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01/30– Where quantum gravity enters

(
∂σ −∇2

x
)

P = 0 , P(x, x′, 0) = δ(x− x′).

Diffusion operator ∂σ →
∑

n ξn∂
βn
σ .

Laplacian ∇2
x →

∑
n ζnKγn,αn [QEG,HL].

Initial condition δ(x− x′)→ f (x, x′) [Modesto & Nicolini 2010].
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02/30– Asymptotic safety
with A. Eichhorn and F. Saueressig, in progress

Same profile of dS(`).

Stochastic model in the UV: Iterated Brownian motion
X(σ) = B1(|B2(σ)|):(

∂1/2
σ −∇2

x

)
P = 0 , ⇔

(
∂σ −∇4

x
)

P =
1√
πσ
∇2

xP(x, x′, 0) .
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03/30– QEG: RG flow and multifractal geometry

vα(x)↔
√
−g⇒ Anomalous scaling of gµν ascribed

effectively to nontrivial measure weight.

gµν(k) = k−δgµν(k0)⇒ α = 2
2+δ provided

k = pQEG ∼ (pfrac)
α. Physical momentum pQEG conjugate to

q: x↔ p−1
frac ∼ `, q↔ p−1

QEG ∼ L.
Momenta define the length unit at a given scale. “q-rods”
and “q-meters” vs classical/macroscopic x-rods and
x-meters.
RG scaling stems from comparison of any given scale
1/k = L ∝ `α with a classical scale 1/k0 = `. To get finite
results, the rod to use must be k-adapted (q-rod), yet
k0-dependent (q = q(x)).
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04/30– Mapping QEG into multifractional geometry

QEG fractional theory

IR limit

��

k = pQEG

(phys. momentum in a
meas. at scale L)OO
momenta/rods adapted

��

oo // (pfrac)
α ∼ L−1 ↔ q−1

(q-scale)OO
momenta fixed,

rods adapted via measure

��k0 = pcl
(phys. momentum in a

meas. at classical scale `)

oo // pfrac ∼ `−1 ↔ x−1

(x-scale)
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05/30– QEG vs. multifractional picture

Multifractional spacetimes QEG spacetimes
Mapping

Coordinate x q(`) =
∑

n gn %αn q
Physical momentum pfrac p(`) pQEG

Scale dependence implicit explicit implicit
Probed scale ` = p−1

frac L = p−1 L = p−1
QEG

Rods adapted via measure momenta momenta
Laplacian Kα ∼ ∂2

x �1/α ∼ ∂2/α
q
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06/30– What is the meaning of dimension?

QEG: rods change, not the measure (fractal observer
measuring the fractal with q-rods).
Multifractional spaces: measure changes, not rods (integer
observer measuring the fractal at any scale with x-rod,
complementary description).

The very concept of dimensional flow is, in fact,

the notion of adapted rod
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07/30– Hořava–Lifshitz gravity

Anisotropic fractional model:

α0 = 1 , αi =
1
z

=
1

D− 1
, i = 1, . . . ,D− 1 .

x0
frac = x0

HL = t , qi = xi
HL .

Measure: d%α = d%HL = dt dD−1q. Momenta: p0
frac = p0

HL,
(pi

frac)
α ∼ pi

HL. Choice of momentum space!
HL multiscale geometry from hierarchy of differential Laplacian
operators, from order 2z (UV) to 2 (IR).
Different symmetries, physics inequivalent. Kα ∼ −p2

t + ∂2
x vs.

K ∼ −∂2
t + ∂

2/α
q .
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08/30– α = 1− ε/D ∼ 1

D ΩD,1−ε/D ΩD−ε,1

2 π(1− 0.42ε) π(1− 0.36ε)
3 4π

3 (1− 0.54ε) 4π
3 (1− 0.22ε)

4 π2

2 (1− 0.63ε) π2

2 (1− 0.11ε)

Table : Volume ΩD,α of unit D-balls in various dimensions. Last
column: corrections in traditional dimensional regularization.

One can use bounds in dimensional regularization as a first
approximation.
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09/30– Bounds on dimensional flow – IR

Lamb shift in hydrogen [Schäfer & Müller 1986a,b]:

|ε| < 10−11 , ` ∼ 10−11 m .

Anomalous magnetic moment g− 2 of the muon [Svozil 1987]:

|ε| ∼ 103|gtheor − gexp| < 10−8 , ` ∼ 10−15 m .

