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Outline:

“ Point particle in 2 + 1-dimensional gravity
@ Geometry of position and momentum
@ Dynamical description
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Particle in 2 + 1 dim

Momentum space

A point particle coupled to 2 + 1 dimensional gravity possesses a
curved momentum space, being the group manifold SL(2, R), with the
scale given by the Newton’s constant

Figure: Momentum space SL(2, R) embedded in R*
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Particle in 2 + 1 dim Geometry
Dynamics

Position space

Figure: Particle neighbourhood embedded in Minkowski spacetime

Careful examination reveals that components of position have non-
vanishing Poisson brackets, which is equivalent to non-commutativity
of spacetime at the quantum level
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Particle in 2 + 1 dim G
Dy

Chern-Simons formulation of gravity for A = 0

Introducing one-forms of a triad e = efdx* and a spin connection
wq = %Eabcw#bcdx“ one may express the Einstein-Hilbert action as

k
S = E/ 2€a A (dCL)a + %eabcwb /\Wc), k =
M

and then in terms of the Cartan connection A = e2P, + w?J,, where
P,, J; are Lie algebra generators, as

S= k/ <A/\dA+2A/\A/\A>
47

which is just the Chern-Simons theory with the curvature

F=dA+ANA
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Particle in 2 + 1 dim

Action of a point particle

A static point particle of mass m and spin s on the world line x*(7)
may be characterized by

S= /dT <DAM).(M(T)>7 D = mToys + 8To3,

where To4, Tog are ’translational’ and ‘rotational’ algebra generators;
description of a particle in motion can be obtained via the gauge trans-
formation

A— h 'Ah+ h "'dh
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Construction
Many particles Solution

The Alekseev-Malkin construction

Let us consider a system of n point particles on the spacetime manifold
M =R x 82; starting from some point on the spatial surface S2 away
from the particles, we draw a loop around each puncture

Figure: Alekseev-Malkin construction on a sphere, stage 1
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Constructlon

Many particles

The Alekseev-Malkin constructlon — cont.

Then we cut out each loop and cut the remaining surface at the former
point, obtaining n disconnected disks Q; and a polygon (n-gon) Q (in
the topological sense)

o
@

Figure: Alekseev-Malkin construction on a sphere, stage 2
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Construction
Many particles Solution

Geometry of the individual regions

We decompose the connection into A = Aydx® + Ag; then for the non-
punctured polygon As has to be flat and hence

Asla, =097 ', Fsla, =0,
while for each of the punctured disks it has the sigularity and
Aslg = 7idBr; " +7idv; !, Fslg = Dis?(x — x)dxy A dxs,

where 7o, ; are group elements and every dB; = ;- D;d¢; has values
in the algebra, given by the particle’s properties

®-

Figure: Alekseev-Malkin construction on a sphere
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Construction
Many particles Solution

Sewing of the separate pieces

Sewing of connection between the polygon and disks i.e. considering
the equality As|m, = As|o, = Aslaq, for every side of the polygon m; C
0Q yields us a set of conditions

Yo ' lm, = Ni€®~y !, dN; =0

Using them one finds that topological degrees of freedom of gravita-
tion are absorbed by the particles and the latter become described by
group elements instead of algebra ones
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Many particles Solutlon

Towards explicit results

We apply the above framework to the principal object of mechanics —
a symplectic form, which in the case of a free particle in our formalism
has the form (6 denotes the exterior derivative)

Qree = (DS~ A GR)
Meanwhile, the symplectic form of our system

P
Q- 47T/<6A3/\§A3 +—Z(5 (D),

where h; = h(x()
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Construction
Many particles Solution

Unfolding of the structure

After some calculations we thus obtain

k < ~ 4 _ _
= -2 ((Cigi '6gi A G g '0gi) — (SKIK ! A 0Kt KZY).

i=1

Q

where the first component describes deformed kinematics of individ-
ual particles and the second one nonlocal, topological interactions be-
tween them, while the quantities introduced

Yo(pi) =K' = MiK—!, vi(pi) = 9i = vi(pi-1),
M, =gC; g, Ci=é"

and in particular M; is a holonomy and C; is a group element
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Construction
Many particles Solution

Conclusions

What was discussed:

@ a point particle coupled to gravitation in 2 + 1-dim has a curved
momentum space and non-commutative spacetime,

@ gravity in 2 + 1-dim is an example of the Chern-Simons theory,
what gives one way of its treatment,

@ multiple particles can be dealt with the help of the Alekseev-
Malkin construction,

@ gravitational dofs turn out to be converted into nonlocal interac-
tions between particles
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Construction
Many particles Solution
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