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The	  Hubbard	  model	  

 

Ĥ = −t ĉrσ
+ ĉ′r σ

r , ′r
σ =↑,↓

∑ +U n̂r↑n̂r↓r
∑

Reminder: microscopic motivation for the
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Cuprates	  

Ultracold	  fermions	  loaded	  in	  op9cal	  laTce	  



Beyond	  mean-‐field	  :	  Symmetry-‐projected	  wave-‐func9ons	  

Projec9on	  on	  quantum	  numbers	  related	  to	  the	  symmetries	  of	  the	  Hamiltonian	  
(spin,momentum,laTce)	  

Linear	  combina9on	  of	  symmetry	  transforma9ons	  P̂ Γ( ) ∝ χg
Γ( )( )

g
∑ *

Ûg

Interferences	  between	  transformed	  states	  induce	  correla9ons	  

 

P̂S=0 ↓ ↑ ↓ ↑… = ↑ ↓ ↑ ↓… + ↗ ↙ ↗ ↙… +

= ← → ← →… + ↘ ↖ ↘ ↖… +…

Illustra(on	  :	  

	  Hamiltonian	  invariant	  under	  :	   Ø  Spin	  rota9onal	  symmetry	  
Ø  Transla9onal	  symmetry	  
Ø  LaTce	  	  	  	  	  	  	  	  	  transforma9ons	  C4v



P̂ S=0( ) = 1
8π 2 dα

0

2π

∫ dβ
0

π

∫ sin(β ) dγ
0

2π

∫  R̂z α( ) R̂y β( ) R̂z γ( )

Projec9on	  onto	  spin-‐singlet	  subspace	  

Beyond	  mean-‐field	  :	  Symmetry-‐projected	  wave-‐func9ons	  

Here	  we	  consider	  :	  	  

T̂

Projec9on	  onto	  zero	  total	  momentum	  subspace	  

 
P̂
!
K=
!
0( ) = 1

L
T̂!a

!a
∑ :	  transla9on	  operator	  of	  a	  laTce	  vector	  	   

!a

LaTce	  symmetries	  	  	  	  	  	  	  	  C4v

Ver9cal	  mirror	   Diagonal	  mirror	  rota9on	  + π
2



Ĥ
Ψ0

=
Φref ĤP̂

Γ( ) Φref

Φref P̂
Γ( ) Φref

= f ρ[ ]

Beyond	  mean-‐field	  :	  Symmetry-‐projected	  wave-‐func9ons	  

 

hij
Γ( ) =

∂ Ĥ
Ψ0

∂ρ ji

→ h Γ( ) = 1

χg
Γ( )( )

g
∑ *

detAg
χg

Γ( )( )
g
∑ *

Ag
−1 h Rg⎡⎣ ⎤⎦UgBg

−1 + Ug −1( ) E Rg⎡⎣ ⎤⎦ − Ĥ
Ψ0

( ){ }

Ψ0 → P̂ Γ( ) Φref ∝ χg
Γ( )( )*Ûg

g
∑ Φref

Effec9ve	  one-‐body	  Hamiltonian	  

Ag = 1+ Ug −1( )ρ
Bg = 1+ ρ Ug −1( )
Rg = ρUgAg

−1

with	  

One-‐body	  transi9on	  density	  matrix	  

Ground	  state	  approxima9on	  :	  

Wick’s	  theorem	  

The	  approach	  is	  varia9onal	  :	  	   h Γ( ),ρ⎡⎣ ⎤⎦ = 0



Beyond	  mean-‐field	  :	  Symmetry-‐projected	  wave-‐func9ons	  

Ground state energy of the Hubbard model (C4v symmetry)

t

t

t’ Doping 1/8

Energy/t SS(π, π) SC(π, π)

4 × 4 U = 4t t′ = 0 Ex. Diag. -15.744 2.14 0.424

S = 0, Sz = 0, K = (0, 0) SPWF -15.718 2.198 0.428

4 × 4 U = 4t t′ = 0 Ex. Diag. -15.744 2.18 0.424

S = 0, Sz = 0, K = (π, π) SPWF -15.71 2.234 0.434

4 × 4 U = 8t t′ = −0.3t Ex. Diag. -12.502 0.965 0.279

S = 0, Sz = 0, K = (0, 0) SPWF -12.356 0.944 0.285

Kraków, June 2014



Ground state energy of the Hubbard model (C4v symmetry)

t

t
t’ Half-filling

Energy/t SS(π, π) SC(π, π)

