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Conformal blocks of some 2d CFT’s

FQHE states with non-

abelian statistics

AGT conjecture
(Nekrasov’s partition function ~

Liouville conformal blocks) 

Integrable structure of the CS model

[Estienne, Bernevig, Santachiara, 10]
[Alba, Fateev, Litvinov, Tarnopolsky 10]

V. Fateev’s talk

After expressing the zero mode of the W current in terms of the bosonic fields, one finds
that

I+
3 (g) =

k∑

j=1

I±(cj; g) + 2(1 − g)
∑

j<l

∑

m≥1

m : cj
−mcl

m : +(1 − g)
∑

j

djL0(c
j) + zero modes

〈Φ12(z1) · · ·Φ12(zN)Φ21(w1) · · ·Φ21(wM)〉 = (45)
∑

λ

〈0|Φ12(z1) · · ·Φ12(zN )|λ〉a〈λ|Φ21(w1) · · ·Φ21(wM)|0〉 (46)
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N∑

i=1

z2
i O

g
i 〈Ψ(z1) . . .Ψ(zN)〉 = 0 . (41) Nff_de

∏

i<j

z2
ij 〈Ψ(z1) . . .Ψ(zN)〉 =

∏

i<j

z2
ij Pf

(
1

zij

)
=

∏

i<j

zij J−3
λ0

(z) (42) MR_gs

H =
∑

i"=j "=k

δ(2)(xi − xj)δ
(2)(xj − xk) (43)

〈Φ12(z1) · · ·Φ12(zN)〉a
∏

i<j

z2h
ij

c = 1 − 12α2
0

λ1 ≥ ... ≥ λN ≥ 0

[
H1/g + gHg + C(N, M)

] N∏

i=1

M∏

i=1

(1 + ziwj) = 0

λi − λi+2 ≥ 2

λ

λi

I+
3 (g) = I+

3 (c; g) + I+
3 (c̃; g) + (

√
2gb0 + g − 1)(L0(c) − L0(c̃)) + 2(1 − g)

∑

m>0

mc−mc̃m .

c−n ∼ pn =
∑

i

xn
i

λi

|no, ne; q〉 = |ne, no;−q〉 → |no, ne; 0〉 = |ne, no; 0〉

|no, ne; q〉 = J1/g
no (c) J1/g

ne (c̃) |q〉 + . . .

g → −g (44)

b → ib (45)
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AGT conjecture 

Link between a supersymetric 4d theory and a 2d CFT 
(and a 1d integrable model)

n-point correlation function of 
Liouville theory

Nekrasov’s instanton partition function 
of a gauge theory with gauge group 

su(2)1 ⨂ ... ⨂ su(2)n-3
OA(x) =

∑
ψA Tr (ZZZXXZZZXXXZXZZZZ . . .)(x)

〈O1(x1)O2(x2)O3(x3)〉 =
C123(λ)

|x12|∆1+∆2−∆3|x13|∆1+∆3−∆2 |x23|∆2+∆3−∆1

〈V∆−1
(∞) V∆0

(1) V∆1
(q1) V∆n−3

(q1 . . . qn−3) V∆n−2
(0)〉 = (41)

= c
∏

i

f(∆i)

∫ ∏

i

a2
i dai |Z(q|∆, ∆̃)|2 (42)

αi = Q/2 + ai

∆i = mi(Q − mi), ∆̃i = αi(Q − αi)

〈V∆−1
(∞) V∆0

(1) V∆1
(q1) V∆n−3

(q1 . . . qn−3) V∆n−2
(0)〉 = c

∏

i

f(∆i)

∫ ∏

i

a2
i dai |Z(q|∆, ∆̃)|2
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[Nekrasov, 02]

[Alday, Gaiotto, Tachikawa, 09]
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µi

|µi〉〈µi|

|µi〉 ∼ L−n1
. . . L−nk

|∆̃i〉
〈νi|V∆i−1

(1)|µi+1〉
〈νi|µi+1〉

Zu(2) = Zu(1)Zsu(2)
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CFT side: computing the conformal blocks
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 - insert complete set of states                         in the intermediate channels
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 - compute the matrix elements elements

OA(x) =
∑

ψA Tr (ZZZXXZZZXXXZXZZZZ . . .)(x)

!O1(x1)O2(x2)O3(x3)" =
C123(λ)

|x12|! 1+ ! 2 ! ! 3 |x13|! 1+ ! 3! ! 2 |x23|! 2+ ! 3! ! 1

!V! ! 1(# ) V! 0(1) V! 1(q1) V! n ! 3(q1 . . . qn! 3) V! n ! 2(0)" = (41)

= c
∏

i

f(! i)

∫ ∏

i

a2
i dai |Z(q|! , !̃ )|2 (42)

αi = Q/2 + ai

! i = mi(Q $ mi), !̃ i = αi(Q $ αi)

