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@ From the Dima’s talk:

TBA

1

v=H 1 Y-system !
easy 1 hard

T=detQ ¢ T-system 1
+ ! !
T Q-system 1

1

FINLIE

@ Analytic structure of T-functions and Y-functions are inited from the analytic structure
of Q-functions

@ No construction of the Q-system is known
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Why Q-operators are important?

@ From the Sébastien’s talk: no physical interpretation efrsystem for finite coupling
(Y-functions are pseudorapidities of particles)
o for strong coupling known up to the first semiclassical octios
o for weak coupling known only for 1-loop — spin-chain transfeatrices

Not clear what is a relation between these two T-systems

@ It would be even better to have a construction of the Q-systiémas not known in neither
of cases

@ The famous example of such construction was given by Bazhankyanov and
Zamolodchikov in their solution of the KdV model

@ The idea: use quantum inverse scattering method and coh&oper ators as traces of
monodromies over thescillator auxiliary space

Analytic properties of Q-functions follow directly frométconstruction of Q-operators, the

former being just eigenvalues of the latter.
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@ We focus on the weak coupling expansion of the AdS/CFT saktoblem. The 1-loop
problem is described by the integrable spin-chain withsth(@, 2|/4) symmetry

@ Recently, the tree level scattering amplitudes were rélai¢ehe 1-loop dilatation operator
by Zwiebel. Better understanding of the weak coupling spéproblem may help in
understanding amplitudes

@ In general, the Yangian, which will play a crucial role in @anstruction, appears as a
symmetry of various objects inside the AAS/CFT correspooee
@ Not all states can be described by the TBA equations [Gleb's talk

o one has to consider twisted TBA equations
o twist appears naturally when Q-operators are constructed
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Basic ingredients

o Symmetry:[Ja, Jg] = T Jc

[Rfl“gd(z), J+ Jz] =0 J

@ Integrability — Yang-Baxter equation (YBE)

Ri2(z1 — 22)Ri3(21)Re3(22) = Res(z2)Ruz(z1)Riz(z2 — 22) J

@ Hilbert space!

@ 'mild’ assumptions about the analytic structure
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Plan of the talk

@ Definition of the spin-chain
@ Quantum inverse scattering method

@ What are Q-functions for spin-chains?
@ Construction of Q-operators

@ new solutions to YBE
o analytic properties of Q-operators

@ Nearest-neighbor Hamiltonians for spin-chains

@ Summary and outlook
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Definition of the spin chain

@ Symmetry:gl(njm) algebra (we can take any real fornss{ny, nz|mu, my))
@ Integrability — Yang-Baxter equation

Ri2(z1 — 22)Ta(z1) To(22) = T2(22) T1(z1)Ruz(z — 22) >{D - :‘><\:|
Vv V|
with the rational fundamental R-matrix . .
Rlz(Z) =zl 4+ P12, Rlz(Z) c c" ® cC"=sC" X c"
n [e'e]
T@=> > eot’ s

i,j=1r=0
RTT relation together with the definition & presented above define a quadratic algeb

and

which we call Yangian*. The choice &-matrix defines the class of models we consider

@ Quantum space:
N——_———
v —————
L

where the spac¥ is some representation space of the Yangian*
@ Nearest-neighbor interaction (?)
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Transfer matrices

@ Quantum inverse scattering method tells us that we shoulasfon the trasfer matrices
defined in the following way aux(| | | | | | | | D
Ty.ax(?) = Tra [Rv.a(2) @v - .. @v Rv,an(2)] LT TTT,
@ Again, the space¥ andauxare some representation spaces of the Yangian*

@ One can prove that transfer matrices form a commuting faafityperators
[TV,aux(Z)7 Tv,aux’ (Z/)] =0
@ ForV = auxwe can extract the local conserved charges
d
-l-\/®L\/(Z):U—~‘ZH'|—...7 H:—logTv®Lv(Z)
’ dz ’ 2=0