4 × 4 U = 4t t′ = 0 Ex. Diag. -13.622 3.64 0.385

S = 0, Sz = 0, K = (0, 0) SPWF -13.616 3.656 0.386

4 × 4 U = 8t t′ = −0.3t Ex. Diag. -8.488 4.985 0.192

S = 0, Sz = 0, K = (0, 0) SPWF -8.485 4.996 0.192

6 × 6 U = 4t t′ = 0 QMC -30.87(2) 5.82(3) 0.418(2)

S = 0, Sz = 0, K = (0, 0) SPWF -30.733 6.028 0.409

8 × 8 U = 4t t′ = 0 QMC -55.09(6) 8.2(2) 0.412(2)

S = 0, Sz = 0, K = (0, 0) SPWF -54.278 9.616 0.429

Exact on the 2 × 2 cluster, A. Leprévost, O. Juillet and RF (2014).



φ1 = cosθ a ↑ + sinθ b ↑

φ2 = sinθ a ↓ + cosθ b ↓

Ø  Spin	  singlet	  projec9on	  on	  a	  Slater	  determinant	  with	  AF	  order	  

min Ĥ
Ψ( ) = E0Ĥ

Ψ
=
U sin2 2θ( )− 4t sin 2θ( )

sin2 2θ( ) +1Expecta9on	  value	  :	  	  

The	  two	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9ons	  

Single-‐par9cle	  states	  parametrisa9on	  
a	   b	  
m −m

m =
cos 2θ( )
2

Ψ = P̂ S=0( ) Φref

E0 =
U − U 2 +16t 2

2
Ø  Exact	  diagonaliza9on	  :	   a	   b	  

t	  



Ĥ
Ψ
= −4gt + g2U

g2 +1
min Ĥ

Ψ( ) = E0
 
Φref = ĉ!k=!0,↑

+ ĉ!k=!0,↓
+

Ø  Gutzwiller	  approach	  :	  

Free	  electron	  state	  

The	  two	  site	  Hubbard	  model	  at	  half-‐filling	  

P̂G a ↑ a ↓ −
= g a ↑ a ↓

−

P̂G a ↑ b ↓ −
= a ↑ b ↓

−

a	   b	  

a	   b	  

Expecta9on	  value	  :	  	  

Ψ = P̂G  Φref

P̂G = 1+ g −1( ) n̂i↑n̂i↓( )
i
∏

Gutzwiller	  and	  symmetry-‐projected	  wave-‐func9ons	  approaches	  are	  
analy9cally	  exact	  for	  the	  two	  site	  Hubbard	  model	  at	  any	  coupling	  



The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Exact	  diagonalisa9on	  

Ground-‐state	  features	  :	  	  	  	  Ø  Zero	  total	  spin	  
Ø  Zero	  total	  momentum	  
Ø  d-‐wave	  symmetry	  

1 = 1
2

Δa
+ − Δd

+( ) Δb
+ − Δc

+( ) 0
a	  

b	   d	  

c	  

2 = 1
4

Δa
+ + Δb

+( ) cc↑+ cd↓+ − cc↓
+ cd↑

+( )− Δa
+ + Δc

+( ) cb↑+ cd↓+ − cb↓
+ cd↑

+( )
− Δb

+ + Δd
+( ) ca↑+ cc↓+ − ca↓

+ cc↑
+( ) + Δc

+ + Δd
+( ) ca↑+ cb↓+ − ca↓

+ cb↑
+( )

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
0

3 = 1
2 3

ca↑
+ cb↑

+ cc↓
+ cd↓

+ + ca↓
+ cb↑

+ cc↓
+ cd↑

+ + ca↓
+ cb↓

+ cc↑
+ cd↑

+

+ca↑
+ cb↓

+ cc↑
+ cd↓

+ − 2 ca↑
+ cb↓

+ cc↓
+ cd↑

+ + ca↓
+ cb↑

+ cc↑
+ cd↓

+( )
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥
0

a	  

b	   d	  

c	  

a	  

b	   d	  

c	  

T̂

T̂

In	  this	  three	  dimensional	  subspace	  the	  Hamiltonian	  reads:	  	  