!V! ! 1(# ) V! 0(1) V! 1(q1) . . . V! n ! 3(q1 . . . qn! 3) V! n ! 2(0)" = c
∏

i

f(! i)

∫ ∏

i

a2
i dai |Z(q|! , !̃ )|2

∑

µi

|µi"!µi|

|µi" % L! n1 . . . L! nk |!̃ i"

!νi|V! i ! 1(1)|µi+1 "
!νi|µi+1 "
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 - compare with the gauge theory result [Nekrasov, 02]

[Belavin, Polyakov, Zamolodchikov, 84 ]

proof of the AGT conjecture [Alba, Fateev, Litvinov, Tarnoplosky, 10]
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2d CFT and the Fractional Quantum Hall Effect
  holomorphic correlators                 wave functions for the FQHE

Laughlin wave function 
with filling fraction 1/me.g. u(1) CFT correlators

The ln commute with the an in the following way

[ln , am ] = ! man + m (3.18)

and form a Virasoro algebra with central chargec = 1

[ln , lm ] = ( n ! m)ln + m +
1
12

n(n2 ! 1)! n + m, 0 . (3.19)

The simplest way to realize thec = 1 theory is by introducing a free boson " (z) normalized to

"" (z)" (w)#= ! ln(z ! w) . (3.20)

In terms of this boson the current J (z) reads

J (z) = i#" (z) . (3.21)

The primaries of the (3.14) algebra are the vertex operatorsV! =: ei !" (z) :

an V! = 0 , n > 0 (3.22)

a0V! = $ V! (3.23)

where $ is the U(1) charge. From the (3.17), it is easy to derive the conformal dimension! ! of the vertex
V! :

! ! =
$2

2
. (3.24)

From a vertex operator V! all possible independent descendant can be obtained by applying thean

operator, V (n 1 ,...,n k )
! = an 1 . . . an k V! with n1 $ n2 á á á$ nk . Note that, for the c = 1 theory, there are no

singular vectors in this basis. Moreover the conformal block ofN vertex operator are easily computed,

"V! 1 (z1) . . . V! 2 (zN )#=
!

i<j

z! i ! j
ij for

"

i

$i = 0 . (3.25)

4 Virasoro models: separation of variables and duality of parti-
tions

In this section we introduce a set of Calogero-Sutherland eigenfunctions using conformal blocks in u(1)%
WA k! 1(g), and we study their properties. Since the generic formulas for the WAk! 1 algebras are rather
complicated, we start with the presentation of the Virasoro case (k = 2) and postpone the treatment of the
generic case to section 6.

4.1 Separation of variables

As explained in section 3, the Þelds" (1 |2) and " (2 |1) are of special importance, as any conformal block
involving them obey a second order di#erential equation (3.12). In order to build eigenfunctions of the
Calogero-Sutherland Hamiltonian, we are led to consider functions of the form:

"" (2 |1) (w1) á á á" (2 |1) (wM )" (1 |2) (z1) á á á" (1 |2) (zN )#a,b (4.1)

where the various conformal blocks are labelled by the double indexa, b. It is natural to use a double index
because both theM Þelds" (2 |1) and the N Þelds" (1 |2) must fuse to the identity sector. There are 2N/ 2! 1

such Bratelli diagrams for the fusions of" (1 |2) , and 2M/ 2! 1 for " (2 |1) .
Upon multiplying by the correct u(1) factors, this function was shown in [22] to obey a di#erential

equation involving two CS Hamiltonians, and exhibits separation of variables in the sense of (2.15). We
introduce the function F a,b

M,N

F a,b
M,N (w; z) & " " (2 |1) (w1) á á á" (2 |1) (wM )" (1 |2) (z1) á á á" (1 |2) (zN )#a,b

M!

1" i<j

w2eh
ij

!

i,j

(wi ! zj )1/ 2
N!

1" i<j

z2h
ij , (4.2)
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“electron” operator: “quasi-hole” operator: 

OA (x) =
!

! A Tr ( ZZZXXZZZXXXZXZZZZ . . . )(x)

!O1(x1)O2(x2)O3(x3)" =
C123(" )

|x12|! 1+ ! 2 ! ! 3 |x13|! 1+ ! 3! ! 2 |x23|! 2+ ! 3! ! 1

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = (41)

= c
"

i

f (! i )
# "

i

a2
i dai |Z (q|! , $! )|2 (42)

#i = Q/ 2 + ai

! i = mi (Q $ mi ), $! i = #i (Q $ #i )

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) . . . V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = c
"

i

f (! i )
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2d CFT and the Fractional Quantum Hall Effect