@ Additionaly, for the rectangular representations of gk@|m) algebra in the auxiliary
space transfer matricdg s(z) satisfy the Hirota equation
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Q-functions vs Bethe equations (1)

@ Diagonalization of transfer matrices via the Algebraiclgef\nsatz leads to the Bethe
equations (we show @u(2) example)

L
%+ 3 :Hz(—z+l
Z—13 Z—-z-1

2 I#k
@ We introduce Q-function which vanishes on each Bethe root
Q2 =[]z-=)

k
@ Bethe equations (on-shell formulation) can be replacedbyBeaxter equation (off-shell

formulation)
T1/2(2Q(2) = To(z+ 3)Q(z— 1) + To(z— 3)Q(z+ 1)
T1/2(2) andTo(2) = Z- are eigenvalues of the transfer matrices defined above

@ Baxter equation is a second-order difference equation -sthkaions:Q+ (z) andQ-(2)
@ Baxter equation solved by

Ti(2=Q4(z+j+2)Q-(z—j—3) - Qu(z—j—HQ-(z+j+3)
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Q-functions vs Bethe equations (11)

@ Two Q-functions are the building blocks for the infinitely nyaT-functions. In the general

case ofgl(n) we have 2 Q-functions [Tsubo]
@ They are organized in the so-called Hasse diagram

Q¢1,2,3}
/ T \ Dynkin diagram Bethe equations
L 23 23 23 2

Q1,2 Q1,3 Q2,3 (Lzahr%) =H'¢kz‘f }75{ }Jrll'[-Z‘f }75{ }7%
{T } {1,3} {23} anzs}*% i 423}73{23}71 i Zézs}ﬂ{zhr%

{2} _ {2} {2} {23} 1

e ML, S Wit

Q1 Q(2} Q(3) R e s e € £

Qo
together with the QQ-relations
Qiuaub(2)Qi(2) = Qiua(z+ 2)Qiub(z— 3) — Quualz— 3)Qiub(z+ 3)
@ Transfer matrices (for the compact representatibns

Ta(2) = detQa(z),  Zr1-2-1=X
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From Q-functions to Q-operators

Our goal
We want to construct a commuting family ger ators acting on the quantum space of the

spin-chain which satisfy the same bilinear relations (@@trons, TQ-relations) as Q-functio!

-y

@ Other approaches:

o Derkachov, Korchemsky, Manashoy, . ..
o Kazakov, Laurent, Tsuboi, Vieira

@ If we want to understand the 1-loop spectral problem of AdS/¢hen the construction of
Q-operators has to work for both compact and non-compac¢septations of algebras
gl(n) (gi(n[m))

@ We provide a representation-independent construction-of€¥ators — the final answer is

written purely in terms of the generators of algebra
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Solving Yang-Baxter equation (1) - defining relation

Ri2(zr — 2)T1(z1) T2(22) = T2(22) Te(z1)Ruz(zs — 22) J

@ Itis enough to restrict to the evaluation representatiféhz Oforr > 1. Then

1 _.0 1

Ti(@ = (24" + )

@ RTT relation tells us thaﬁo) commute with all other generators and they serve as the
structure constants for commutationtﬁf
1) 0) 0),(1
[t( tk| )] t( ti(l )tlgj )
@ Classification of solutions
o using the symmetry of the R-matrix we have tiat FTG also satisfy YBE. It leads to

1, el
17 =%, ¥ =
0, igl

@ general solution

Z+jis+ards A rs=1....p,
—{1,..0p(D = , [
—&s dts f,5=p+1,...,n o

o otherL, with the samél | are related by the Weyl symmetry
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Solving Yang-Baxter equation (Il) - defining relation

@ Every solution gives the homomorphism
Y*(gl(n)) = gl() @ H""D = A'

@ Every representation od' defines a representation of the Yangian*

@ Puregl(n) representationgl( = n) are also representations of Yangian*

L(2) =z+e ®J T~7
O

where the commutation relations f& reads
[Ji, Ja] = didi — didy

It means that they can serve as elements of the quantum spaed! as the auxiliary space

