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What are the FQH states that can form in lattice systems with bands of 
higher Chern numbers?	



Wannier basis: A band with Chern number C 
can be mapped to C Landau levels in the 
continuum.	



Examples:   Fractional Chern Insulators,       
	

 	

 	

Hofstadter bands	



Lattice specific processes can 
change the nature of the state.	

 Multi-component/pseudospin picture 

Multi-layer picture 

!

!

Lattice Fractional Quantum Hall Effect	



Example: umklapp scattering	
  
LH, G. Moller and S. H. Simon, PRL 108, 256809 (2012)	



e.g. X.-L. Qi, PRL. 107, 126803 (2011)	
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with t being the strength of the pair tunneling term produces the same exact groundstate and the same excitation
spectrum. In a previous work [1] we have shown numerically that when t = 0 this Hamiltonian is gapless. By
increasing t a gap opens up and at |t| = 1 the zero energy groundstate of this Hamiltonian is of the form,
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Note that due to the presence of the tunneling term, particle number in each layer is not conserved hence the
wavefunction is a sum over di↵erent particle distributions. Here, {kn} are amplitudes associated with di↵erent
particle distributions between the two layers. We can show that for t = �1 the amplitudes must be kn = ±1 while
for t = 1 we have kn = �kn±2 = ±1.

The excitation spectrum in this case obeys U(1)4 ⇥ U(1) while the final topological theory is U(1)2 ⇥ U(1)2. For
the uncoupled Hamiltonian we can think of electron operators to be of the form
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By turning on the tunneling term we e↵ectively gap out one of the U(1) charge fields.
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II. MULTI-LAYER

FQH in a C = 2 Hofstadter Band 

MR pfaffian state has good 
overlap with groundstate of H	



H = δ(zi − z j )
i< j
∑ B = 2neh/e	

 v = 1	



C = 2

Tunneling terms can be generated by 
umklapp scattering in the lattice	



What is the groundstate of this Hamiltonian?	



LH, G. Moller and S. H. Simon, PRL 108, 256809 (2012)	



B 

Ψgs = Pf (
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Cooper, Wilkin, Gun,	


Phys. Rev. Lett. 87, 120405 (2001)	





Exact result for |t| = 1!            	
  

FQH in a C = 2 Hofstadter Band 
2-body contact interaction in a system with C = 2	



v = 1	



paired states can form in each layer	


effective 3-body-like terms in each layer!	
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tunneling terms cancel the repulsion penalty	
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with t being the strength of the pair tunneling term produces the same exact groundstate and the same excitation
spectrum. In a previous work [1] we have shown numerically that when t = 0 this Hamiltonian is gapless. By
increasing t a gap opens up and at |t| = 1 the zero energy groundstate of this Hamiltonian is of the form,

 ({z"i }, {z#j }) =
NX

n=0

knPf

 
1

z"i � z"j

!
Pf

 
1

z#i � z#j

!

⇥
nY

i<j=1

(z"i � z"j )

N�nY

i<j=1

(z#i � z#j )

nY

i=1

N�nY

j=1

(z"i � z#j ).

Note that due to the presence of the tunneling term, particle number in each layer is not conserved hence the
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particle distributions between the two layers. We can show that for t = �1 the amplitudes must be kn = ±1 while
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II. MULTI-LAYER



Ψgs ({zi}) = ψe(zi )
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1, σ ,ψ{ }Ising CFT:	

 U(1)4: 

Ψgs = Pf (
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CFT Description – Review of MR state  
Reminder: Single layer Moore-Read pfaffian state …	



Charged part	

Neutral part: topological properties	



ψe (z ) =ψ  eiφc
ψqh (η) =σ  e±iφc /2

	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  
	
  

Electron operators	



Smallest-charge 
quasihole operator	



1, eiφc , eiφc /2,e−iφc /2{ }

Ψqh ({zi},{η j}) = ψe zi( )
i=1

N

∏ ψqh η j( )
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n

∏
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Not all 12 sectors of Ising x U(1)4 lead to valid wavefunctions  	