        Zk  parafermions              wave functions for Read-Rezayi states

 Ising CFT                 wave function for Moore-Read state

Ising CFT and the Moore-Read FQHE wave-function
/

! = " 12 electron

! = ! 21 quasihole

g = 4 / 3. The function

� = 1/(1� g) = �3,

Moore-Read 
wavefunction  

H =
∑

i!=j !=k

δ(2)(xi − xj)δ(2)(xj − xk) (43)eigenfunction of a three-
body Hamiltonian

�0 = [N � 2, N � 2, N � 4, N � 4, · · · , 0, 0]

The electron eigenfunction is monovalued:

with clustering properties (it vanishes when a  cluster of 3 particles come together):

J�(k+1)/(r�1)
� (z1, · · · , zn) vanishes when z1 = z2 = · · · = zk+1

� = �(k + 1)/(r � 1).Generic             clustering properties of Jack polynomials for coupling constant More generally, Jack polynomials with (k, r)-clustering properties appear in the
[Feigin, Miwa, Jimbo, Mukhin, 02]

) admissible partition. Given a (k, r, N)-admissible partition � �i � �i+k ⇤ r (1 ⇥ i ⇥ N � k)

[Moore, Read, 91]

- the coefficients of the Jack polynomials diverge except for admissible partitions 

:

∏

i<j

z2
ij 〈Ψ(z1) . . .Ψ(zN)〉 =

∏

i<j

z2
ij Pf

(
1

zij

)
=

∏

i<j

zij J−3
λ0

(z) (42)~
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2d CFT and the Fractional Quantum Hall EffectIsing CFT and the Moore-Read FQHE wave-function

it is multivalued, with the                 conformal blocks corresponding to the different fusion channels              run over the possible 2M/ 2! 1

X
! (   )

! (   ) ! (   ) ! (   ) ! (   )

! (   )z1

z2 z3 z4 z5

z6

!X

X = I or X = ! . The total number of possible

wave-function with non-abelian braiding properties

! (z)a =
!

i<j

z1/ 4
ij F (z)a =

!

i<j

z1! g
ij F (z)a

with F (z)a ! ca1 + ca2
"

zij for zi # zj .

¥ non-polynomial eigenfunctions of the CS Hamiltonian with non-abelian monodromy

¥ symmetric generalization of hypergeometric functions ~ [Kaneko, 93; Forrester, 92]

¥ can be represented as Coulomb integrals [Dotsenko, Fateev, 84]

[Nayak, Wilczek, 96]

! (z)a !
�

i<j

z3/ 8
ij "�(z1) . . . �(zM )#aquasihole wave-function: ~
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2d CFT and the Calogero-Sutherland modelCalogero-Sutherland Hamiltonian

...

Trigonometric CS model: set of N commuting Hamiltonians for N particles on a circle:

! + (z) = " g(z)F + (z) ! ! (z) = " 1! g(z)F ! (z) (2.11)

Two different boundary conditions for the wave functions:

! ! (z) =
!

i<j

(zi ! zj )!or

H g
1 = P =

N!

i =1

zi ! i

H g
2 = H g =

N!

i =1

(zi ! i )2 ! g(g ! 1)
!

i != j

zi zj

z2
ij

H g
3 =

N!

i =1

(zi ! i )3 +
3
2

g(1 ! g)
!

i != j

zi zj

z2
ij

(zi ! i ! zj ! j ).

Polynomial eigenfunctions (Jack symmetric polynomials)                  abelian statistics

! +
! (z) = " g(z)J 1/g

! (z) ! !
! (z) = " 1! g(z)J 1/ (1 ! g)

! (z) (2.14)

zj = e2i ! x j /L
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H g
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N!
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3
2
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...

Trigonometric CS model: set of N commuting Hamiltonians for N particles on a circle:

! + (z) = " g(z)F + (z) ! ! (z) = " 1! g(z)F ! (z) (2.11)

Two different boundary conditions for the wave functions:

��(z) =
�

i<j

(zi � zj)�or

Hg
1 = P =

N�

i=1

zi�i

Hg
2 = Hg =

N�

i=1

(zi�i)2 � g(g � 1)
�

i �=j

zizj

z2
ij

Hg
3 =

N�

i=1

(zi�i)3 +
3
2
g(1� g)

�

i �=j

zizj

z2
ij

(zi�i � zj�j).
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2d CFT and the Calogero-Sutherland model

⇥

i,j

(1 + ziwj) =
�

�

J1/g
� (z)Jg

��(w)

Duality                    :g � 1/g [Stanley 89; Macdonald 88; Gaudin 92]

Jack polynomials:  eigenfunctions of the Hamiltonian

H� =
N�

i=1

(zi⇥i)2 +
1
�

N�

i<j

zi + zj

zij
(zi⇥i � zj⇥j),

E�
⇥ =

N⇤

i

⇥i

�
⇥i +

1
�

(N + 1� 2i)
⇥

λ

λ

’

Dual partitions:
[
H1/g + gHg + C(N, M)

] N∏

i=1

M∏

i=1

(1 + ziwj) = 0

λ1 ≥ ... ≥ λN ≥ 0λcharacterized by partitions          with           integers: λi

α−1 = g or 1 − g
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Eigenfunctions with abelian monodromy:
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OA (x) =
!

