
Power-counting renormalizability: [2].
Fields, renormalizability, gravity, etc.: [6] G.C. & Nardelli,
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08/35– Questions and caveats

Q1
In what sense do these models live on a “fractal”?

A1
Dimensional flow is smooth, thus implying transitions through
states with noninteger dH and/or dS.
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08/35– Questions and caveats

Figure : Multiplicative cascade (dH ∈]0, 2[)
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09/35– Questions and caveats

Q2
Are there fractals with integer dH and/or dS?

A2
Yes. In particular, diamond fractals can have dH = dS = 2.

Skip examples

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes I – Single- and multiscale geometry



Motivation and introduction Fractional Euclidean space Multifractional spaces

Field theory on multifractal spacetimes

09/35– Questions and caveats

Q2
Are there fractals with integer dH and/or dS?

A2
Yes. In particular, diamond fractals can have dH = dS = 2.

Skip examples

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes I – Single- and multiscale geometry



Motivation and introduction Fractional Euclidean space Multifractional spaces

Field theory on multifractal spacetimes

09/35– Fractals with integer Hausdorff dimension

Figure : Dragon curve (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Mandelbrot set and its boundary (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Julia sets (for some c, dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Moore curve (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Peano curve (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Sierpiński curve (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Sierpiński tetrahedron (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Pythagoras tree (dH = 2)
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09/35– Fractals with integer Hausdorff dimension

Figure : Galaxy distribution (dH ≈ 2) [NATURAL FRACTAL]
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09/35– Fractals with integer Hausdorff dimension

Figure : Brownian motion (dH = 2 in D ≥ 2) [RANDOM FRACTAL]
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09/35– Fractals with integer Hausdorff dimension

Figure : 3D Moore curve (dH = 3)
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09/35– Fractals with integer Hausdorff dimension

Figure : 3D Hilbert curve (dH = 3)
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09/35– Fractals with integer Hausdorff dimension

Figure : 3D Lebesgue curve (dH = 3)
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09/35– Fractals with integer Hausdorff dimension

Figure : Lung surface (dH ≈ 2.97) [NATURAL FRACTAL]
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09/35– Fractals with integer Hausdorff dimension

Figure : Lung surface (dH ≈ 2.97) [NATURAL FRACTAL]
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10/35– Questions and caveats

Q3
Does dH = 2 in the UV guarantee renormalizability?

A3
No. Detailed RG analysis is required.
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11/35– Questions and caveats

Q4
Is it really necessary to imagine this model on a “(multi)fractal”?

A4
No, the important thing is dimensional flow. But the fractal
picture is natural and intuitive.
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12/35– Questions and caveats

Q5
Are all spaces with anomalous dimension fractals?

A5
NO! If dS > dH, they are associated with jump processes.
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1 Motivation and introduction

Some numerology
Field theory on multifractal spacetimes

2 Fractional Euclidean space
Definition and measure
Calculus
Norm
Laplacian
Properties
Spectral and walk dimensions

3 Multifractional spaces
From fractional to multifractional
Examples
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13/35– Real-order fractional spaces

ED
α = (RD, %α, Calcα, ‖ · ‖, K)

Embedding space RD.
Action measure %α.
Differential structure and calculus Calcα.
Natural norm ‖ · ‖.
“Laplacian” K.
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Definition and measure

14/35– Measure (bilateral and isotropic)

d%α(x) = dDx vα(x) = dDx
∏
µ

|xµ|α−1

Γ(α)

∫ +∞

−∞
dDx→

∫ +∞

−∞
d%α(x)

Other choices of boundary or measure do not lead to different
physics. However, unilateral measures (xµ ≥ 0) seem not to be
fit for QM and QFT.
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Definition and measure

15/35– Measure (bilateral and isotropic)

“Geometric” coordinates:

qµ := %α(xµ) =
|xµ|α

Γ(α+ 1)
⇒ d%α = dDq

Scaling property:
%α(λx) = λDα%α(x)

Anomalous scaling natural in fractional (Lebesgue–Stieltjes)
integrals!
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Motivation and introduction Fractional Euclidean space Multifractional spaces

Calculus

16/35– Fractional calculus

Fractional calculus as old as ordinary calculus (Leibniz,
Riemann, Liouville) but subtler.
Care must be taken to represent fractional operators and
define functional calculus.
Applications: dissipative mechanics, chaos and percolation
theory, statistics and long-memory processes such as
weather and stochastic financial models, system modeling
and control in engineering.
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Calculus

17/35– Fractional operators

Left Caputo derivative:

(∂γ f )(x) :=
1

Γ(1− γ)

∫ x

0

dx′

(x− x′)γ
∂x′ f (x′) , 0 < γ ≤ 1

Liouville derivative:

(∞∂̄
γ f )(x) := − 1

Γ(1− γ)

∫ +∞

x

dx′

(x′ − x)γ
∂x′ f (x′) , 0 < γ ≤ 1

∂γ1 = 0 = ∞∂̄
γ1 (not true for other derivatives, e.g., RL).