@ New types of representations - infinite dimensional (oatol) representations. We use

these new representations in the auxiliary space only
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Solving Yang-Baxter equation (lll) - intertwining relatio

@ We would like to intertwine any two Yangian* representagiorin general a very difficult
task

@ We focus only on the R-matrices intertwining pusién) representations with pure
oscillator representationd,, = - @ #("") (minimal representations), where bwe denote
the singlet representation gf(n)

L(z - 2)L(2)Ri(2) = Ri(z2)L(2)L(z — 2) >{ - A'j><
Al O K O

A A
@ A linear equation fofR,; which leads to the solution

n—p -
Ri(D) = pi( €F [[T(z— lx)e ™ _A+I
k=1 * A

@ Technical tool: non-commutative version of the Cayley-Hton theorem
p(A) = det(Al — M)

p(M) =0!
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Solving Yang-Baxter equation (IV) - intertwining relation

@ What are these operato&,& appearing in the solution?
@ They are related to the Casimirsgifl) subalgebra

Ch=JR2. . g in,...,in€T

in_1°?
by the well-known formula
1 2T\n
Ch = ZH <1+ m) ()
k 1k k |
o Operatord] are just an operatorial realization of the shifted weigtithe subalgebra
@ Anexample {{ =s — i+ 1, s is the number of boxes inth row of the Young tableaux)

| - |@ED@H@D

8 — 2 + 3 + 1 + 2
4 2 2 1 1
12 0 -1 0 -1

@ Direct construction ofy as matrices not known.
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Analytic properties of the new solutions

n—p 7
Ri(D) =p( € [[T(z— by)e ™
k=1
@ compact representations — there exists a normalizati@) such that allR, are

polynomials because all spectralcdre bounded

@ non-compact representations of the highest weight typenespectra of are bounded
from below and others are bounded from abeve some ofR, can be normalize to be
polynomials, the other are complicated meromorphic fomsti

{1,2,3}

{1,2} {1,3} [t2.31]
T su(l,2)

{1y [(23] [(31]

N

@ non-compact representations without the highest weigte stall/ are unbounded—s

no R, can be a polynomial — they are complicated meromorphic fonst
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Q-operators - definition and what they really are

@ Q-operators as traces of monodromiBsgr convergence of the trace!)

Q@ == Ty PR ... 2R qu

@ The analytic structure of Q-operators the same a®ifdr)

@ Comparing different Q-operators

o spin=1,L=2

AAATAAATAA A

states Qi(2) Q2(2)

7 zz—zcot%-i—m:z% -3 1
EUENE z— %cotd z+ 3cotd
U z+ itan z—tang

W 1 22-1-zcot%-i-25;2%—%1

o spin=—1, states DIZ D27 + ...

@ Q is a polynomial counting excitations above fevacuum
@ Q is a meromorphic function counting excitations above &'Z" vacuum’
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Bilinear relations for Q-operators (1)

@ One has to check now if the objects which we constructed atly®-operators —
commute with transfer matrices and satisfy QQ- and TQ-igglat

@ Fusion relations — as a result of fusion of oscillators omeget any representation gf(n)
Liz+j+ 3 Lle(z—j—3) =S, GSs™

z+4j+ajag a) 1 ay _ A1 z4j—aa a1 (2 — aja1) 1 ay e~
—ap 1 ay z—j —aay ap z—j+aag 0 1

i ot i —( 3 3 - in £t i
@ Matrix £;" (2) looks like L(2) = ( lell ijzz ) Generatorsjj in £;" (2) are in the

infinite dimensional Holstein-Primakoff representatioa gdenote byrj*.