Precession of Mercury [Jarlskog & Ynduráin 1985; Schäfer & Müller

1986a,b]:
|ε| < 10−9 , ` ∼ 1011 m .

Pulsar measurements (also time-scale bound!):

|ε| < 10−9 , ` ∼ 104 ly .

CMB black-body spectrum [Caruso & Oguri 2009]:

|ε| < 10−5 , ` ∼ 14.4 Gpc .
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Anomalous magnetic moment g− 2 of the muon [Svozil 1987]:

|ε| ∼ 103|gtheor − gexp| < 10−8 , ` ∼ 10−15 m .

Precession of Mercury [Jarlskog & Ynduráin 1985; Schäfer & Müller

1986a,b]:
|ε| < 10−9 , ` ∼ 1011 m .

Pulsar measurements (also time-scale bound!):

|ε| < 10−9 , ` ∼ 104 ly .

CMB black-body spectrum [Caruso & Oguri 2009]:

|ε| < 10−5 , ` ∼ 14.4 Gpc .
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10/30– Bounds on dimensional flow – UV

Oscillations of neutral B mesons and of the muon g− 2: At
mass scales M > 300÷ 400 GeV, any 2 < dH < 5 is compatible
with experiments [Shevchenko 2009].

Rough upper bound for `∗:

`∗ < 10−18 m .
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From real order to complex order

11/30– Why to bother?

Return probability on deterministic fractals displays
ripples [Lapidus & van Frankenhuysen 2006; Teplyaev 2007; Akkermans et al.

2009]:

P(σ) =
1

(4πσ)
dS
2

F(σ) , F periodic in lnσ.

Complex fractional integrals approximate integrals on fractals.
Their average over a log-period are real-order fractional
integrals (which better approximate random fractals) [Nigmatullin &

Le Méhauté 2005].
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From real order to complex order

12/30– Complex fractional measures

%α(x)→ %α,ω = c+|x|α+iω + c−|x|α−iω, ω ≥ 0 .

Summing over α, ω and imposing S to be real,

S =

∫
d%(x)L , d%(x) =

∏
µ

[∑
α

gα
∑
ω

d%α,ω(xµ)

]

where

%α,ω(x) = xα
Γ(α+1)

[
1 + Aα,ω cos

(
ω ln |x|`∞

)
+ Bα,ω sin

(
ω ln |x|`∞

)]
Aα,ω and Bα,ω ∈ R. Form of measure also dictated by fractal
geometry arguments.
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From real order to complex order

13/30– Log-oscillating measure %α,ω(x)
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Discrete scale invariance

14/30– Discrete scale invariance

Oscillatory part of % log-periodic under the transformation

ln
|x|
`∞
→ ln

|x|
`∞

+
2πn
ω

, n = 0, 1, 2, . . .

implying a DSI:

x → λn
ωx , λω = exp(2π/ω) , n = 0, 1, 2, . . . .

DSIs appear in chaotic systems [Sornette 1998].
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15/30– Boundary-effect and oscillatory regimes

Boundary-effect regime (` ∼ `∞).

|x|/`∞ ∼ 1, %(x) ∼ ln |x|,
natural relation with κ-Minkowski noncommutative
spacetimes (`∞ = `Pl).
Oscillatory transient regime (`ω = λω`∞ < `� `∗). Notion
of dim. and vol. ambiguous unless averaged. DSI.

Figure : α = 1/2 fixed, 〈dS〉 = 2, amplitudes ∼ 10−5.
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16/30– Multifractional regime (`ω � ` . `∗)

Mesoscopic scales, average of the measure:

%α(x) := 〈%α,ω(x)〉 ∝ |x|α, d%(x) ∼
∑

α gαd%α(x)

UV critical point at α = α∗ = 2/D, corresponding to dH = 2
and %(x) ∼ % 1

2
(x) ∝ |x|1/2.

Continuous symmetries emerge. Measure at each α
invariant under

q′µ(x) = Λµνqν(x) + ãµ .