Final topological theory: SU(2)2 	



Moore and Read, 	


Nucl. Phys. B360 362 (1991) 	





1, σ ↑,ψ↑{ }× 1, σ ↓,ψ↓{ }2 copies of Ising CFT:	

 U(1)4: 

CFT Description – Coupled MR state 

Each layer is like a Moore-Read pfaffian state …	



Charge	

Neutral part: topological properties	
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Electron operators	

 Smallest-charge 
quasihole operators with 
valid wavefunctions:	



Excitation with σ or σ  separated are not energetically favorable.	



same position	



Sectors with odd numbers of σ or σ operators are confined. 	
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Let us ignore the charge part and just focus on the neutral part.	



Ising 	



Ising	



ψ	
  

ψ	
  

σ	
  

σ	
  

If we cross out the sectors that involve an odd number of σ or σ :	



Topological sectors of Ising x Ising:	
  

1 1 	
  

1 ψ 	
  
ψ 1 	
  

ψ ψ 	
  

σ σ 	
  

h = 0	



h = 1/2	



h = 1	



h = 1/8	



h = 1/2	



In this reduced subspace certain 
sectors are topologically identical.	
  

1	



ψ	



 a	



σ σ  sector has to split 	
  

Topological Properties – neutral part 

1          	

 σ       	

 ψ        	
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Visible in edge 
spectrum!	
  

Condensing	
  ψ ψ 	
   Bais and  Slingerland, Phys. Rev. B 79, 045316 (2009)	





Topological Bose Condensation 
•  Start with an anyon theory	



1.  Anyon labels: {1, a, b, c … }	

 …	
  

Primary fields of a CFT	



Conformal dimensions of the 
primary fields of the CFT	



•  Identify a boson	

 hb = integer	



•  Condense the boson	

 b = 1	



•  Identify the remaining sectors such that they form a new consistent 
anyon theory	



2.  Fusion rules: a x b = c + ?	



3.  Braiding rules:	



Multi-component Fractional Quantum Hall States

A series of multi-layer fractional quantum Hall (FQH) states that are exact ground states of
certain two-body interactions with pair tunneling terms are constructed. These states consist of
multi-layer Moore-Read pfa�an states that are coupled via an overall Jastrow factor and form at
filling fractions ⌫ = 1 for bosons and ⌫ = 1/2 for fermions. We predict the CFT of the edge
spectrum, which should be visible in numerical studies of the excitation spectrum in the presence of
extra flux, to correspond to SO(C)1 ⇥U(1) while the final topological theory would be SO(C+2)1.

I. BILAYER

We start with a set of bilayer Hamiltonians of the form,
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At total filling fraction ⌫ = 1 this Hamiltonian has an exact, zero-energy groundstate of the form,
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The edge spectrum of this Hamiltonian, obtained by exact diagonalization in the presence of additional flux, reveals
that it behaves like two independent Moore-Read states, hence the character of the CFT, describing the edge of the
infinite system factorizes into two independent components,

�3-2(N", N#) = �MR(N")⇥ �MR(N#), (4)

which is equivalent to the character of SU(2)2 ⇥ SU(2)2. However, the primary fields of this CFT cannot be used to
construct the groundstate, Eq. 4. In particular the Jastrow factor between the two layers must be inserted by hand.