! A Tr ( ZZZXXZZZXXXZXZZZZ . . . )(x)

!O1(x1)O2(x2)O3(x3)" =
C123(" )

|x12|! 1+ ! 2 ! ! 3 |x13|! 1+ ! 3! ! 2 |x23|! 2+ ! 3! ! 1

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = (41)

= c
"

i

f (! i )
# "

i

a2
i dai |Z (q|! , $! )|2 (42)

#i = Q/ 2 + ai

! i = mi (Q $ mi ), $! i = #i (Q $ #i )

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) . . . V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = c
"

i

f (! i )
# "

i

a2
i dai |Z (q|! , $! )|2

!

µi

|µi "! µi |

|µi " % L! n1 . . . L! nk | $! i "

!$i |V! i ! 1 (1)|µi +1 "
!$i |µi +1 "

Z u(2) = Z u(1) Z su(2)

Ve(z) =: ei
"

m! (z) : Vq(w) =: ei/
"

m! (w) :

!Ve(z1) . . . Ve(zN ) Vq(w1) . . . Vq(wM )" %
"

i<j

zm
ij

"

i<j

w1/m
ij

"

i,j

(zi $ wj )
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States with non-abelian monodromy and Virasoro theoriesDegenerate fields in CFT 

c = 1� 6
(g � 1)2

gVirasoro models with central charge :

�(r|s) =
1
4

�
r2 � 1

g
+ (s2 � 1)g + 2(1� rs)

⇥

Degenerate field with dimensions :

Two second-level degenerate fields :
�
L2
�1 � gL�2

⇥
�(1|2) = 0 ,

⇤
L2
�1 �

1
g
L�2

⌅
�(2|1) = 0

When inserted in correlation function, the null-vector 

conditions translate into differential equations:

Og(z)��(1|2)(z)��1(z1) . . .��N (zN )⇥ = 0 (3.11)

with

Og(z) =
�2

�z2
� g

�

⇤
N⇧

j=1

�i

(z � zj)2
+

1
z � zj

�

�zj

⇥

⌅
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The correlators of second order degenerate fields 

States with non-abelian monodromy and Virasoro theories

and

are groundsates of the CS model with non-abelian monodromy [Cardy, 04]

OA(x) =
∑

ψA Tr (ZZZXXZZZXXXZXZZZZ . . .)(x)

〈O1(x1)O2(x2)O3(x3)〉 =
C123(λ)

|x12|∆1+∆2−∆3|x13|∆1+∆3−∆2 |x23|∆2+∆3−∆1

〈V∆−1
(∞) V∆0

(1) V∆1
(q1) V∆n−3

(q1 . . . qn−3) V∆n−2
(0)〉 = (41)

= c
∏

i

f(∆i)

∫ ∏

i

a2
i dai |Z(q|∆, ∆̃)|2 (42)

αi = Q/2 + ai

∆i = mi(Q − mi), ∆̃i = αi(Q − αi)

〈V∆−1
(∞) V∆0

(1) V∆1
(q1) . . . V∆n−3

(q1 . . . qn−3) V∆n−2
(0)〉 = c

∏

i

f(∆i)

∫ ∏

i

a2
i dai |Z(q|∆, ∆̃)|2

∑

µi

|µi〉〈µi|

|µi〉 ∼ L−n1
. . . L−nk

|∆̃i〉
〈νi|V∆i−1

(1)|µi+1〉
〈νi|µi+1〉

Zu(2) = Zu(1)Zsu(2)

Ve(z) =: ei
√

mφ(z) : Vq(w) =: ei/
√

mφ(w) :

〈Ve(z1) . . . Ve(zN) Vq(w1) . . . Vq(wM)〉 ∼
∏

i<j

zm
ij

∏

i<j

w1/m
ij

∏

i,j

(zi − wj)

〈Φ(2|1)(w1) · · ·Φ(2|1)(wM)〉a

〈Φ(1|2)(z1) · · ·Φ(1|2)(zN)〉b
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The l
n

commute with the a
n

in the following way

[l
n

, a
m

] = �ma
n+m

(3.18)

and form a Virasoro algebra with central charge c = 1

[l
n

, l
m

] = (n�m)l
n+m

+
1
12

n(n2 � 1)�
n+m,0 . (3.19)

The simplest way to realize the c = 1 theory is by introducing a free boson �(z) normalized to

h�(z)�(w)i = � ln(z � w) . (3.20)

In terms of this boson the current J(z) reads

J(z) = i@�(z) . (3.21)

