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Several spin chains and 2-D QFT are integrable,

i.e. there exists a Bethe Ansatz :
@ Expression of the wave function

(planar waves + phase shifts )
@ Quantization condition (e-Pi = [1j+i Si.i)
~> Energy E = ) E;
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i.e. there exists a Bethe Ansatz :
@ Expression of the wave function

(planar waves + phase shifts )
@ Quantization condition (e'-Pi = [1j+i Si.i)
~> Energy E = ) E;
= Yang Baxter equation
(factorization into 2-points interactions)
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Several spin chains and 2-D QFT are integrable,

i.e. there exists a Bethe Ansatz :
@ Expression of the wave function

(planar waves + phase shifts )
@ Quantization condition (e-Pi = [1j+i Si.i)
~> Energy E = ) E;

For AdS/CFT, integrability comes from a mapping

Long single-trace operators < Spin-chain states
[Beisert Eden Staudacher 07]
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“Thermodynamic Bethe Ansatz”

Finite-size vacuum energy from a “Double Wick rotation”

FiNLIE for

paSICET Periodic space (size L),

spectrum. )
S [l / infinite time-period R — oo:
g Path integral

Z ~ g REo(L) (R - )

R Periodic space of size R > 1 and
N — time period L:
= freeenergy f(L) = Eo(L)

To compute the free energy at finite temperature,
introduce density of each type of particles as a function of
rapidity.
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Classification of Bound states
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density of particles of type (a, s) and rapidity u € C.
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SU(N)

Gross-Neveu Principal Chiral Model

SU(N) x SU(N) AdSs/CFT,

000 588
S
14 Voo 14+Yaes o o
: m ion
T TF(Yaris) T IH(Yars) L system equatio
Yas®™ = Yas(u£i/2) [Gromov Kazakov Vieira 09]

[Bombardelli Fioravanti Tateo 09][Autyunov Frolov 09]

__Zastas log (1 + Yas(u)) du



Y-systems

Classification of Bound states

FINLIE for up to a change of variables

AdS/CFT

spectrum, Y(a,s)(u)= density of particles of type (a, s) and rapidity u € C.

S. Leurent

SU(N)

Gross-Neveu Principal Chiral Model

@ Yt

SU(N) x SU(N) AdSs/CFT,

000 000
S
1+Yas+1 1+Yas 1 [GVA . »
Yas~ = T Varie) T 1+ (Yar)? Y-system equation
Yas® = Yas(u+i/2) [Gromov Kazakov Vieira 09]

[Bombardelli Fioravanti Tateo 09][Autyunov Frolov 09]

E*_Zastas log (1 + Yas(u)) du
@ + analyticity condition
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Y-system < Hirota equation

(also called T-system)
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Ya S —
Ta+1,s Ta—l,s

@ (a,s)-Lattice
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@ (a,s)-Lattice

@ Y is invariant under the gauge freedom

Tas — gg-a—&-s]gga—s]gg—a—&-s] gl[l—a—s] Tas
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1 Ta+1,s Ta—l,s + Ta,s+1 Ta,s—l
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@ (a,s)-Lattice

@ Y is invariant under the gauge freedom

Tas — gg-a—&-s]gga—s]gg—a—&-s] gl[l—a—s] Tas

@ Character interpretation
[Gromov Kazakov Tsuboi 10]
[Benichou 11]




Y-system < Hirota equation

(also called T-system)
FiNLIE for

AdSICFT Lattice’s meaning

spectrum. \
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Each point in the (a, s)-lattice is ]
associated to a representation of
the symmetry group

n

(to the right : SU(N) example)
@ Cvliailauvlel nici picuwauull ’
[Gromov Kazakov Tsuboi 10]
[Benichou 11]
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@ Character interpretation
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Y-system < Hirota equation

(also called T-system)

FiNLIE for .

