Random Phase Approximation and
Extensions

Peter Schuck

IPN Orsay — LPMMC Grenoble

Collaboration: D.S. Delion, M. Jemai, J. Dukelsky, M. Tohyama

Jemai, Delion, P.Sch, PRC88(2013)044004



N o o B~ WwDN

Outline

. Standard RPA and the quasi boson approximation

. Improved ground state with Coupled Cluster Theory (CCT)
. Extension to Self-Consistent RPA (SCRPAnormalised RPA
. Some Results

. Discussion

. Higher RPA's; odd-particle number RP&gcond RPA

. Conclusions



Random Phase Approximation from the Nuclear
Physics Point of View

The nucleus is a SELFBOUND system of FOUR different fermions

neutrons, spin up/down—-protons, spin up/down

Ground state: HARTREE-FOCK
Mean-Field
relativistic and non-relativistic
Excited states: QUADRUPOLE DEFORMATIONS, BREATHING
(COMPRESSION) MODE, etc. —

TIME DEPENDENT HF
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Small amplitude........... Linear response —

p=po+dp
This leads to standard RPA egs:

[Q, — (ex — ex)]opxkr = (NG — n? ZVk 1:k10P1 17
L

0pph = Xph dpnp = Yph
h"F from ENERGY DENSITY FUNCTIONAL (EFFECTIVE FORCES)

(about 12 adjustable parameters). Microscopic nucleon- nucleon
force unknown !!



Energy Density Functional

e(p, 7, Vp,7p,...)
p(r) = 3 6(e" (1) (1) = Voo (r)

minimisation with respect té’'s —
HF eqs

h"" [l i (r) = eidi(r)



Vibrations around HF minimum (RPA):
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GROUND STATE ENERGY
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Some appreciated properties of RPA

HF: always some symmetries are broken!
1) Translational Invariance

2) Rotational Invariance

3) Particle Number (BCS)

etc.

HF-RPA: Goldstone mode &, = 0 (Spurious mode)
Translation: o — E[°w

Conservation laws, Ward Identitiéslfilled! !
Sum rule, etc.
Very well established scheme in nuclear physics!



EXTENSIONS OF RPA THEORY.

SELFCONSISTENT-RPA

also
renormalised RPA

standard RPA- Quasi boson approximation

First: ideal bosons—



Reminder: HFB theory for fermions
BCS ground state
IBCS) = My (uk + Viay al)|vag) o eXk i % X jvag
guasi-particles:
Oza_ = uka;r — Vkag
Then, we have the 'killing’ property
ok |BCS) = 0.

Theu, v coefficients can be determined from minimisation of a sufa-ru

e, _ HowlH ol
<{akv ak+}>
The minimisation leads to standard BCS eqs

(a+ ) () =)

{..,..} = anticommutator



Hartree-Fock Bogoliubov theory for bosons
The Bogoliubownitarytransformation for bosons is

[ = Z [Usabl, —=Viaba] < [b] = Z[U(wqi + Vo] -

(e

where the coefficientd andV are determined by minimisation of

_ Olla[H G0y s, bbibb
= ol | T

0) = |[HFB) q,|HFB) =0, |HFB) = eX t'0"jyac)
The minimisation leads to the following set of equations

(5 B () -<(3)

h[U,V] = (0][b, [H,b]]j0) ;  A[U,V]=g(0Jbbj0) =gUV . (1)
— (0][b, [H. bl][0) .

with



SCRPA for particle-hole excitations
RPA excitation operator in the particle-hole channel is

QL =3~ [XihAly = Y] -

ph
ph = Z[xthT + YonQu]

Al =alan ~Bf Qf =xBT-VYB

where af, a are fermion creation/destruction operators.

It is like Bogoliubov unitary transformation for ph pairs!

The operator should have the properties
QIIRPA) = [v), Q,|RPA)=0. [RPA)g ~ e ZwanunBorn B, |HF)

Qg|RPA) =0



Evidence of quasi-boson approximation from
response fct

ng —n?
—e e R a— qik 5 ,5 \7 R .
(w — €k + €q)Rkq.k'q w—ek—i—eq[ Kk qq,+;ql kasaks Riqask/a’]
with
Rliq_fkl’q’ = —i(T (agaq)i(agac )

= —i0(t—t')((ag aq)(ag aw )v) —iO(t'~t){(ag ax )v(a’aq))
Equation of motion

.0 >
(Iﬁ — €k + eq)Riq’tk,q, =t —t')([(a} aq), a(;ak,]) 4o

Then

([(agaq), g ax]) = (Ng — Nk)dkk dqq’

with n = (afac) ~nd = 1 or 0.  This is quasi-boson
approximation!



