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Conformal blocks of some 2d CFT

. AGT conjecture
FQHE states with non- g — —g¢ (Nekrasov’s partition function ~
abelian statistics b — b Liouville conformal blocks)

[Estienne, Bernevig, Santachiara, 10] [Alba, Fateev, Litvinov, Tarnopolsky 10]

Integrable structure of the CS model
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[Alday, Gaiotto, Tachikawa, 09]

AGT conjecture

Link between a supersymetric 4d theory and a 2d CFT
(and a 1d integrable model)

n-point correlation function of Nekrasov’s mstanton partition function
Liouville theory of a gauge theory with gauge group

SU2)1 ® ... @ su(2)n-3
Zu(2) _ Zu(l)ZSU,(Q)

—>

(Va1 (60) V(1) Vas (@) Vo, (ar- - an-s) Vi, (0)) = e T[7(20) [ T[atdar 12001 )P

[Nekrasov, 02]

OZZ:Q/2—|—CLZ

1
~ = b+ —
Az‘ :’mi(Q—mi), Az :Odz-(Q—OzZ-) Q T b
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AGT dictionary: [Alday, Gaiotto, Tachikawa, 09]

Gauge theory Liouville theory
Liouville parameters
Deformation parameters €;, € €1:6=>0b:1/b
c=14+6Q*Q=b+1/b
four free hypermultiplets a three-punctured sphere
Mass parameter m Insertion of
associated to an SU(2) flavor a Liouville exponential e*™®
one SU(2) gauge group a thin neck (or channel)
with UV coupling 7 with sewing parameter g = exp(2miT)
Vacuum expectation value a Primary €%*? for the channel,
of an SU(2) gauge group a=Q/2+a
Instanton part of Z Conformal blocks
One-loop part of Z Product of DOZZ factors
Integral of |Z2 | Liouville correlator

(Va_,(00) Vao(1) Vay(q1) - Va, (@1 - - - gn-3) Va,»(0)) = CHf(Ai)/Ha?dai Z(q|A, D)
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CFT side: computing the conformal blocks

(Va(50) VaulD) Va, @) - Va, o) Va,0)) = [T A8 [ [T abdas 1201 )

[Belavin, Polyakov, Zamolodchikov, 84 |

- insert complete set of states ) " |u;)(n;]  in the intermediate channels

M

IV’L‘M il 1(1)|:ui+1 )

l 1
: Vz",ui+1

- compute the matrix elements elements

- compare with the gauge theory result [Nekrasov, 02]

—> proof of the AGT conjecture [Alba, Fateev, Litvinov, Tarnoplosky, 10]
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2d CFT and the Fractional Quantum Hall Effect

holomorphic correlators <«—> wave functions for the FQHE

Laughlin wave function

e.g.u(1) CFT correlators with filling fraction 1/m

free boson (c=1): "(2)"(W)#=" In(z! w)

u(l) current: J(z) = i#"(2)
primary fields: vertex operators 3 = €' (2);

“electron” operator: “quasi-hole” operator:
Ve(Z) = ei m! (z2) : Vq(W) =" ei/ m¢(w) :

!Ve(Z]_) s Ve(ZN) Vq(W]_) s Vq(Wl\/l )" ) Zirjn Wiij!./m (Zi $ WJ)

I<] I<j L
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2d CFT and the Fractional Quantum Hall Effect
Ising CFT <« wave function for Moore-Read state [Moore, Read, 91]

Zx parafermions <«—> wave functions for Read-Rezayi states

I = "1  electron

| =1 ,; (quasihole

The electron eigenfunction is monovalued:

Moore-Read - H zzj (U(z1)...VU(zy)) = H 2112] Pt (i)

wavefunction i<j i<

with clustering properties (it vanishes when a cluster of 3 particles come together)

|
eigenfunction of a three- H = 1@ 1 x ) (x ! x)

body Hamiltonian iEjEk
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2d CFT and the Fractional Quantum Hall Effect

quasihole wave-function ~ 1| (z), ! Hzi?/ *5(z1) ...0(zm )tk [Nayak, Wilczek, 96]

I<]
It is multivalued, with tha %/ 21 conformal blocks corresponding to the different fusion che