The primaries of the (3.14) algebra are the vertex operators V
�

=: ei��(z):

a
n

V
�

= 0 , n > 0 (3.22)
a0V�

= � V
�

(3.23)

where � is the U(1) charge. From the (3.17), it is easy to derive the conformal dimension �
�

of the vertex
V

�

:

�
�

=
�2

2
. (3.24)

From a vertex operator V
�

all possible independent descendant can be obtained by applying the a
n

operator, V
(n1,...,n

k

)
�

= a
n1 . . . a

n

k

V
�

with n1 � n2 · · · � n
k

. Note that, for the c = 1 theory, there are no
singular vectors in this basis. Moreover the conformal block of N vertex operator are easily computed,

hV
�1(z1) . . . V

�2(zN

)i =
Y

i<j

z
�

i

�

j

ij

for
X

i

�
i

= 0 . (3.25)

4 Virasoro models: separation of variables and duality of parti-
tions

In this section we introduce a set of Calogero-Sutherland eigenfunctions using conformal blocks in u(1) ⌦
WA

k�1(g), and we study their properties. Since the generic formulas for the WA
k�1 algebras are rather

complicated, we start with the presentation of the Virasoro case (k = 2) and postpone the treatment of the
generic case to section 6.

4.1 Separation of variables

As explained in section 3, the fields �(1|2) and �(2|1) are of special importance, as any conformal block
involving them obey a second order di↵erential equation (3.12). In order to build eigenfunctions of the
Calogero-Sutherland Hamiltonian, we are led to consider functions of the form:

h�(2|1)(w1) · · ·�(2|1)(wM

)�(1|2)(z1) · · ·�(1|2)(zN

)i
a,b

(4.1)

where the various conformal blocks are labelled by the double index a, b. It is natural to use a double index
because both the M fields �(2|1) and the N fields �(1|2) must fuse to the identity sector. There are 2N/2�1

such Bratelli diagrams for the fusions of �(1|2), and 2M/2�1 for �(2|1).
Upon multiplying by the correct u(1) factors, this function was shown in [20] to obey a di↵erential

equation involving two CS Hamiltonians, and exhibits separation of variables in the sense of (2.15). We
introduce the function Fa,b

M,N

Fa,b

M,N

(w; z) ⌘ h�(2|1)(w1) · · ·�(2|1)(wM

)�(1|2)(z1) · · ·�(1|2)(zN

)i
a,b

MY

1i<j

w2e
h

ij

Y

i,j

(w
i

�z
j

)1/2
NY

1i<j

z2h

ij

, (4.2)

7

consider the mixed correlators dressed by an extra u(1) component 
[Bernevig, Estienne, Santachiara, 10]

Conformal blocks and the duality 

h = �12 =
3g

4
� 1

2
, �h = �21 =

3
4g
� 1

2

Fa,b
M,N (w; z) ⇥ ⇤�21(w1) · · ·�21(wM )�12(z1) · · ·�12(zN )⌅a,b

M�

1�i<j

w2eh
ij

�

i,j

(wi � zj)1/2
N�

1�i<j

z2h
ij

Consider the dressed conformal blocks :

Duality :
�
h�(z) + g he�(w)

⇥
Fa,b

M,N (w; z) = 0 (5.6)

h�(z) ⇥ H�(z)� E�
0 +

�
N � 2

�
� 1

⇥
[P(z)� P0]�

NM(M � 2)
4

,

he�(w) ⇥ He�(w)� E e�
0 +

�
M � 2

⇤� � 1
⇥

[P(w)� P �
0]�

NM(N � 2)
4

,

with dual CS Hamiltonians

��1 = 1� g , ���1 = 1� g�1

and dual coupling constants

Fa,b
M,N (w; z) =

�

⇥

P e�,a
⇥� (w)P�,b

⇥ (z)non-abelian generalization of the 

Stanley-Macdonald-Gaudin duality

[Estienne, Bernevig, Santachiara 10]

for Zk parafermionic CFTs

CS action on the conformal blocks (M=0 case: [Cardy 04])
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M/2

N

!

Duality and the non-poynomial wave-functions

¥    ground state (M=0):

z2h(N ! 2)
1 z2h(N ! 2)

2 z2h(N ! 4)
3 z2h(N ! 4)

4 . . . z0
N ! 1z0

N

5

! 0
2i ! 1 = ! 0

2i = 2h(N ! 2i )smallest ÒpartitionÓ

largest ÒpartitionÓ ! 0
i = ! 0

i +
M
2

0

¥    Ising: 2h=1                        is a partition satisfiying the (2,2) admissibility condition

F a,b
M,N (w; z) =

!

!

P e" ,a
! ! (w) P" ,b

! (z)

special conformal block with X=I:

! ! 12(z1) á á á! 12(zN )"a

!

i<j

z2h
ij smallest ÒpartitionÓ    

!

How to characterize an arbitrary excited  ÒpartitionÓ     (          generically not integers)  ?! ! i

! i ! ! i +2 " 2

+ . . .