AASICFT N Y-system Hirota
t b - — —

spectrum Ya,s Ya,s — o T;_S Ta .=

S. Leurent 1+ Yast1 14 Yas-1 > ’

1+( YaJrl,sr1 l+( Ya-1s

1 Ta+1,s Ta—l,s + Ta,s+1 Ta,s—l
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Ya S —
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@ (a,s)-Lattice
@ Y is invariant under the gauge freedom

Tas — gg-a—&-s]gga—s]gg—a—&-s] gl[l—a—s] Tas

@ Character interpretation
[Gromov Kazakov Tsuboi 10]
[Benichou 11]

@ Finite parameterization 232
[Gromov Kazakov S.L. Tsuboi 10] o8 RO

@ Analyticity [Cavaglia Fioravanti Tateo 09]  5.6.0 g g
[Gromov Kazakov S.L. Volin 10] S
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Q-functions and Hasse diagram

example of the SU(4) (a,s)-lattice

FiNLIE for
AdS/CFT @ “Undressing” procedure (Backlund Transformation)

spectrum.

S. Leurent Su(4) D SU(S) D SU(Z) D Su(l)

éa

‘H"‘H" [T T T

» »

Q1234 = Too Q3 ° Qxn ° Q ° Q=1

@ N! different “nesting

paths” define 2N Q-functions
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Q-functions and Hasse diagram

example of the SU(4) (a,s)-lattice

FiNLIE for
AdS/CFT @ “Undressing” procedure (Backlund Transformation)
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S. Leurent Su(4) D SU(S) D SU(Z) D Su(l)

A&

S S S S |
Ly N N S i
Q1234 = Top Qu3 ~ Qs ° Q ° Q=1
@ N! different “nesting @ Related by QQ-relations :
paths” define 2N Q-functions + ot
1234 Q12301 = 8}2 gg
/NN
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General solution of Hirota equation

example of the SU(3) (a,s)-lattice

AJSIGFT @ The general solution of Hirota equation for SU(3) reads

spectrum. .
(up to a gauge transformation)

S. Leurent

[+S] [ S] [+s 2] Q[+s+2] Q[+s+2]
T3S = le Q Ql QHS] Q;S]

Q[+s 2] Q[+s 2] Q3+s 2]
Q[Jrs—l] Q[+s—1] Q:£+sfl]

Tos = QES]Q[ el QES] Qé t QgS]Q[ o 5{—5] ’ i ol

QFSH] Qz[+s+1] Q3[+s+1]

Wronskian solution of
Hirota equation

[+s] 4l-s] [+s] 4[-3] [+s] ol=s] _ | @ ol Q™
ls — Q Q Q Ql3 + Q Q Q{—ls-ﬂ] QZ[—ZS-H] QESH]
[-s+2] Hl-s+2] H[-s+2] [-s-1] A[-s-1] A[-s-1]
[+S] [-s] Ql[ s @ [-s] % 5] & < 9
Tos Qi = | o o of
ol gl= Q[szl
[Krichever Lipan Wiegmann Zabrodin 96]

[Bazhanov Frassek Lukowski Meneghelli Staudacher 10] )
[Kazakov S.L. Tsuboi 10]




General solution of Hirota equation

example of the SU(3) (a,s)-lattice

AJSIGFT @ The general solution of Hirota equation for SU(3) reads

spectrum. .
(up to a gauge transformation)

S. Leurent

T3S - Q]_ZS]QQ) = Q[+S] A Q[ s]
Tos = Q"0 - Q70 + 0o = o a ol
14 = QH’S] QZSS] Q[+5] les] + Q[+5] Q][_;S] — [+5] A Q..S]

Tod = Q[+5]Q[ sl|_ Q[+S] A Q[ s]

[Krichever Lipan Wiegmann Zabrodin 96]

[Bazhanov Frassek Lukowski Meneghelli Staudacher 10] )
[Kazakov S.L. Tsuboi 10]

° N([)ta}ion [-s] 1l [ [-s 1Al-sl]
+s S| _ +S S +S — JrS S
T ok = ol ol - ol ol + ol ol



General solution of Hirota equation for Super
groups

example of the SU(2|2) (a,s)-lattice

FiNLIE for
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spectrum.
(up to a gauge transformation)

S. Leurent
Tao = QL0 ax0
Taxl= (-1)2 Q{;f]AQ[ A ax1
T.o = Q4oL a2
TZS—QES]Q[ T 22
— QI Al s>1
Tos = Q)1 s>o0

Kazakov Sorin Zabrodin 08] [Kazakov S.L. Tsuboi 10]
Frassek Lukowski Meneghelli Staudacher 10]