122 '(z3!(z9 '(2%

'(26) X =lor X =1,

X ! X

l (z1)

—>» wave-function with non-abelian braiding properties
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2d CFT and the Calogero-Sutherland model

Trigonometric CS model set of N commuting Hamiltonians for N particles on a circle:

IN
Hf: P = zZil
=1
IN ! - :
HE=HI= (1)1 og! 1) z =t
i=1 =3 Zi
IN |
Hg = (Zi!i)3+ gg(l! g) ZZI%(Zi!i ! Zj !j)-
i=1 igj U

Two differentboundary conditions for the wave functions:

Lt (2)= " Y@F (2) or (@)= " IR (2)
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2d CFT and the Calogero-Sutherland model

Eigenfunctions with abelian monodromy:

Ul (z) = A=) (2) Wy (2) = A9(2)0/ 10 (2)
Jack polynomials: eigenfunctions of the Hamiltonian al=g or 1—g
al 1 Zi + 25
v = i0; 2+ = - / 0 — 2:0;
H ;(z ) +a; L (0= 20;)

N
1
e ="\ [)\i+a(N+1—2@’)]

Vv
V
>

2
V
-

characterized by partitions A\ with )\, integers: A1
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2d CFT and the Calogero-Sutherland model

Duality g9 — 1 / g : [Stanley 89; Macdonald 88; Gaudin 92]
N M
i=1 i=1

Dual partitions:

[T+ zwy) =3 039 (2) T (w)

1,] A

Apply this property to the state:

!Ve(Zl) e Ve(ZN) Vq(Wl) . -Vq(WM )" 00 Zﬂn Wiij/m (Zi $ WJ)

<] I<] L
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States with non-abelian monodromy and Virasoro theories

. . g—1) o o
Virasoro models with central charge : c=1- 6( p ) Ising: g=4/3
: : : 1 (r*—1 2
Degenerate field with dimensions : Aprls) = 7 p + (s =1)g+2(1—rs)
1
Two second-level degenerate fields : (L2 —gL_3) ®(1)2) =0, <L2_1 — EL_g) O 1y =0

When inserted 1n correlation function, the null-vector
conditions translate into differential equations:

Og(z)(CI)(HQ)(z)@Al (21) c e (I)AN (ZN)> =0

with

Wednesday, February 8, 12



States with non-abelian monodromy and Virasoro theories

The correlators of second order degenerate fields

(P (wr) - - - Peyny(war))” and (Prjz)(21) - Pz (2n))”

are groundsates of the CS model with non-abelian monodromy [Cardy, 04]

How to characterize the excited states above these ground states?
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States with non-abelian monodromy and Virasoro theories

The correlators of second order degenerate fields

(P (wr) - - - Peyny(war))” and (Pajz)(21) - Prajzy(2n))’

are groundsates of the CS model with non-abelian monodromy [Cardy, 04]

How to characterize the excited states above these ground states?

consider the mixed correlators dressed by an extra u(1) component
[Bernevig, Estienne, Santachiara, 10]

M N
Frin(w; 2) = (@) (wr) -+ @y (wan) @ (21) - @y (an)aw || wil [[(wi—2)"? 1] 22
1< 1,7 1<i<g
Duality h(2) + g b (w) | Fiy (w5 2) = 0 oat=1-g, bl=1-g!
N@H @ B 21 Pt Ryt D)
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States with non-abelian monodromy and Virasoro theories

Consequence of duality:

Fab w;z)= PEA(w) P, b(2)

smallest Opartition® '211="'% = 2h(N! 2)) —Wo

\ .. z M
largest OpartitionO 1?7 = 19+ -

\

M/2

2h 1s not integer in general
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An excited state ! IS characterizedhlwy partitions ne and n (reminiscent of AGT conjecture):

M/2 M/2
A A
N/2
! N Y
no ne
! !
| bn)! 2 (" Ln; = nj! (nJ' " 1)
In| ! ni = |n|
A J A i
!C~) M/2
Y
N n® n®
| |
M/2

E- =[b(n) + B(n®)]! g[b(n®)+ b(n)]+ (X ! gN! M + g)(In°[+ [n°))+2(g! 1)In®|+ Egpy pn
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Bosonized version of the CS Hamiltonian