We now consider adding a pair tunneling term of the form
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Condensation of (ψ ψ ) 

x (ψ ψ) = (σ σ)	
  

(1 1) = (ψ ψ)	
  

x (ψ ψ) = (ψ σ)	
  

x (ψ ψ) = (σ ψ)	
   (σ 1) = (σ ψ) are confined	



(1 σ) , (ψ σ) are confined	



x (ψ ψ) = (ψ 1)	
   (1 ψ) = (ψ 1)	
  

(1 1)	


	


(1 σ) 	
  
	


(1 ψ)	


	


(σ 1) 	


	


(σ σ)	


	


(σ ψ)	


	


(ψ 1)	


	


(ψ σ)	
  
	


(ψ ψ)	
  

(σ σ)1 	
  

(σ σ)2 	
  

σ x ψ = σ	
  
ψ x ψ = 1	


σ x σ = 1 + ψ	
  

Ising fusion rules:	
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(σ σ) x (σ σ) = (1 1) + (1 ψ) + (ψ 1) + (ψ ψ)	
  

(σ σ) 	
   (σ σ)1 	
  

(σ σ)2 	
  

(σ σ)1 x (σ σ)1 = (σ σ)2 x (σ σ)2  = (1 ψ) = (ψ 1)	
  

(σ σ)1 x (σ σ)2 = (σ σ)2 x (σ σ)1  = (ψ ψ) = (1 1)	
  

Splitting of (σ σ) 

After splitting, the (σ σ) 
sectors become Abelian!	



Before splitting	
  

σ x ψ = σ	
  
ψ x ψ = 1	


σ x σ = 1 + ψ	
  

Ising fusion rules:	





Condensation of (ψ ψ ) 

x (ψ ψ) = (σ σ)	
  

(1 1) = (ψ ψ)	
  

x (ψ ψ) = (ψ σ)	
  

x (ψ ψ) = (σ ψ)	
   (σ 1) = (σ ψ) are confined	



(1 σ) , (ψ σ) are confined	



x (ψ ψ) = (ψ 1)	
   (1 ψ) = (ψ 1)	
  

(1 1)	
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ψ x ψ = 1	


σ x σ = 1 + ψ	
  

Ising fusion rules:	
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U(1)4 	
  



Topological Order of the Coupled Pfaffian  
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Since quasihole operators of the form (4) are the small-
est charge operators that are local with respect to elec-
trons, attempting to break this object further by separat-
ing �" and �# will cost energy and result in branch cuts
in electron coordinates of the expression for the quasihole
wave function. Hence the quasihole excitations must ap-
pear as single objects, shared by the two layers and sec-
tors that contain odd numbers of �"/# operators are said
to be confined.[4] This can be traced back to the fact
that H(↵ = 1) is not a real 3-body Hamiltonian and the
pairing properties of the ground-state are induced by the
pair tunneling term, which in turn binds the quasiholes
in the two layers and requires them to occur at the same
position. A real space demonstration of this is presented
appendix A.

2. From Ising

"⇥ Ising

#
to U(1)4

The restriction on the form of the allowed quasihole
operators, that they cannot contain a single �"/# oper-
ator, reduces the number of independent sectors within
the neutral sector of the original theory, i.e. Ising" ⇥
Ising#. This reduced subspace is equivalent to the re-
sult of condensing the ( ", #) operator in the neutral
sector.[7]

In Ref. 4 a general framework for topological Bose con-
densation was proposed. In brief, in the CFT description
of a topologically-ordered state, bosonic sectors — sec-
tors with integer conformal dimension and trivial mon-
odromy with respect to all other sectors — can condense,
i.e. become identified with the vacuum sector of the the-
ory. As a consequence, certain other sectors of the origi-
nal theory will be identified with each other, some sectors
might become confined while others may split. The result
will be a new CFT, representing a di↵erent topological
order.

Considering Ising"⇥ Ising#, which represents the neu-
tral part of the coupled pfa�an state, we originally have

the following 9 sectors,
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where h denotes the conformal dimension. After con-
densing the non-trivial boson, ( ",  #) = (1, 1), the sec-
tors associated with ( ", 1) and (1,  #) will also become
identified. We further observe that sectors with a single
�" or �# are confined, while the (�",�#) sector splits to
two distinct sectors, so we end up with 4 topologically
independent sectors. The corresponding reduced CFT is
isomorphic to the Abelian U(1)

4

CFT as is summarized
below.[4, 5]
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At this point it seems that the final topological theory
should be U(1)
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, where one U(1)
4

represents the
charge sector and the other one the neutral sector. How-
ever, not all 16 sectors of U(1)

4

⇥U(1)
4

lead to valid wave
functions. In fact only those sectors that are local with
respect to electron operators (3) should be considered.
Discarding the sectors that are not local with respect to
electron operators is equivalent to condensing operators
of the form ei�nei�c , which can be thought of as bosons,
consisting of both a neutral and a charged part. The
resulting reduced CFT is isomorphic to U(1)

2

⇥ U(1)
2

with 4 topologically distinct sectors, as is summarized in
Table I.