@ Notation : QI A Q1% = o[l _ oftlol el



General solution of Hirota equation for Super
groups

example of the SU(2|2) (a,s)-lattice

FiNLIE for
AdSICFT @ The general solution of Hirota equation for SU(2|2) reads

spectrum.
(up to a gauge transformation)

S. Leurent
Tao = QireaQ ™ az0 e
[+al , ol-al NN
Ta1 = (-1)%0Q;,, /\ Q a>1 123" 124 134 234

Taz = Q1 Q34 azz 1;\1'5\;\} 34

Tos = Q7 QL s>2 \1\\’2\ e \ J
P NN
Tos=0) ol s20

Kazakov Sorin Zabrodin 08] [Kazakov S.L. Tsuboi 10]
Frassek Lukowski Meneghelli Staudacher 10]

@ Notation : QI A Q1% = o[l _ oftlol el



General solution of Hirota equation for AAS/CFT.
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o e TRoiTie T -
iﬁ;ﬁ;ﬁfﬁ&iﬁ [Tsuboi 11]
[ O3 MO W
- A\ g
a
[+s] [+s]
Q123456 78 Q1 Q345678
[+s] [+S] [-
A Qs A Q.345678
[+s] [+s]
012345678 Qy Qy 012345678




General solution of Hirota equation ~» FINLIE.

FiNLIE for ?w TR % E
AdS/CFT Lo ¢
spectrum. o @ o iﬁ [Gromov Kazakov
e g < < < © S.L. Tsuboi 10]
S. Leure = L — e = )
ia;é;ﬁf—&iﬁ [Tsuboi 11]
[ O3 MO W
- A\ g
a
[-s] [+s] [+s] A[-s]
Q123456 P78 Q12 Qa4s678
[+s] [+s] [-s]
A Qs o A Quzss678

[s] [ts] [rslolsl
012245678(?0 > Q(Z) ’ Q12§45678

= For several Y-systems, all Y- and T-functions are
expressed in terms of a finite number of functions of the
spectral parameter u € C.



General solution of Hirota equation ~» FINLIE.

FiNLIE for ?w TR % E
AdS/CFT Lo ¢
spectrum. o @ o iﬁ [Gromov Kazakov
e g < < < © S.L. Tsuboi 10]
S. Leure = L — e = )
ia;é;ﬁf—&iﬁ [Tsuboi 11]
[ O3 MO W
- A\ g
a
[-s] [+s] [+s] A[-s]
Q123456 P78 Q12 Qa4s678
[+s] [+s] [-s]
A Qs o A Quzss678

[s] [ts] [rslolsl
012245678(?0 > Q(Z) ’ Q12§45678

= For several Y-systems, all Y- and T-functions are
expressed in terms of a finite number of functions of the
spectral parameter u € C.

@ How should Q-functions themselves be expressed ?
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Analyticity constraints on Q-functions

An Example in AdS/CFT Case

FiNLIE for . .. . .
AdSICFT @ Y-functions are meromorphic inside some strips :

speetm. In the case of AdS/CFT, one can show that

S. Leurent

for instance, Yi s is meromorphic if [Im(u)| < %1



Analyticity constraints on Q-functions

An Example in AdS/CFT Case

FiNLIE for . .. . .
AdSICFT @ Y-functions are meromorphic inside some strips :

speetm. In the case of AdS/CFT, one can show that

———— =Y1 5 is meromorphic if Im(u)| < %t

“Ltr a7~ Tus is holomorphic if [Im(u)| < §

S. Leurent

+2g9+is/2+2i@—————@2g+is/2+-2i
Analyticiy of —29+is/2+i@————e2g+is/2+i
Q-functions —2g+is/2@————@29g+is/2