12Thursday, September 15, 2011Monday, February 6, 12

Consequence of duality: 

M/2

N

!

Duality and the non-poynomial wave-functions

¥    ground state (M=0):

z2h(N ! 2)
1 z2h(N ! 2)

2 z2h(N ! 4)
3 z2h(N ! 4)

4 . . . z0
N ! 1z0

N

5

! 0
2i ! 1 = ! 0

2i = 2h(N ! 2i )smallest ÒpartitionÓ

largest ÒpartitionÓ ! 0
i = ! 0

i +
M
2

0

¥    Ising: 2h=1                        is a partition satisfiying the (2,2) admissibility condition

F a,b
M,N (w; z) =

!

!

P e" ,a
! ! (w) P" ,b

! (z)

special conformal block with X=I:

! ! 12(z1) á á á! 12(zN )"a

!

i<j

z2h
ij smallest ÒpartitionÓ    

!

How to characterize an arbitrary excited  ÒpartitionÓ     (          generically not integers)  ?! ! i

! i ! ! i +2 " 2

+ . . .

12Thursday, September 15, 2011Monday, February 6, 12

2h is not integer in general 

Wednesday, February 8, 12



Duality and the non-poynomial wave-functions

o enÕ nÕ

!

! Õ

N

M/2

N

M/2

n n

M/2 M/2

N/2

o e

N/2 N/2

M/2

b(n) ! 2
!

i

(i " 1)ni =
!

j

n!
j (n!

j " 1)

|n| !
!

i

ni = |n!|

E!
" =

N!

i =1

! i [! i + (1 ! g)(N + 1 ! 2i )] (5.20)

E!
" = [ b(n!o) + b(n!e)] ! g [b(no) + b(ne)] + ((1 ! g)N ! M + g)( |no| + |ne|) + 2( g ! 1)|ne| + E!

(M/ 2) N

Ee!
" ! = [ b(no) + b(ne)] !

1
g

[b(n!o) + b(n!e)] +
(2 ! g)M + 2g ! 3

g
(|n!e| + |n!o|) +

2(g ! 1)
g

|n!o| + Ee!
0

Ee!
" ! =

M!

j =1

! !
j [! !

j + (1 ! g" 1)(M + 1 ! 2j )]

An excited state       is characterized by two partitions ne   and no   (reminiscent of AGT conjecture):!

for the partition nÕ dual to n:

additive spectrum??
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Bosonized version of the CS Hamiltonian 
u(1) x Virasoro models

introduce a u(1) component                 electromagnetic current for FQHE

[an , am ] = n! n + m, 0Heisenberg algebra :

Virasoro algebra :

L n =
1
2

!

m ! Z

: bn " m bm : ! ! 0(n + 1) bn with 2! 0 =

!
2
g

!
"

2g .

[L n , L m ] = ( n ! m)L n + m +
c

12
n(n2 ! 1)! n + m, 0.

Feigin-Fuchs representation :

Degenerate fields dressed by u(1) vertex operators :

V (z) ! ! 12(z) ei
"

g
2 ! (z) , !V (w) ! ! 21(w) ei 1!

2g
! (w )

Consider generic correlation functions :

f +
µ (z1, z2, á á á, zN ) = !µ|V (z1)V (z2) á á áV(zN )|P"

f !
µ (z1, z2, á á á, zN ) = !P|V (z1)V (z2) á á áV(zN )|µ"

|µ!

|P!
can be rewritten as an operator

: primary state  
: generic state (primary or descendant) 

Translate the CS action on states :

H g
n f ±

µ (z1, z2, á á á, zN ) =
!

!

"
I ±

n +1 (g)
#

µ, ! f ±
! (z1, z2, á á á, zN ) (5.34)

J (z) = i !" (z)

c = 1 ! 12! 2
0
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µ (z1, z2, á á á, zN ) = !P|V (z1)V (z2) á á áV(zN )|µ"

|µ!

|P!
can be rewritten as an operator

: primary state  
: generic state (primary or descendant) 

Translate the CS action on states :

H g
n f ±

µ (z1, z2, á á á, zN ) =
!

!

"
I ±

n +1 (g)
#

µ, ! f ±
! (z1, z2, á á á, zN ) (5.34)

J (z) = i !" (z)

c = 1 ! 12! 2
0
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OA (x) =
!

! A Tr ( ZZZXXZZZXXXZXZZZZ . . . )(x)

!O1(x1)O2(x2)O3(x3)" =
C123(" )

|x12|! 1+ ! 2 ! ! 3 |x13|! 1+ ! 3! ! 2 |x23|! 2+ ! 3! ! 1

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = (41)

= c
"

i

f (! i )
# "

i

a2
i dai |Z (q|! , $! )|2 (42)

#i = Q/ 2 + ai

! i = mi (Q $ mi ), $! i = #i (Q $ #i )

!V! ! 1 (# ) V! 0 (1) V! 1 (q1) . . . V! n ! 3 (q1 . . . qn! 3) V! n ! 2 (0)" = c
"

i

f (! i )
# "

i

a2
i dai |Z (q|! , $! )|2

!