C. The Coupled Pfa�an States in U(1)4 ⇥ U(1)4

In the language of U(1)
4
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4

the bosonic electron
operators can be defined as,
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the resulting wave function over pairs of particles in each
layer. The definitions in (9) automatically do this. Note

Full theory:  U(1)4 x U(1)4	



Electron operators:	
  

Only those sectors of U(1)4 x U(1)4 that are local with respect to 
these electron operators will lead to valid wavefunctions.	



The rest are confined.	
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iφc
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Full theory:  U(1)4 x U(1)4	



Adding Charge – further reduction  

Excluding the confined sectors, we end up with these 8:	
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ψ ψ 	
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In this reduced subspace, only 
4 sectors are topologically 
distinct.	
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Full theory:  U(1)4 x U(1)4	



Adding Charge – further reduction  
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Excluding the confined sectors, we end up with these 8:	





Full theory:  U(1)4 x U(1)4	



Adding Charge – further reduction  
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(220) state in a different basis	





Edge States of the Coupled Pfaffian  
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The addition of these operators 
corresponds to adding new 
particles to the system.	



In a system with fixed total particle 
number the level does not appear! 	





Edge States of the Coupled Pfaffian  

Multi-component Fractional Quantum Hall States

A series of multi-layer fractional quantum Hall (FQH) states that are exact ground states of
certain two-body interactions with pair tunneling terms are constructed. These states consist of
multi-layer Moore-Read pfa�an states that are coupled via an overall Jastrow factor and form at
filling fractions ⌫ = 1 for bosons and ⌫ = 1/2 for fermions. We predict the CFT of the edge
spectrum, which should be visible in numerical studies of the excitation spectrum in the presence of
extra flux, to correspond to SO(C)1 ⇥U(1) while the final topological theory would be SO(C+2)1.

I. BILAYER

We start with a set of bilayer Hamiltonians of the form,

H3�2 =

N"X

i<j<k=1

�(2)(z"i � z"j )�
(2)(z"j � z"k)

+

N#X

i<j<k=1

�(2)(z#i � z#j )�
(2)(z#j � z#k) (1)

+

N"X

i=1

N#X

j=1

�(2)(z"i � z#j ),

which can also be wrytten as,

H3�2(t) =
X

s 6=s0=",#

NX

i<j<k=1

�(zi � zj)�(zj � zk)
�|sssihsss|�

ijk

+

NX

i<j=1

�(zi � zj)
�|ss0ihss0|+ |ss0ihs0s|�

ij
.

At total filling fraction ⌫ = 1 this Hamiltonian has an exact, zero-energy groundstate of the form,

 ({z"i }, {z#j }) = Pf

 
1

z"i � z"j

!
Pf

 
1

z#i � z#j

!

⇥
N"Y

i<j=1

(z"i � z"j )
N#Y

i<j=1

(z#i � z#j )
N"Y

i=1

N#Y

j=1

(z"i � z#j ).

The edge spectrum of this Hamiltonian, obtained by exact diagoinalization in the presence of additional flux, reveals
that it behaves like two independent Moore-Read states, hence the character of the CFT, describing the edge of the
infinite system factorizes into two independent components,

�3-2(N", N#) = �MR(N")⇥ �MR(N#), (2)

which is equivalent to the character of SU(2)2 ⇥ SU(2)2. However, the primary fields of this CFT cannot be used to
recover the groundstate, Eq. 2. In particular the Jastrow factor between the two layers must be inserted by hand.