—2g-is/2@——@2g-is/2
—2g-is/2—i@——@2g-+is/2+i
-29—is/2—-2| @————@ 2g—is/2-2i




Analyticity constraints on Q-functions

An Example in AdS/CFT Case

FiNLIE for

AdSICFT @ Y-functions are meromorphic inside some strips :
spectrum.
e In the case of AAS/CFT, one can show that
S. Leuren
1 - ; i s-1
— =Y1, is meromorphic if Im(u)| < =

e mer ~ Tus is holomorphic if Im(u)| < 3

whens > 1,

+2g9+is/2+2i@—————@2g+is/2+-2i
—2g-+is/2+ i@—————@2g+is/2+i
—2g+is/2@————@29g+is/2

1 Q£+ s]

[-s]
1 Qzause7s

Q{+s] Q£+s]

[-s] -]
Q1345678 Q2345678

Analyticity of Tl s = =
)

Q-functions

—2g-is/2@——@2g-is/2
—2g-is/2—| @———@2g+is/2+i
@ up to a gauge transformation [29-/5/2-2i@————@ 2g-is/2-2i




Analyticity constraints on Q-functions

An Example in AdS/CFT Case

FiNLIE for

AdSICFT @ Y-functions are meromorphic inside some strips :
spectrum.
e In the case of AAS/CFT, one can show that
S. Leuren
———— =Yi s is meromorphic if [Im(u)] < &+
1s 1s

“roien o Tus is holomorphic if Im(u)| < §

whens > 1,
[+s] [+s] 1 [+s] F2g-+is/2+2i@————e2g+is/2+-2i
Ju— Tis = Q Q, — Q —2g-+is/2+ie—————2g-+is/2+i
inetens ' 01345678 Q2345678 1 QZ345578 o ( 2)g+IS/2
[+s] _ Tis(u
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& under reality assumption



Analyticity constraints on Q-functions

An Example in AdS/CFT Case

FiNLIE for

AdSICFT @ Y-functions are meromorphic inside some strips :
spectrum.
e In the case of AAS/CFT, one can show that
S. Leuren
———— =Yi s is meromorphic if [Im(u)] < &+
1s 1s

“roien o Tus is holomorphic if Im(u)| < §

whens > 1,
[+s] [+s] [+s] F2g+is/2+2i 2g-+is/2+2i
S Tls — Q Q — 1 Q —2g+is/2+i 2g+is/2+i
inetens ' 01345678 Q2345678 1 02345678 ~2g+is/2 2g+is/2
1 gt [+s] 4 R Tus(u)
]_ q[ s] e
—2g-is/2@—— 0 2g-is/2
—2g-is/2—i@————— e 2g+is/2+i
@ up to a gauge transformation [29-is/2-2ie————® 2g-is/2-2i

& under reality assumption
@ Q-functions are analytic on whole half planes (R + i R™)
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Riemann-Hilbert Problem

FiNLIE for

AdS/CFT
e General statement

. Leurent If F(u) and G(u) are analytic when Im(u) > 0 (resp Im(u) < 0)
and F(u), G(u) T 0 at least as a power law,
U|—oo
o F(v)-G(v) 4, _ F(u) ifIm(u)>0

| G(u) iflm(u) <0

1
then 5 ) — 0

Example : if Q(u) is analytic on the

upper-half-plane, and
Q(u) = au® + bu + c+0(1/u) at u — o,
—————
P(u)
\_ e
Q(u) = P(u) + 55z [, v
where p = 2Re(Q P)




Riemann-Hilbert Problem
~»FINLIE

[Gromov Kazakov Vieira 08] [Kazakov S.L. 10][Gromov Kazakov S.L. Volin 11]

FiNLIE for

AdS/CFT
e General statement

S. Leurent If F(u) and G(u) are analytic when Im(u) > 0 (resp Im(u) < 0)

and F(u), G(u) T 0 at least as a power law,
U|—oo
1 (o F=6(v) 4, _ | F(u) ifIm(u) >0
then 2 oo —vw V= { G(u) if Im(u) <0

FiNLIE-equations

Appropriate choices of F and G allow to derive non-trivial
integral equations from analyticity constraints.

For AdS/CFT, these equations can be shown to be equivalent
to the TBA-equations.

For O(4) Principal Chiral Model, they are also equivalent to
DdV-equations.