µi

|µi "! µi |

|µ" % a! m1 . . . aml L ! n1 . . . L! nk |q"

!$i |V! i ! 1 (1)|µi +1 "
!$i |µi +1 "

Z u(2) = Z u(1) Z su(2)

Ve(z) =: ei
"

m! (z) : Vq(w) =: ei/
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m! (w) :

!Ve(z1) . . . Ve(zN ) Vq(w1) . . . Vq(wM )" %
"
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zm
ij
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i<j

w1/m
ij

"

i,j

(zi $ wj )
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I +
3 (g) = I +

3 (c; g) + I +
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CS integrals of motions and the Hilbert space of u(1) x Virasoro 

!
L 2

! 1 ! gL! 2
"

V = 0 (5.35)

I (± )
3 (g) = 2(1 ! g)

!

m ! 1

ma" m am ±
"

2g
!

m #=0

a" m L m ±

#
g
2

$

%
!

m,k ! 1

a" m " k am ak + a" m a" k am + k

&

'

¥  second-order null vector condition:

(L ! 1 + 3
!

g/ 2a! 1)
"
L 2

! 1 ! gL! 2
#

V = 0 (5.39)¥  null vector condition at level 3:

I ±
4 (g) = ! g

!

m> 0

L ! m L m

!
3
2

g
!

m,p> 0

(2L ! pa! m ap+ m + 2a! m ! pam L p + a! m a! pL p+ m + L ! m ! pam ap)

±
3
2

"
2g(g ! 1)

!

m> 0

m(a! m L m + L ! m am ) ± 3
"

2g(g ! 1)
!

m,p> 0

m(a! m a! pam + p + a! m ! pam ap)

!
1
2

gL2
0 ! 3gL0

!

m> 0

a! m am +
!

m " 1

#
1
2

(9g ! 5 ! 5g2)m2 !
1
2

(g ! 1)2
$

a! m am

!
g
8

!

m 1 + m 2 + m 3 + m 4 =0
m i #=0

: am 1 am 2 am 3 am 4 :

[Alba, Fateev, Litvinov, Tarnopolsky,10]
for Liouville g ! " g

second order CS hamiltonian: 

third order CS hamiltonian: I (± )
n (g) ! I ( ! )

n (1/g ) (5.43)
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Bosonized version of the CS Hamiltonian Jack polynomials and the Hilbert space of u(1) x Virasoro 

cm =
1

!
2

(am + bm ) , !cm =
1

!
2

(am " bm ) (5.50)¥  rotate the boson basis: [AFLT, 10; Belavin and Belavin, 11]

¥  introduce the one-component bosonised CS Hamiltonians:

I ±
3 (c; g) = (1 ! g)

!

m> 0

mc! m cm ±
"

g
!

m,k> 0

(c! m ! k cm ck + c! m c! k cm + k ) (5.64)

I ±
4 (c; g) = ±

"
3g
2

! g2 ! 1
# !

m> 0

m2c! m cm !
g
4

!

m 1 + m 2 + m 3 + m 4 =0
m i "=0

: cm 1 cm 2 cm 3 cm 4 : ±

± 3
"

g(g ! 1)
!

m,l> 0

m(c! m ! l cm cl + c! m c! l cm + l ) .

[Jevicki, 91]
[Awata, Matsuo, Odake, Shiraishi, 95]

I 2 =
!

dx
1
2

v2 ,

I 3 =
!

dx
"

1
3

v3 +
1
2

vH (vx )
#

,

I 4 =
!

dx
"

1
4

v4 +
1
4

v2
x +

3
4

v2H (vx )
#

¥  classical limit                                                                           v =
!

g!" and I n " gI n  Benjamin-Ono hierarchy:g ! 0, these Hamiltonians are the conserved quantities of the Benjamin-Ono

H (f ) is the Hilbert transform of the function f .

vx = ! x v

[Abanov, Wiegmann, 05]CS              BO:
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then the integrals of motion in Virasoro x u(1) have the triangular structure:

Jack polynomials and the Hilbert space of u(1) x Virasoro 

At g=1  the CS Hamiltonian is a sum of two copies of one-component CS models
(up to zero modes):

[Belavin and Belavin, 11]
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b0|q! = q|q!
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At arbitrary g, use the Jack basis:

¥  example: states at level 2 in the identity module (3 states out of 5 by symmetry reasons)

H g,1! g we have simply:
P1/ (1 ! g) ,b

! (z) = F (g,+)
! (z)

!