@ In order to get a finite-dimensional representation we ulsgioa between Verma modules

7rj+:7rj697rfj_1, 2j+1eN
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Bilinear relations for Q-operators (I1)

@ We construct transfer matrices

Q2 = Trsgli(2 ®...®Li(2)

Q2 = Trspl2(2) ®...®L2(2)

T = T+ L@ ®...0L (2
1 = TreseG®...0G6

and get
T (@) = Quz+j+3)Q(z—j - 3)
@ Using the relation between modules we get a formula for femmeatrices with
finite-dimensional auxiliary spaces

Ti(@)=T"@) -T2 = Quz+]+3)Q(z—] — 5) — Quz—] — 3)Qz+] + 3)

which is a desired formula

@ QQ-relations can be proven with use of very similar methods

Tomasz tukowski (Humboldt University) 10.02.2012 19/25



Hamiltonians (1)

@ Can we find a simple form for the nearest-neighbor Hamiltomi@r our spin-chain?
@ One has to solve the YBE intertwining tworepresentations

R(z - 2)L(z)L(2) = L(2)L(@)R(2 >{ j><

@ R-matrixR(z) can be written in terms of the projectors

R(@2) =>_ pr(2)Px A+

wherep, (2z) are simple functions of second Casimirs of the tensor priodecomposition
Va®Va=EPVa
A

if the decomposition is multiplicity-free
@ Forgl(n) algebras: rectangular representaties> multiplicity-free representations
@ We found more explicit form for the rectangular represéate(s, . . .,s,0,...,0)

N N —
a n—a
a R N N N
R(2) =p@ [T <z+ W) r (z— A%Ak*l +1> .,  k=2a-k+1
k=1
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Hamiltonians (11)

@ Again, A are operatorial shifted weights of the tensor product pretion

Ll le 1] = LIl ]e | ]
3 x 3 = 5 + 3 4+ 1
Ar 4 3 2
Ao 1 0 1

@ One can extract the nearest-neighbor Hamiltonian from tinesfitix

d _ A A4 1 A+ A1
H= < logR(z ]7 —22[ <f>—w<f+2a—k>}

@ Itis a generalization of the well-known formula feu(2)

Houz) = 20T+ 1) — (1)),  JT+1) =+ %)

@ The harmonic action more efficient in calculations but knawaty for 1-row
representations

[Beisert]
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Supersymmetric case

All results very similar with only small modifications:
@ one has to replace oscillators with superoscillajgrg } = 1
@ minus signs appear in many places (making you cry while griygnkeep track of them)

@ fusion works a bit different compare to the bosonic case —gate two types of
QQ-relations

@ Bethe equations differs for different paths on the Hassgrdias — it reflects the freedom
in choosing fermionic nodes for the Dynkin diagram.
Still, the spectra one gets from different sets of Bethe g agree.
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Summary and outlook - lessons for the all-loop problem

@ Analytic properties of Q-functions follow directly frométconstruction of Q-operators

@ Q-operators for spin-chains can be constructed as tracesmddromy matrices over
infinite-dmensional (oscillator) auxiliary space

@ Bilinear relations are completely determined by the fusidas in the auxiliary space! We
have the same Hasse diagram for 1-loop spin chain as for thest@m in the FINLIE
approach. It means that if it is possible to construct Q-atwes for finite-coupling then we
know which auxiliary spaces we have to consider. An impartgestion remains what

kind of the quantum space we should take?

What is a proper quantum space suitable for the 2-,.34pop description of the spectral
problem at weak coupling? It seems that the spin-chain r@diteaks down because of the

length fluctuations and wrapping corrections
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Thank you!
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Relation between Yangian* and

@ Drinfeld realization of the YangiaW(gl(n)):
[Ja, 6] =fiedc, [, ds] =fazdc,  + Serrerelations
@ Drinfeld definition is equivalent to the RTT relation withetladditional assumption
47 = o
@ For the evaluation representation we get the homomorphism
Y(gl(n)) — gl(n)

We cannot get the oscillator representations for the standangian

@ Yangian* is not even a Hopf algebra because there is no do-uni

Another question:
What does Yangian* mean for the scattering amplitudes?
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