\" \ V) ~ \) r\Y)) X \*v) ' "\
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Symmetries

a AdS/CFT : extra symmetries & analyticity
@ < Splitting> the (a,s)-lattice
@ New symmetries

@ FIiNLIE
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and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

HHHT

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent

o
(=3




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s - Ta+1,s Ta—l,s + Ta,s+1 Ta,s—l
Ta,s
Tas 2 T as

S. Leurent




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s = Ta+1,sTa—1,s + Ta,s+1 Ta,s—l

S. Leurent
Ta,s
'Tc S - (7~3.S
S
Ta,s
L

12345678 12

7\ 7 N\
1234567 1234568 1 2

N S N/

123456




< Splitting> the (a,s)-lattice

and the Hasse diagram

FiNLIE for
AdS/CFT
spectrum.

Hirota equation and Boundary conditions :
T;s Ta_,s - Ta+1,s Ta—l,s + Ta,s+1 Ta,s—l
Ta,s
Tas 2 T as

S. Leurent

<splitting the
(a,s)-lattice

12345678
1234567 1234568

N\ 7

123456




FiNLIE for
AdS/CFT
spectrum.

S. Leurent
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@ New symmetries
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Numeric implementation of FINLIE

P Numerical Y-functions for Konishi state ( g = 1.6):
EEE Dots are obtained from FiNLIE and lines from standard

5 Leurent Y-system iterations. The asymptotic expression is dashed, .

@ Prooved to reproduce previous Y-system

@ In particular these Y-system results allow to obtain
non-trivial expansion coefficients for SYM or Strings.
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Thank you !
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numeric efficien .
{ best FINLIE formulation '€ 10 be studied
application to other Y-systems ?
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strong coupling construction of T (? T = (trace Q))

weak coupling interpretation of T
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Bethe Ansatz

Main conditions
@ many conserved charges

@ unidimensional space (eg spin chain)
@ L > interaction range

@ For more particles, y/(x1, X, - -+ ) & Y C(0r, o) €' £ PX0) in
each domain X, (1) £ Xpr(2) £ *** = Xo'(n)-
~ Vi, € = [T S(py, pi) = =\
@ Sis fixed by symmetries / /
X<y <z Y<X<Z o y<z<X Z<y < x
X <Y<z ~» X<zZ<y Z<X<Y o Z < Y<X
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@ For two particles, the Bethe Ansatz is

@ many conserved charges

Bethe Ansatz

@ unidimensional space (eg spin chain)
@ L > interaction range

[ —\rriorey

This ansatz describes

@ several 2-dimensional field-theories such as the Principal
Chiral Model

@ Spin chains under some condition on the form the
Hamiltonian.
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Spectrum of an integrable theory
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@ Bethe equation : Vi, e = [];,; S,
@ E=3,E

Bethe Ansatz

For relativistic models, pj = m, sinh ;, E; = m, cosh 6;.

@ The spectrum is identified by finding the rapidities (6;) of a
number of particles (solution of Bethe equation), and then
deducing energy.

@ This works when the periodic “box” is big
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Hirota equation
and characters

The characters associated to rectangular representations
SatiSfy Xaysz = Xast1Xas-1 = Xat1,sXa-1s

The HII‘Ota equatlon Ta’s+ Ta’s_ = Tays_i'_]_ Ta,s_]_ + Ta_i'_l,sTa_l’s
is generalisation of this relation.
[Benichou 11]

y

@ Lattice node < “rectangular”’ representations
ra

n
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Thermodynamic
Bethe Ansatz

@ Extra assumption : Excited states obey the same
equations.
Each state corresponds to a different solution of Y-system,

characterized by its zeroes and poles




Thermodynamic Bethe Ansatz

FiNLIE for i
AdS/CFT Equations of the form

spectrum. (a’,s’) 1
Yas(U) = —L Eas(u) + Zas Kas™ ) xl0g (1 + Yar o (u)*t)
+(Source Terms)

S. Leurent

@ Vacuum energy
E=-Yas [ Eas(u) log(1+ Yas(u)) du

Thermodynamic
Bethe Ansatz

@ Extra assumption : Excited states obey the same
equations.
Each state corresponds to a different solution of Y-system,
characterized by its zeroes and poles

® AJS/CFT case : both E, s and K% have several
square-root

= TBA-equations contain analyticity information
under a form which is hard to decode (infinite sums)
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