Fractional spacetimes are self-affine sets in geometric
coordinates.
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17/30– Classical regime (`� `∗)

Ordinary Poincaré-invariant field theory on Minkowski
spacetime recovered:, %(x) ∼ %1(x) = x.
Dimension of spacetime is dH = dS = 4− ε, Euclidean
geometry in local inertial frames gets tiny corrections.
Bounds: |ε| < 10−8 at scales ` ∼ 10−15 m. `∗ < 10−18 m
constrained by particle physics observations.
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18/30– Fractional Minkwoski spacetime and
generalizations

MD
α = (MD, %α, Calcα, ‖ · ‖, K)

General factorizable measures:

v(x) =
D−1∏
µ=0

vµ(xµ) , vµ(xµ) ≥ 0 .

Guarantee unitary invertible momentum transform and
consistent treatment of Noether currents.
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19/30– Scalar field theory
arXiv:1210.2754 (with G. Nardelli)

S =

∫ +∞

−∞
d%(x)

[
1
2
φKvφ− V(φ)

]
=

∫ +∞

−∞
d%(x)

[
−1

2
DµφDµφ− V(φ)

]
,

Field redefinition ϕ(x) :=
√

v(x)φ(x), for V(φ) ∝ φn the aciton is

S =

∫ +∞

−∞
dDx L̄ , L̄ = −1

2
∂µϕ∂

µϕ− [v(x)]1−
n
2 V(ϕ) .

Formally, one can treat multifractal FTs as non-autonomous
FTs with spacetime-dependent couplings.
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20/30– Fractional translations

Self-adjoint momentum operator and unitary∞-dimensional
repr. of “translations”

P̂µ := −iDµ =
1√
v

p̂µ
√

v , Uε := eiεµP̂µ =
1√
v

Ūε

√
v .

φ is a scalar density under x→ x + ε:

φ′(x) := Uεφ(x) =

√
v(x + ε)

v(x)
φ(x + ε) .

Free action invariant under fractional translations.
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Ūε

√
v .

φ is a scalar density under x→ x + ε:

φ′(x) := Uεφ(x) =

√
v(x + ε)

v(x)
φ(x + ε) .

Free action invariant under fractional translations.

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes II – Applications, complex measures, field theory



Applications Bounds on dimensional flow Oscillating spacetimes Scales hierarchy Fields

20/30– Fractional translations

Self-adjoint momentum operator and unitary∞-dimensional
repr. of “translations”

P̂µ := −iDµ =
1√
v

p̂µ
√

v , Uε := eiεµP̂µ =
1√
v

Ūε
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21/30– Poincaré symmetry of free theory

Free action (not measure or Lagrangian separately) Poincaré
invariant.

[P̂µ, P̂ν ] = 0 ,

[P̂µ, Ĵνρ] = i(ηµρP̂ν − ηµν P̂ρ) ,

[Ĵµν , Ĵσρ] = i(ηµρĴνσ − ηνρĴµσ + ηνσ Ĵµρ − ηµσ Ĵνρ) ;

Ĵνρ := xν P̂ρ − xρP̂ν =
1√
v
̂νρ
√

v .

P̂ and Ĵ do not generate ordinary Poincaré transformations.
Interacting theory: Poincaré algebra deformed, invariance
broken.
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22/30– EOM and energy-momentum tensor

DµDµφ− V,φ(φ) = 0

Tµν := ηµνL+DµφDνφ

ĎµTµν =
∂νv

v

(
1
2
φV,φ − V

)
=: sν(x, φ), Ďµ :=

1
v
∂µ (v · ) .
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23/30– Noether currents

Pν :=

∫
d%(x) T0ν .

H := P0 =

∫
d%(x)

[
1
2
π2
φ +

1
2
DiφDiφ+ V(φ)

]
,

Pi = −
∫

d%(x)πφDiφ , πφ := Dtφ .

ĎtPν =
∫

d%(x) sν(x, φ)

Momentum not conserved in time.
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24/30– Deformed Poincaré algebra

Fractional Poisson brackets:

{A(x),B(x′)}v :=

∫
d%(y)

[
δvA(x)

δvφ(y)

δvB(x′)
δvπφ(y)

− δvA(x)

δvπφ(y)

δvB(x′)
δvφ(y)

]
,

{Pi,Pj}v = 0 , {Pi,H}v = ĎtPi .

Does a quantum theory exist with well-defined concept of
mass?