Δi
+ = ci↑

+ ci↓
+with	  

H =
2U 2t 0
2t U −2 3t
0 −2 3t 0

⎛

⎝

⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟



Let	  the	  eigenvalues	  	  	  	  	  	  of	  the	  Hamiltonian	  correspond	  to	  Ek E ≡U − 4tχ

	  	  	  Then	  	  	  	  	  	  sa9sfies	  the	  depressed	  cubic	  equa9on	  :	  χ 16t 2χ 3 − χ 16t 2 +U 2( )− 2tU = 0

Ek =U − 2 16t 2 +U 2

3
cos β − 2kπ

3
⎛
⎝⎜

⎞
⎠⎟

cos β( ) = 4t 2U 3
16t 2 +U 2

⎛
⎝⎜

⎞
⎠⎟

3
2

Cardano’s	  formula	  

with	  

Eigenvalues’	  final	  expression	  :	  

	  ground-‐state	  k = 0
k = 1,2

⎧
⎨
⎩ excited	  states	  

The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Exact	  diagonalisa9on	  



The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9on	  :	  analy9cal	  approach	  

m

m−m

−m
a	  

b	   d	  

c	  

Reference	  state	  :	  an9ferromagne9c	  Slater	  determinant	   Φref = ĉφ1↑
+ ĉφ2↑

+ ĉφ3↑
+ ĉφ4↑

+

φ1 = 1
2

a − d( )

φ2 = 1
2
cosϕ a + sinϕ b + sinϕ c + cosϕ d( )

φ3 = 1
2

b − c( )

φ4 = 1
2
sinϕ a + cosϕ b + cosϕ c + sinϕ d( )

Approxima9on	  of	  the	  
ground-‐state	  :	  

Single-‐par9cle	  states	  parametrisa9on	  

Spin	  rota9onal	  invariance	  restora9on	  :	  projec9on	  onto	  spin-‐singlet	  subspace	  

Ψ = P̂ S=0( ) Φref = sin2ϕ 1 − sin 2ϕ( ) 2 − 1+ cos
2ϕ
3

3



Maximum	  rela9ve	  error	  ~	  5/10000	  
Ĥ − E0
E0

U

The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9on	  :	  analy9cal	  approach	  

Expecta9on	  value	  	  	  	  	  	  	  	  	  	  	  in	  the	  state	  	  	  	  	  	  	  	  :	  E S=0( ) Ψ Ĥ
Ψ
=

3
8
U 5 − 4cos 2ϕ( )− cos 4ϕ( )( )−12t sin 2ϕ( )

2 + sin2 2ϕ( )

Hartree-‐Fock	  approxima9on	  :	  
	  
	  

The	  rela9ve	  error	  saturates	  to	  33%	  

m = n̂a↑ − n̂a↓ Φref



The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
The	  Gutzwiller	  wave-‐func9on	  

P̂G = 1+ g −1( ) n̂i↑n̂i↓( )
i
∏Gutzwiller	  projector	  :	  

Expecta9on	  value:	   Ĥ
PGΦref .

=
Φref P̂GĤP̂G Φref

Φref P̂GP̂G Φref

= Ĥ ϕ,g( )

Ĥ
PGΦref

− E0

E0

U

Ĥ
PGΦref

=
−8tgsinϕ cosϕ + 2Ug2 sin2ϕ( ) 1+ g( )2 sin2ϕ + 4cos2ϕ⎡⎣ ⎤⎦
4cos4ϕ + 8g2 cos2ϕ sin2ϕ + 1+ 2g2 + g4( )sin4ϕ

The	  rela9ve	  error	  saturates	  to	  28%	  

Hartree-‐Fock	  approxima9on	  :	  
	  
	  

The	  rela9ve	  error	  saturates	  to	  33%	  

m = n̂a↑ − n̂a↓ Φref



The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9on	  :	  exact	  results	  