We now consider adding a pair tunneling term of the form

Ht = t
X

s 6=s0=",#

NX

i<j=1

�(2)(z#i � z#j )
�|ssihs0s0|�

ij
(3)

to this Hamiltonian.
Interestingly a two-body Hamiltonian of the form,

H(r, t) =
NX

i,j=1

�(zi � zj)
X

s 6=s0=",#

�|ssihss|+ r(|ss0ihss0|+ |ss0ihs0s|) + t|ssihs0s0|�
ij
.

Total Charge = fixed     No V4 operators can be added     U(1)	


No restriction on the neutral sector     V4 operators can be added     U(1)4	



U(1)4 x U(1)4	



Edge theory:  U(1) x U(1)4	



Charged sector	

 Neutral sector	





!

Chern number C	
  

Multi-layer Systems 
For a C layer system, with the Hamiltonian:	



The groundstate is of the form:	



Ψ = α
Ns Pf ( 1

zi
s − zj

s ) (zi
s − zj

s )
i< j=1

Ns

∏
s=1

C

∏ (zi
s − zj

s ' )
i=1

Ns

∏
j=1

N−Ns

∏
s, $s =1

C

∏
{Ns}∈N
∑

The properties of the resulting state can be deduced from C Ising CFTs, 
coupled via a single U(1): 	


                         	


                          Ising1 x Ising2 x … x IsingC x U(1)4	



Neutral 	


sector	



Charged 
sector	



v = 1	



3

III. BILAYER CASE

A. The coupled-pfa�an state

Consider a bilayer system where particles in the two layers are labeled by " and #. We start with a Hamiltonian of
the form,

H(r, t) =
NX

i,j=1

�(zi � zj)
X

s 6=s0=",#

�|ssihss|+ r(|ss0ihss0|

+ |ss0ihs0s|) + t|ssihs0s0|�
ij
. (6)

H =

NX

i,j=1

�(zi � zj)
X

s 6=s0=",#

�|ssihss|+ |ss0ihss0|+ |ss0ihs0s|+ t|ssihs0s0|�
ij
.

with t being the strength of the pair tunneling term. In a previous work [1] we have shown numerically that when
t = 0 this Hamiltonian is gapless. By increasing t a gap opens up and at |t| = 1 the zero energy groundstate of this
Hamiltonian is of the form,

 ({z"i }, {z#j }) =
NX

n=0

knPf

 
1

z"i � z"j

!
Pf

 
1

z#i � z#j

!

⇥
nY

i<j=1

(z"i � z"j )
N�nY

i<j=1

(z#i � z#j )
nY

i=1

N�nY

j=1

(z"i � z#j ).

Note that due to the presence of the tunneling term, particle number in each layer is not conserved hence the
wavefunction is a sum over di↵erent particle distributions. Here, {kn} are amplitudes associated with di↵erent
particle distributions between the two layers. We can show that for t = �1 the amplitudes must be kn = ±1 while
for t = 1 we have kn = �kn±2 = ±1.

IV. MULTI-LAYER CASE

It is natural to ask whether this bilayer state is part of a larger class of states that can form in multi-layer systems
with bands of higher Chern number. For an e↵ectively C layer system, we consider Hamiltonians of the form,

H(r, t) =

NX

i,j=1

�(zi � zj)

C�1X

s 6=s0=0

�|ssihss|+ r(|ss0ihss0|

+ |ss0ihs0s|) + t|ssihs0s0|�
ij
. (7)

H =
NX

i,j=1

�(zi � zj)
C�1X

s 6=s0=0

�|ssihss|+ |ss0ihss0|+ |ss0ihs0s|+ t|ssihs0s0|�
ij

It can be shown that for |r| = |t| = 1 this Hamiltonian has an exact, zero-energy groundstate of the form,

| i =
CX

s1 6=s2... 6=sC=1

NX

n1,n2,...,nC�1=0:2

k(n1, n2, ..., nC�1)

⇥ Mn1Mn2 ...MnC�1MN�(n1+n2+...+nC�1)

⇥
NY

i<j=1

(zi � zj)|P(Ns = n,Ns0 = N � n)i (8)

where, again, Mni is the pfa�an of ni particles. I haven’t finished doing this but probably a similar recursive solution
for k’s in terms of ↵ and � will follow.