Existence of RPA Vacuum

_ 72 2 (2) 2
|0> = |Z( )> |HF z® = 4 Zzplpzhlhz l];lhl Py’ Q”|Z( )> 0 7

Q=) [Xphahap Yplgagah}
ph

1 , 1 ’
+ + v i T
5 Z "Ip1pp2np, 3p:8p @ — 5 Z Tlphyhh, 2h, 8h, 8p@h

php1pz phh; hy
with
ph = ZX 1hy Z plphlh » Zpphh = Z(X Yo Y 2
pihy v
and
npylppzh prlhl ppzhh1 77llJ/hlhhz prlhl Pplhhz' (3)

At + 3
Approximation ap2 ap, ap ap — (ag,ap, )a, an, etc.



In order to determine the amplitudes X,Y of (11) we define a
generalised sum rule

_ 1(0[[Qu.[H.QjlI0)
727 (0][Q.. QlI0)
1
~ (0l[0.. 010} E,. — Eo0)[{0|Q. 2
i, aljo) 25 ~ ElOIu1k)

which we minimise with respectto X,Y .
This leads to the RPA-type of equations of the form

v v
g Buae) (X} g (i)
Bikorig  Akikokgig |\ Yeng Yk,

where
Akkokzks = (0] {5Qk1kz [H75Q|I£kéH |0),

and
Biykokiky = —(0| [5Qlilkz [H75Q|I{k2'H |0) .



where

Ak,

5Q) ., =
ke N, — N

_ qf
b) Ak1k2 - aklakz b)

2 1

are the normalised pair creation operators and
nk = (0]l a|0) ,

are the single particle occupation numbers
The Bogoliubov orthonormality relations allow us to invéré operator (14)

k1k2

My, — Ny,

The double commutators id, 5 contain the occupation numbers and
(ATA) or (AA). The latter can be expressedX¥yY amplitudes via killing
relationQ|RPA) = 0.

Z X|<1|<2QI +Y|<V1>’|;2QV) :

v

(ATA) = F[X,Y] (AA) =G[X,Y]



With inversion and killing condition, we get with CC wave fct

Ny = nk[xvY]

AX,Y]  B[X,Y] X _E X

B*[X,Y] A*[X,Y])\Y ) =Y
Leads to a fullySelf-consistent schemeery similar to HFB eqgs for bosons.
Here, HFB for fermion pairs.

Linearising withX — 1,Y — 0 in matrix — standard RPA

and thus



Determination obptimal single particle basis
Minimisation of ground state energy with respect to s.pisbas

([H, Q) = ([H,alaw]) = W[X,Y;¢] = 0

Very natural result, since just another Equation of Motidggin onlyny
and(AA) enter and, thus, s.p. basis gets coupleX & amplitudes,
selfconsistently.



Application to Lipkin model

For simplicity, we consider two levélipkin model

=1

-0

\Y
H = EJO — E(J+J+ aF J_J_)

with [\],,\Lr] =—-2Jo, [Jo,\]i] = +J; and

1
E Z ClmClm - Cngom) Jy = ZCImCOm Jo = (‘J-F)Jf
m m

We try exponential with two body operator:

|z) = eZJ+J*|HF>

Using following operator witlz = % andn = & £

QT =XJ, —YJ +7nJ Jo wehaves Q|RPA) = 0!



Again: J_Jo — J_(Jo)
Scheme can be and has been worked out for general many body
problem. Two particle case exact without n term !.