1" i<j " N

zg! 1
ij . (C.17)

In order to simplify the notation, we indicate |Id ! Id > " |0 > , |eiN
#

g/ 2" ! Id > " |N > and
|P+

([ n e ],[n o ]) (g)$ " |[ne], [no] >
One can then show the validity of (C.15) by the following procedure:

¥ Find the basis |[ne], [no]$ which diagonalizes the operatorI +
3 (g)(5.47). Each state |[ne], [no]$ is then

found as a given combinationO! ({ L ! n } , { a! n } ) of Virasoro modesL ! n and of u(1) current modes an

acting on eiN
#

g/ 2" ! Id state:

¥ From the relations (A.12), one can write the action of the algebra modes in terms of di! erential operator
acting on the correlation function F (g,+)

([ #],[#]) (z) = < N |V (z1)V (z2) á á áV(zN )|0$b:

F (g,+)
([ n e ],[n o ]) (z) = O$

([ n e ],[n o ]) [F
(g,+)
([ #],[#]) (z)] (C.18)

where O$
([ n e ],[n o ]) [f (z)] will be particular symmetric combination of di ! erential operators, associated

to the descendant|a! > , acting on a function f (z).

¥ The di! erential operator deÞned in (C.15) is then

O([ n e ],[n o ]) =

"

#
!

1" i<j " N

z1! g
ij

$

% O$
([ n e ],[n o ])

"

#
!

1" i<j " N

zg! 1
ij

$

% (C.19)

We illustrate the above procedure by considering the basis|[ne], [no] > which diagonalizesI g
3 , see (A.33),

at the Þrst and at the second level in the module|N > .
Descendants level one
At the Þrst level there is only one descendant.

|[1], [%] > = O$
|[1] ,[#]({ L ! n } , { a! n } )|0 > = a! 1|N > (C.20)

Using (A.17) one has:

&[1], [%]|V (z1)V (z2) á á áV(zN )|0$b =

&
'

i

zi

(

&N |V (z1)V (z2) á á áV(zN )|0 > . (C.21)

This means that the operator O$
|[1] ,[#] [f (z)] simply multiplies the function f (z) by the monomial m[1] (z):

O$
|[1] ,[#] [f (z)] =

'

i

zi f (z) = m[1] (z)f (z). (C.22)

Descendants level two
We have three descendants at level two. In the basisa! 2|0 > and

#
2ga2

! 1|0 > and
#

2gL! 2|0 > , the
operator I +

3 (g), reads

I +
3 (g) =

"

#
8(1 ' g) 2g g c(g)

1 4(1 ' g) 0
2 0 0

$

%

The correspondent eigenvectors are:

|[2], [%] > =
)
(2 ' 3g)a! 2 +

*
3
2

'
1
g

+ ,
2ga2

! 1 +
,

2gL! 2

-
|N >

|[1, 1], [%] > =
)
(3 ' 2g)a! 2 +

*
3
2

' g
+ ,

2ga2
! 1 +

,
2gL! 2

-
|N > (C.23)
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(1 ' g)a! 2 '

1
2
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2gL! 2
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|N > (C.24)
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One can then show the validity of (C.15) by the following procedure:
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¥  example: states at level 2 in the identity module (3 states out of 5 by symmetry reasons)
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One can then show the validity of (C.15) by the following procedure:

¥ Find the basis |[ne], [no]$ which diagonalizes the operatorI +
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is the basis used by AFLT to compute the matrix elements

and prove the AGT conjecture
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Parafermionic and WAk-1 theories WAk-1 algebras 

The same construction extends to WAk-1 algebras

k-1 bosons x u(1) component:  k- component CS Hamiltonian
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3 (g) = 2(1 ! g)

!

m ! 1

ma" m am ±
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&

' ± !W0

additive spectrum depending on k partitions  (~ AGT conjecture for U(k) theories )
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m :  k copies of mutually commuting  bosons

I +
3 (g) =
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j =1

I ± (cj ; g) + 2(1 ! g)
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j<l

!

m! 1

m : cj
" mcl

m : +(1 ! g)
!

j

dj L0(cj ) + zero modes
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[see also Fateev, Litvinov,  arXiv1109.4042] 
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after basis rotation in the space of bosons:
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...
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Conclusions

¥ We have learned how to characterize the states of the Vir x H CFT, or WAk-1 x H, in terms of  CS 
integrals of motion

¥ AFLT: this basis gives an efficient way to compute matrix elements of the fields (representation 
of the conformal blocks)

¥ Similar structure in the FQHE (different physics)

¥ Theory of non-polynomial CS eigenfunctions?

¥ How to systematically generate the integrals of motion (transfer matrix?) in CFT?         
[Maulik, Okounkov, unpublished] in 4d gauge theory context

¥ Relation with the integrable structure uncovered by [Bazhanov, Lukyanov, Zamolodchikov, 94-98] 

(no Heisenberg factor)?

...

open questions
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