Weyl fractional integral:

(Iαf )(x) :=
1

Γ(α)

∫ +∞

x
dx′ (x′ − x)α−1f (x′) .

The measure %α defines a Weyl fractional integral.
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Calculus

18/35– Shadows on the wall
Bullock 1988, Podlubny 2002

t-f plane.

Full-memory processes, α = 1. Usual integral as
“area under the curve f (t)”.
%α-f plane. Shadow is the fractional integral with α 6= 1.
Markov (no-memory) processes: α = 0. α ∼ fraction of
states preserved at given time t.
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Calculus

19/35– Fractional approximates fractal

Integrals on net fractals (e.g., self-similar or cookie-cutter
sets) can be approximated by fractional integrals with
α ∼ dH [Tatom 1995; Ren et al. 1996–2003; Nigmatullin & Le Méhauté

2003]: ∫
F

dµ(x) ≈
∫

dx
xα−1

Γ(α)

“≈” means
Re(p)→+∞∼ or, equivalently, taking the average

over a log period.
Fractional integrals describe, e.g., anomalous transport
systems [Zaslavsky 2002] and fractal media (analogy with
dim. reg.) [Tarasov 2004–2007].
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Norm

20/35– Norm

From the perspective of differential forms [Cottrill-Shepherd & Naber

2001; Tarasov 2008], the 2γ-norm is the natural distance:

∆γ(x, y) :=

√√√√ D∑
µ=0

δµν(|xµ − yµ||xν − yν |)γ , [∆γ ] = −γ.

This is a norm only if γ ≥ 1/2, i.e., when the triangle inequality
holds. ⇒We can restrict γ to lie in the range 1

2 ≤ γ ≤ 1.
Skip examples
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20/35– Circles (D = 2)
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Norm

20/35– Taxicab geometry (α = 1/2, D = 2)
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20/35– Taxicab geometry (α = 1/2, D = 3)
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Laplacian

21/35– Laplacian

Kα =
1√

vα(x)
δµν∂µ∂ν

[√
vα(x) ·

]
, [Kα] = 2 .

Hermitian. Also fractional Laplacians are possible.
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Properties

22/35– Are fractional spaces fractals?

Rigorous definition of fractal [Strichartz 2003]

“I know one when I see one.”

1 Fine structure (detail at every scale). OK
2 Irregular structure (ordinary differentiability given up). OK
3 Self-similarity. ?
4 (Non-integer dimension.) ?
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Properties

23/35– Self-similarity and self-affinity

Similarities:

∆[Si(x),Si(y)] = λi∆(x, y) , 0 < λi < 1 , i = 1, . . . ,N ≥ 2

Self-similar set [Hutchinson 1981]:

F =
N⋃

i=1

Si(F) .

ED
α self-similar in geometric coordinates. E.g., take [0, 1]:

S1(q) := λq , S2(q) := (1− λ)q + λ ,

but λ any→ later this triviality will be fixed.
Actually, ED

α invariant under affinity:

q′µ = Λ(qµ) := Λµνqν + aµ
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Motivation and introduction Fractional Euclidean space Multifractional spaces

Properties

24/35– Hausdorff dimension

Volume V(D) of a D-ball of radius R defines dH operationally:

V(D)(R) =

∫
D-ball

d%α(x)

∝ RDα = RdH .

dH = Dα

Same result obtained via self-similarity theorem.
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Properties

25/35– Momentum transform

f̃ (k) :=

∫
dDx vα(x) f (x) e∗v(k, x) , ev(k, x) =

eik·x√
vα(x)vα′(k)

,

f (x) =

∫
dDk vα′(k) f̃ (k) ev(k, x) , Kαev = −k2

ev .

Unitary and invertible, not necessarily automorphism.

There
exists a infinite discrete class of transforms.
Fractional delta distribution (not translation invariant):

δα(x, x′) =
δ(x− x′)√
vα(x)vα(x′)

, δα′(k, k′) =
δ(k − k′)√

vα′(k)vα′(k′)
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Spectral and walk dimensions
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Motivation and introduction Fractional Euclidean space Multifractional spaces

Spectral and walk dimensions

26/35– Diffusion equation

(∂βσ−Kα)P(x, x′, σ) = 0 , P(x, x′, 0) = δα(x, x′) , 0 < β ≤ 1

1 [σ] = −2/β, one length scale (` = σβ/2), no hierarchy.
2 Probabilistic interpretation if P ≥ 0 (true). Stochastic

process well-defined: Fractional Brownian motion on a
fractal space. β = 1: Brownian motion on a fractal.
β = 1/2: iterated Brownian motion on a fractal.
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Motivation and introduction Fractional Euclidean space Multifractional spaces

Spectral and walk dimensions

27/35– Spectral dimension

Return probabilty

P(σ) :=
1∫

d%α(x)

