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• very-low-energy structure (VLES) 

Alexander Kästner, Elias Diesen & Jan-Michael Rost

Slow, slower, and even slower electrons 
from strong-field ionization 

• “zero”-energy structure (ZES) 

• low-energy structures (LESs)



recollisions in strong-field ionisation

[Corkum & Krausz, Nat. Phys. 2007]

electric field in time “hard” recollisions



observation of the LES

data from Blaga et al. [Nat. Phys. 5 (2009) 335]
  photo-electrons for λ=2μm and I=1.5×1014W/cm2

why EH not Epeak ?  

behavior at E=0 ?



observation of a VLES

“denote this as the high-energy low-energy structure (HLES)”  
“for visual convenience, the HLES and the VLES are marked”

data from Wu et al. [PRL 109 (2012) 043001] 

Xe 1.8μmKr 1.32μmNe 800nm

behavior at E=0 ?



observation of a “zero-peak”

data from Dura et al. [Sci. Rep. 3 (2013) 2675] 

“the offset of the ‘zero-peak’ from 
 zero transverse momentum is 

 within our measurement resolution” 



slow



numerical calculations

• reproduction of the original LES 
  by various quantum and classical calculations

Blaga et al., Nat. Phys. 2009,  
Quan et al., Phys. Rev. Lett. 2009.   
Catoire et al. , Las. Phys. 2009. 
Liu and Hatsagortsyan, Phys. Rev. Lett. 2010. 
Lemell et al., Phys. Rev. A 2012. 
...

agreement on forward scattering



classical trajectories 
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classical vs. Bernard Piraux @ NORDITA May 21st
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numerical calculations
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What forms the peak structure?



numerical calculations
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What forms the peak structure?

trajectories: initial conditions → final observables 
trajectories: or in between (but time-dependent fields) 
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deflection function: dependence on initial variables 

longitudinal momentum

formation of peaks (LES)?

(multiple) recollisions



1-dim deflection function

spectrum from “binning” of final variables 
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1-dim deflection function

deflection function Y: relation between initial x and final variable y 

→ defines the spectrum
P (y) =
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extrema of the deflection function → peaks in the spectrum
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2-dim deflection function

 → peak structure for saddle points (cf. van-Hove singularities)



deflection function for λ=2μm and I=1014W/cm2

longitudinal momentum
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mechanism of saddle-point formation? 
→ trajectories at saddle point



saddle-point trajectories

recollisions aside the ion, i.e. weak perturbation 
 → soft recollisions
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bunching  in soft recollisions

bunching!

trajectories with different 
initial drift momenta end 

up with the same final 
momentum



longitudinal momentum
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series of LES peaks
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higher-order LES in experiment

recent data from Wolter et al. [Phys. Rev. A 2014]



series of LES peaks

soft recollisions at later times  
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ponderomotive energy or Keldysh parameter?

LETTERS

NATURE PHYSICS DOI: 10.1038/NPHYS1228

Figure 2 | Evolution of the photoelectron distributions in the LES region. a, The emergence of the LES as a function of wavelength for xenon at the
saturation intensity (80 TW cm�2). b, The progression of the LES in argon at 2.0 µm as a function of intensity. c, The LES in xenon for constant
ponderomotive energy (Up ⇠ 19 eV) or constant Keldysh parameter (� ⇠ 0.56). d, The LES region in xenon for linearly (LP) and circularly (CP) polarized
2.0 µm pulses for a peak vector potential of 1.8 atomic units.

The LES spectra shown in Fig. 1 are typical of all inert
gas atoms (He, Ne, Ar, Kr, Xe) and diatomic molecules (N2,
H2, D2) studied at long wavelength (� > 1 µm) and thus seem
universal. The LES details depend on the laser characteristics and
the atom/molecule under investigation but its structure can be
characterized by a peak energy (1–5 eV) and high energy limit
(EH ⇠ 2–20 eV) defined by the break in slope that approximately
coincides with the divergence from the semi-classical prediction.
As will be discussed, a necessary condition for the appearance of
this feature is � ⌧ 1 or tunnel ionization. Furthermore, the LES
width is much greater than the photon energy and its integrated
yield can contain up to half of the electron emission. All of the
above observations are valid for linear polarized excitation. Most
importantly, the observation points to an obvious breakdown in
our understanding.

The reason why the LES has so far eluded observation is revealed
in Fig. 2a, a plot of photoelectron energy distribution for xenon
atoms ionized at constant intensity (80 TWcm�2) for three different
wavelengths. The 0.8 µm distribution has been well documented
and shows an ATI series14 with resonant Rydberg substructure15,
characteristic of the multiphoton regime (� � 1) and dynamics.
However, as the wavelength increases in Fig. 2a, the LES feature
becomes progressively visible and broadens in width. Excluding
this low-energy portion, the remaining spectrum is consistent with
the tunnelling limit and the semi-classical behaviour (see Fig. 1,
inset). Consequently, the remainder of the analysis will focus on the
low-energy spectral region.