Multi-layer Systems 

ψe
1(z1) =ψ1 e

iφc

ψe
2 (z2 ) =ψ2 eiφc

ψe
C (zC ) =ψC  eiφc

Electron operators:	
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ψqh (η) = σ1σ 2…σC( )eiφc /2

Ising 2 	



Ising 1	



Ising C 	

 Excitations that result 
in valid wavefunctions 
correspond to having 
(σ1 σ2 … σC) coincide.	



Equivalently: All pairs of the form ψiψj between Ising layers condense.	
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ψiψj         	

1	
  
Ising i	



Ising j 	

 Bais and  Slingerland, 	


Phys. Rev. B 79, 045316 (2009)	



All other σ sectors will be confined.	





Multi-layer Systems 

16 distinct categories	
   Kitaev, Ann. of Phys. 321, 2 (2006) 	



Equivalently: All pairs of the form ψiψj between Ising layers condense.	



ψiψj         	

1	
  
Ising i	



Ising j 	

 Bais and  Slingerland, 	


Phys. Rev. B 79, 045316 (2009)	



 ψ1 1 ψ3 = 1	



ψ1 ψ2 1 = 1	



1 ψ2 ψ3 = 1	



Excitations that result 
in valid wavefunctions 
correspond to having 
(σ1 σ2 σ3) coincide.	



All sectors with 1 or 2 σ 
operators will be confined.	



Ising 2 	



Ising 1	



Ising 3 	





Kitaev, Ann. of Phys. 321, 2 (2006) 	



C = 2 mod 4	



C = 0 mod 4	



C: odd	


       1           σ          ψ	


h  =     0           C/16         1/2	


d  =     1                              1 	

2

       1          e            m           ψ	


h  =     0          C/16         C/16           1/2	


d  =     1            1               1                1	



       1           a           a*           ψ	


h  =     0            C/16        C/16            1/2	


d  =     1              1              1                 1	



conf. dim.	


q. dim.	



SO(C)1	



Mansson, Lahtinen, Suorsa and Ardonne, PRB 88, 041403(R) (2013)	


Lahtinen, Mansson and Ardonne PRB 89, 014409 (2014)	



Same structure 	


1D spin chains	



Ising-like	



U(1)4-like	



U(1)2xU(1)2-like	



Neutral Sector: The 16-fold Way 



SO(C)1  x  U(1)4              	



Independent sectors that result in valid wavefunctions correspond to 
condensing new ψψ pairs between the charge and neutral sectors.    	



ψψ         	


1 1	



SO(C+2)1	

  final topological theory	
  

1	
  

SO(C)1	

 Neutral sector	
  

SO(C)1 x U(1)	

 Probably visible in the edge spectrum	
  

Adding the Charge Sector: U(1)4 

Full theory:	
  



•  Two-body Hamiltonian + pair tunneling in a C-layer system	


	


           Exact groundstate at v = 1 is the Coupled Pfaffian State	


	


	


	


	


•  Edge spectrum: SO(C)1 x	
  U(1)	


	


•  Final topological theory:  SO(C+2)1	


	


•  Topological phase transitions?	


                                                                              	



Summary 

Ψ = α
Ns Pf ( 1

zi
s − zj

s ) (zi
s − zj

s )
i< j=1

Ns

∏
s=1

C

∏ (zi
s − zj

s ' )
i=1

Ns

∏
j=1

N−Ns

∏
s, $s =1

C

∏
{Ns}∈N
∑

C odd: Non-Abelian	
  

 C even: Abelian	
  