∫
d%α(x) P(x, x, σ)

Spectral dimension (exact result, obtained e.g. by extracting
dimensionful dependence, x̃ = s−β/2x)

dS = −2d lnP(σ)
d lnσ = βdH = const

Walk dimension [Havlin & Ben-Avraham 1987,2000]

dW = 2 dH
dS

= 2
β

Anomalous diffusion if β 6= 1. Super-diffusion or jump
processes (dW < 2) do not correspond to fractals! [Barlow,

Grigor’yan, Kumagai 2008,2009]
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Motivation and introduction Fractional Euclidean space Multifractional spaces

From fractional to multifractional

28/35– Self-similar measures

%(F) =

N∑
n=1

gn %[S−1
n (F)] .

For fractals with fixed dimension, gn = 1/N. Otherwise, a given
mass is distributed unevenly on subcopies of F , with
probabilities gn.
Self-similar measures describe multifractals, which have
scale-dependent dimension.
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Motivation and introduction Fractional Euclidean space Multifractional spaces

From fractional to multifractional

29/35– Multifractional action

Option 1:

S =
∑

n

gn

∫ ∏
µ

d%αn(xµ)Lαn .

Example: scalar field

Lα = 1
2φKαφ− V(φ) .

Option 2:

S =

∫
dDx v(x)L =

∫ ∏
µ

[∑
n

gnd%αn(xµ)

]
L .

Kα → Kv =
1√
v
∂µ∂

µ
(√

v ·
)
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Motivation and introduction Fractional Euclidean space Multifractional spaces

From fractional to multifractional

30/35– Scale-dependent Hausdorff dimension

Toy model, two terms (binomial measure):

ID = Iα1
D + `

D(α1−α2)
∗ Iα2

D , [ID] = −Dα1 ,
1
2 ≤ α1 < α2 ≤ 1 .

V(D)(R) = `Dα1
∗

[
ΩD,α1

(
R
`∗

)Dα1

+ ΩD,α2

(
R
`∗

)Dα2
]
.

R� `∗ : V(D) ∼ RDα1

R� `∗ : V(D) ∼ R̃Dα2 , R̃ = R`−1+α1/α2
∗
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From fractional to multifractional

31/35– Multiscale diffusion equation

(∂σ −Kv) P(x, x′, σ) = 0 , P(x, x′, 0) = . . .

v(x) =
∏
µ

[
N∑

n=1

gnvαn(xµ)

]
=
∏
µ

[
N∑

n=1

`αn−1gnvαn(x̃µ)

]
Claim: N − 1 characteristic scales `1 < `2 < · · · < `N−1, `N = `

and ζn := g1/(1−αn)
n /σβ/2 dimensionless such that

ζ1(`) =
`1

`
, ζn(`) =

`n

|`− `n−1|
, ζN ≡ 1 .

Skip derivation
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From fractional to multifractional

31/35– ζn

` = `N by convention (measurements via “classical” rods).
[gn] = αn − 1, so ζn = (lA,n/lB,n)q dimensionless.
q = 1 without loss of generality.
The nth term must dominate over the others at
ln−1 . `� `n, so lA,n = `n and, tentatively, lB,n = `.
However, at `� `n−1 the (n− 1)th term dominates, so
lB,n = `− `n−1.
`0 = 0 and ζN ≡ 1 by definition.

Dimensional flow is always measured starting from the lowest
of two scales `n−1 to the next `n, and relatively to the latter,
which sets a gauge for the “rods”.
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From fractional to multifractional

32/35– Spectral dimension

In each regime, σβ/2 ∼ `− `n−1,

P(σ) ∝
∏
µ

1∑
n gnf (µ)n σαnβ/2

=
∏
µ

1∑
n |`− `n−1|ζ1−αn

n (`)f (µ)n

.

f (µ)n > 0 dimensionless integrals
∫

d%αn(x̃µn ) regularized to a
finite number.

dS(`) = β
∑
µ

∑
n αnζ

1−αn
n (`)f (µ)n∑

n ζ
1−αn
n (`)f (µ)n

.
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33/35– One scale

dS ∼
{

D , `� `1 (IR)
Dα1 , `� `1 (UV)

.

If α1 = 1/2 and D = 4, dS ∼ 2 in the UV.
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33/35– One scale (N = 2)
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34/35– Other single-scale system

Brownian-time telegraph process [Orsingher & Beghin 2009]:(
∂σ +

`1

`
∂

1
2
σ − `2

1∇2
x

)
P = 0 ,

X(σ) = T[|B(σ)|] , T(t) =

∫ t

0
ds (−1)N (s).

The spectral dimension dS has the same profile of the previous
figure.
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35/35– Two scales (N = 3)

dS ∼


D , `� `2 � `1 (IR)

Dα2 = D/3 , `1 ∼ `� `2 (intermediate)
Dα1 = D/2 , `� `1 � `2 (UV)

.
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