06F - 3
Qle N=4 K

-+ s-RPA
04F - SCRPA [Eq.(36)] - E
- SCRPA ",

— Exact o
02f B E

0 s s s s i
] 0.2 04 0.6 0.8 1 12

x=V(N—1)/e



08

0.6 E|
N=14
Qle
.- s-RPA
0.4 -— SCRPA [Eq.(36)] 4
— SCRPA
— Exact
02, B E
0 L L L L
0.2 04 0.6 0.8 1 12
2! T T T T T T T
2 N=14 .
— oarror = 100, (. E S o
15 B
s .
0.5 -
L L L
2 3 4 s 6 7 B 0




The HUBBARD Model

We treat a ring with 6 sites and half filling, i.e. 6 electrons.

H=-t) ¢lc,+UD fiufi_, fi,=clco (4)
(iyo i

Two site problem again exact in SCRPA!



0.5 [

lal=rc

——- ph-RPA standard

lq=2m/3

— —- ph-RPA standard
—— Exact

+—— ph -SCRPA /

—— Exact N P
+——+ ph -SCRPA \
\
\
0.5 1 15 2 25 3

3.5




lal=ru/3

— —- ph -RPA standard
—— Exact
+—+ ph ~SCRPA




SCRPA in the particle-particle (hole-hole) channel. The pairing or
Picket Fence Model.

Q
H=Y (- AN -G PP

i=1 ij=1

where

Pi=cc, Pl =P, Ni=cc +ci-Tc;
The pp-RPA operator is

Al =D OXEPE =D YR
P h

Self-Consistent mashinerie gives following results. 2 particle case
again exact standard RPA: E « V1 - G; SCRPA:E x v1+G
(exact(!)). Screening has changed sign from attraction to repulsion !!
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Fig. 3. Groundstae of the sysem with 0= 10 ad N=12
particles elaive 0 the groundstate o the systcm with 12 ~ N =
0.
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Fig. 1. Groundstate correltion energics of the system with 12 = 10
s a function of the paring strength G,




Estimate of violation of Pauli principle

Z<MpMp’> = Z(MhMp>
pp’ ph
Mp = ¢ Cp + C3 Cj; €tc.

Above sumrule is violated by about 4 percent.



DISCUSSION

Killing condition in SCRPA nearly fullfilled. Then theory ady
Raleigh-Ritz variationalln all models two particle case exact
Pleasent properties of RPA remain fullfilled: Goldstone megpears-
Delion

This is a very strong property!! Difficult to obtain with oth@pproaches.
Sum rules satisfied!

Can be formulated with Green’s functions and at finite terapee.

An approximation to SCRPA» renormalised RPA:

In standard RPA one only replaces

nd — ng = nk[X, Y]

Yields often appreciable improvement over standard RPA;hmaasier than
SCRPA. (F. Catara et al., PLB 306(1993)197; PRB 51(1999156

So far some problems in 'deformed’ region: transition frapherical’ to
deformed region is discontinuous like a first order phasestt@an what
should not be. Further work is in progress on this problerse&ims that
same problem appears with CCT (Dukelsky)



CONCLUSIONS

SCRPA has quite satisfying properties. Realistic applications to
nuclear shell model and comparison with large scale shell model
calculations are in progress.



RPA for odd particle number systems
It is interesting that our vacuum state |Z) is also the vacuum to an
odd number RPA operator (for calculating N £ 1 systems)

qa’,u|z> = qr,,u|z> =0
with

1 1
- T fof o +
Qa.u = Zy,’)‘ap—E > Yipatala ol = Zy,’fah—E >k palapay
p hh’p h pp’:h

under the condition

M _ 1 i . n
Zyp Zpp’hh! = Yhh’:p’ X th Zpp/hhr = Ypp’:h’
p h



We minimise again energy weighted sum rule for an average single
particle energy and obtain

(Z|{da,[H,a"]}) = e(Z|{6q,a"}|Z)

Double commutator leads to three particle correlation fct.
Factorisation into products of s.p. and two particle correlation fcts
preserves the property that two particle system stays exact. This may
be a good approximation in general. Two body correlation fct can be
evaluated by SCRPA as before. Should give quite reasonable results.



Conclusions
Instead of evaluating RPA eqgs with HF we evaluate it with |Z) (CCT).

We obtain naturally a fully selfconsistent RPA scheme in X, Y
amplitudes.

Results in non trivial model cases very encouraging!
Extension to odd particle numbers.

Collaborators: D. Delion, J. Dukelsky, M. Jemai, M. Tohyama.