Heisenberg algebra : [an,am]= N'nsm,o

Virasoro algebra: [, L.1=(n! MLoyem + —n(n2! 1)lnsmo

12
Feigin-Fuchs representation : L, = % b mbm 1! o(n+1) by
m! Z
H 7 o
210= =1 2
0 g g
basis for the Hilbert space:
)al mi * - .amlL! nq - ..L! nqu"
Degenerate fields dressed by u(1) vertex operators
V@) L@ PO, Yw)t g w)e ™
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Bosonized version of the CS Hamiltonian

Consider generic correlation functions :

fJ(Zl,Zz,éééZN) - 'HlV(Zl)V(Zz)ééﬁ(ZN)lpu
f(21,22,484zn) = IP|V(z1)V(22) 8&¥ (zv )W

IU! : generic state (primary or descenc
|IP! : primary state

Translate the CS action on states

too # o
HOf G (21,22, 844z0) = 15,(9) T (21,22, 4420
!
| " 5.
I:(f)(g) =2(1"! g ma- nam = 29 amLlm+ =% & m" k@mak + & ma kam+k
m! 1 m #0 mk! 1
N | [Alba, Fateev, Litvinov, Tarnopolsky,10]
@@ ! 15 Wg) for Liowvile g!" g
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Bosonized version of the CS Hamiltonian

S

(am " bm)

[AFLT, 10; Belavin and Belavin, 11

1
¥ rotate the boson basis: Cm = ’—é (am + bm) , Em =

¥ introduce the one-component bosonised CS Hamiltonians:

13(co)=(1! 9). MC mCmt @ | (C mt kCmCk + C mC kCm+k)
m> 0 m,k> 0

[Jevicki, 91]
[Awata, Matsuo, Odake, Shiraishi, 95]

then the integrals of motion in Virasoro x u(1) have the triangular structure:

3@ =13+ 1@+ 20(n$ #0)(12(0$ 12(8)+2(1 $ ) mC b

m> 0

also
[Maulik, Okounkov, unpublished]

[Shou, Wu, Yu, 11]
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Constructing the eigenstates of the CS Hamiltonian

At g=1 the eigensstates can be constructed with the help of Schur polynomials
+ reflection condition

In°, n®% g = |n°,n°#"

I
X

C!n! pn

IN° n®;ql = Sno(Q)She (B)IG! + Sno(B)Sne(c)| " d! blg! = qlof

At arbitrary g, use the Jack basis:

In°%nqg' = 33 (c) IX @) |q + ...

il Vi o (1) it ”

% \,uq:+1 !

In°,n% " is the basis used by AFLT to compute the matrix elements

and prove the AGT conjecture
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Parafermionic and WA-1 theories

The same construction extends to MAlgebras (differential equations, duality, bosonisation)

k-1 bosons x u(l) component——> k- component CS Hamiltoniar

! " i jp ! .
Iéi)(g)ZZ(l' g) ma- mam x 29 (a"ml_m + |_"mam)i é% a m" k@mak T a"ma"kam+kI * WO
m! 1 m! 1 mk! 1
after basis rotation in the space of bosons:
| k | o .
15(@= 1*(d;9)+21! g) m:chpCy i+

j=1 i<l mP'1

—>»  additive spectrum depending kipartitions (~ AGT conjecture for U(k) theories )

[see also Fateeyv, Litvinov, arXiv1109.4042]
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Conclusions

¥ We have learned how to characterize the states ofithed CFT, orWA1 x H, in terms of CS
Integrals of motion

¥ AFLT: this basis gives an efficient way to compute matrix elements of the fields (representation
of the conformal blocks)

¥ Similar structure in the FQHE (different physics)

open questions

¥ Theory of non-polynomial CS eigenfunctions?

¥ How to systematically generate the integrals of motion (transfer matrix?) in CFT?
[Maulik, Okounkov, unpublished] in 4d gauge theory context

¥ Relation with the integrable structure uncovere¢layhanov, Lukyanov, Zamolodchikov, 94-98]
(no Heisenberg factor)?
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