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes II – Applications, complex measures, field theory



Applications Bounds on dimensional flow Oscillating spacetimes Scales hierarchy Fields

24/30– Deformed Poincaré algebra

Fractional Poisson brackets:

{A(x),B(x′)}v :=

∫
d%(y)

[
δvA(x)

δvφ(y)

δvB(x′)
δvπφ(y)

− δvA(x)

δvπφ(y)

δvB(x′)
δvφ(y)

]
,

{Pi,Pj}v = 0 , {Pi,H}v = ĎtPi .
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Does a quantum theory exist with well-defined concept of
mass?

Gianluca Calcagni Instituto de Estructura de la Materia (IEM) – CSIC

Introduction to multifractal spacetimes II – Applications, complex measures, field theory



Applications Bounds on dimensional flow Oscillating spacetimes Scales hierarchy Fields

24/30– Deformed Poincaré algebra

Fractional Poisson brackets:

{A(x),B(x′)}v :=

∫
d%(y)

[
δvA(x)

δvφ(y)

δvB(x′)
δvπφ(y)

− δvA(x)

δvπφ(y)

δvB(x′)
δvφ(y)

]
,

{Pi,Pj}v = 0 , {Pi,H}v = ĎtPi .
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25/30– Adiabatic switching

Perturbation theory can be consistently defined:
perturbative particle states generated by creation
operators in a spacetime region where the interaction is
adiabatically switched off.
I.e., mass and spin are understood for free-particle
quantum field operators φin and φout.
Physical Hilbert spaces built through repeated action of
asymptotic creation operators on the vacuum.
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26/30– Quantum free theory and propagator

φ(x) =
1√
v0(t)

∫
d%(p)√
2ω(p)

[
a†(p)e∗v(p, x) + a(p)ev(p, x)

]
p0=ω(p)

[φ(t, x), πφ(t, y)] =
i

v0(t)
δv(x, y), a(p) =

ā(p)√
v(p)

G(x, y) = i〈0 |T [φ(x)φ(y)]| 0〉v =
∫

d%(k) ev(k,x)e∗v (k,y)
k2+m2−iε = Ḡ(x−y)√

v(x)v(y)

Fractional Green equation

(−DµDµ + m2)G(x, y) = δv(x, y) .
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27/30– Comments

Power-counting arguments and computation of the
superficial degree of divergence agree.

Operators constrained by RG arguments or by
fractal-geometry arguments: the total Lagrangian is the
same.
Unitarity: no, loss of probability/states but expected and
under control.
Feynman diagrams under study.
Gravity: Same mechanism applies with L ∼ R.
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28/30– Conclusions

“Quantum gravity” is a wide subject which can be explored
in many different ways, not only in “big” frameworks such
as string theory and LQG, but also in other theories
sharing some universal characteristics.

Multifractional models may be regarded either as
fundamental or effective. In the second case they can
describe interesting phenomenology in many approaches
(e.g., transition from discrete to continuum symmetries).
They have just been formulated, many many things to
check (field theory, RG analysis, gravity, cosmology, . . . ).
Heavy use of fractal geometry and stochastic tools
indispensable for their formulation.
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Multifractional models may be regarded either as
fundamental or effective. In the second case they can
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29/30– Status

1. “Euclidean” and “Minkowski” classical geometries.

2. Dimensional flow and discrete-to-continuum transition;
scale/dimension hierarchies.

3. Detailed classification of diffusion and stochastic processes in
quantum geometry.

4. Analytic control of the whole dimensional flow.

5. Insights into asymptotic safey (in progress, with Eichhorn &
Saueressig), HL gravity, and RG/dimensional flow.

6. Momentum space and transform (with Nardelli).

7. Symmetries and propagator of scalar field (with Nardelli).

8. Power-counting renormalizability.
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29/30– Status

9. Relation with noncommutative spacetimes and clarification of
κ-Minkowski (with Arzano, Oriti & Scalisi).

10. Quantum mechanics worked out (with Nardelli & Scalisi).
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30/30– Agenda

1 Interacting scalar theory (in progress, with Nardelli).

2 Spinor representation of fractional Lorentz group and
fermionic field theory (in progress, with Nardelli).

3 Renormalization group: (i) β functions and UV fixed point,
(ii) Renormalizability, (iii) Quantum Lorentz violation.

4 Particle-physics phenomenology.
5 Diffeomorphisms and gravity.
6 Quantum gravity effective models.
7 Cosmology and inflation.
8 Observational constraints on multifractional geometries

(particle- and large-scale).
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