Perceptive views of the LES feature are presented in Fig. 2b–d.
As the intensity rises towards saturation at constant wavelength,
the normalized LES distributions in Fig. 2b change in width and
peak energy. In contrast, Fig. 2c shows three nearly identical xenon
electron distributions recorded at a constant value of Up ⇠ 19 eV.
Remarkably, this corresponds towidely different conditions varying
from 1.7 µm pulses near the saturation intensity to 2.3 µm pulses
at half this intensity. Thus, the LES feature seems invariant
with respect to the field parameters if Up is constant. However,
preliminary results presented in Fig. 2d show a suppression of the
LES feature for circular polarization.
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Figure 3 | LES mapping for various atoms and wavelengths. The
dependence of EH versus the Keldysh parameter (� ) for argon (filled
square: experiment, open square: TDSE), helium (filled circle: experiment,
open circle: TDSE) and xenon (filled diamond). The solid line is a fit to all of
our LES data and suggests a simple scaling law, EH ' � �↵ with
↵ = 1.78±0.1. The abscissa error bars are due to a 20% accuracy in
estimating the laser intensity and the ordinate error bars account for the
spectrometer calibration and the uncertainty determining the extent of the
LES region.

An equivalent interpretation of the invariant condition in Fig. 2c
is that � is also fixed (' 0.56). Moreover, the similarity of the three
different LES distributions shown in Fig. 1 for Ar, H2 and N2 with
approximately constant � ⇠ 0.4 (binding energies equal within 3%
and constant intensity and wavelength) supports a correlation with
the Keldysh picture. To investigate this connection, Fig. 3 shows
the LES high-energy limit, EH, versus the Keldysh parameter, � ,
for three different targets (He, Ar and Xe) at various wavelengths
(0.8, 1.7, 2.0, 2.3 and 3.6 µm). Over the entire range, the logarithmic
plot suggests the LES obeys a simple scaling law EH ⇠ � �↵ with
↵ ⇠1.8±0.1. For � 0.5, deep in the tunnelling regime, the scaling

336 NATURE PHYSICS | VOL 5 | MAY 2009 | www.nature.com/naturephysics

 Blaga et al. Nat. Phys. 5 (2009) 335

ponderomotive energy

Keldysh parameter



CEP average

peak position for few-cycle pulses

soft recollision



CEP average

peak position for few-cycle pulses
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focus average

universal dependence on  
pulse duration (cycles) 

and 
effective field strength 



experiments in the DiMauro group
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slower
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momentum distribution
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momentum distribution
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momentum distribution
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series of LES peaks
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− analogous bunching 
− no field strength dependence 
− at very low energies → VLES



momentum distribution
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momentum distribution
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momentum distribution
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momentum distribution
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momentum distribution
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momentum distribution
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even slower



calculations vs. measurement

agreement if extraction 
field included!

classical 
calculations

Dura et al. (2013)



-0.6 -0.4 -0.2 0 0.2 0.4 0.6
electron energies [eV]

yi
e

ld

R
y

d
b

e
rg

 e
le

c
tr

o
n

s

0 2 4 6

“zero”-energy electrons

only electrons with E>-1meV 
are additionally extracted

Why do they form a peak?

“frustrated tunneling” 
Nubbemeyer et al. 
PRL 101, 233001 (2008)



“zero”-energy electrons

extraction field matters, 
despite being weak F∼1...10V/cm∼10-9au

on-axis

barrier at with energy

experimental

conditions:



typical above-the-barrier trajectories 

“Essays on the Motion of  
Celestial Bodies”  V. V. Beletsky



standard Stark problem

original 
Hamiltonian

generic 
Hamiltonian

proper 
 scaling



standard Stark problem

generic 
Hamiltonian

separated 
Hamiltonian



standard Stark problem

separated 
Hamiltonian



standard Stark problem
separated 
Hamiltonian
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standard Stark problem
separated 
Hamiltonian

only trajectories starting at the Coulomb center 
characterized by energy E and angle θ

quiver  
amplitude (∼nm)

barrier distance (∼ μm)

trajectories are

being trapped if



deflection function 
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2D deflection function
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2D deflection function

peak for , i. e. parallel contour lines



2D deflection function
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momentum distribution from Stark geometry

-4 -3 -2 -1 0 1

-1

0

1 E=0.0

E=-0.4

E=-0.8

E=-1.2

transverse and longitudinal momenta 
for specific energies E and various angles



momentum distribution from Stark geometry
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momentum distribution from Stark geometry
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peak at  
about 0.6



recent ZES measurements
Richter, Kunitski, Dörner (Frankfurt) 

N2, 800nm
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influence of angular distribution

extraction extraction extraction

almost independent of angular distribution !



summary

• LES 

• VLES 

•  “Z”ES 
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mechanism from deflection function 
→ longitudinal bunching in soft recollisions 
→ higher-order (lower-energy) peaks  

alternative soft recollisions 

analysis of Stark trajectories 
due to extraction field 
→ meachnism for peak formation 
→ scaling with field strength, 
→ confirmed experimentally 
 



Thank you!