Mean-‐field	  like	  Hamiltonian	  

Symmetry	  breaking	  :	  dress	  the	  AF	  order	  with	  bond-‐spins	  

Φref

Lowest	  energy	  eigenstates	  :	  

hσ
ref m, s[ ] =

U
2
1−σm( ) −t 1+σ s( ) −t 1+σ s( ) 0

−t 1+σ s( ) U
2
1+σm( ) 0 −t 1−σ s( )

−t 1+σ s( ) 0 U
2
1+σm( ) −t 1−σ s( )

0 −t 1−σ s( ) −t 1−σ s( ) U
2
1−σm( )

⎛

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟a	   c	  

d	  b	  

m

−t 1+σ s( )

−t 1+σ s( )

−t 1−σ s( )

−t 1−σ s( )

Transla9onal	  invariance	  restora9on	  :	  projec9on	  onto	  zero	  momentum	  subspace	  

−m

−m m

 
Ψ = P̂

!
K=
!
0( )P̂ S=0( ) Φref



In	  terms	  of	  the	  variables	  :	   with	  

 

∂
∂a

E
!
K=
!
0,S=0( )⎡

⎣
⎤
⎦ =

∂
∂b

E
!
K=
!
0,S=0( )⎡

⎣
⎤
⎦ = 0⇒

a2 16b2t − 4bU( )− a 2b2U +16bt −U( ) = bU
32a2b3t − 4abU 2b2 +1( ) = 8bt 3b2 +1( )−U 2b2 +1( )

⎧
⎨
⎪

⎩⎪

The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9on	  :	  exact	  results	  

 

a =
2 2 + s2( ) + !m 4 1+ s2( ) + !m2 + !m( )

2 4 1+ s2( ) + !m2 + !m( )
b = 2

4 1+ s2( ) + !m2 − !m

⎧

⎨

⎪
⎪
⎪

⎩

⎪
⎪
⎪

 
!m = Um

2t

System	  of	  eqs.	  linear	  in	  	  	  	  	  and	  	  	  	  	  	  	  	  a a2

Minimisa9on	  with	  respect	  to	  	  	  	  	  and	  	  	  	  	  yields	  :	  	  a b

 
E
!
K=
!
0,S=0( ) =

Ψ Ĥ Ψ
Ψ Ψ

=
3 −16ab2t +U 2b2 +1( )( )
2 4a2b2 + 3b2 − 2ab +1( )Expecta9on	  value	  :	  



4b4 48t 2 +U 2( )−16b3tU + 4b2 16t 2 +U 2( )− 8btU +U 2 = 0 No	  real	  solu9on	  

a = f b( )
a2 = g b( )

⎧
⎨
⎪

⎩⎪
⇒ g b( )− f 2 b( ) = 0 	  	  	  	  	  	  solu9on	  of	  a	  quar9c	  or	  cubic	  equa9on	  :	  b

The	  four	  site	  Hubbard	  model	  at	  half-‐filling	  
Symmetry-‐projected	  wave-‐func9on	  :	  exact	  results	  

8b3t 2 − 6b2tU + b U 2 − 8t 2( ) + tU = 0

b − a = b − f b( ) = U
4t

16t 2a3 − a(16t 2 +U 2 )− 2tU = 0

 Emin
!
K=
!
0,S=0( ) =U − 4ta

E =U − 4tχ

16t 2χ 3 − χ 16t 2 +U 2( )− 2tU = 0

Exact	  diagonalisa9on	  

Ø  	  	  

Ø  	  	  

The	  exact	  ground-‐state	  may	  be	  obtained	  by	  minimizing	  the	  energy	  of	  a	  symmetry-‐projected	  
Slater	  determinant.	  



Conclusion	  

Conven9onal	  Hartree-‐Fock	  approxima9ons	  have	  been	  improved	  to	  account	  
for	  electronic	  correla9ons	  

Symmetry	  projec9ons	   P̂ Γ( ) ∝ χg
Γ( )( )

g
∑ *

Ûg

Spin-‐rota9onal	  invariance	  restora9on	  leads	  to	  an	  almost	  exact	  descrip9on.	  	  

The	  more	  symmetries	  we	  restore,	  the	  beher	  the	  energy	  of	  the	  symmetry-‐	  
projected	  wave-‐func9on	  approach	  is.	  

Combining	  spin-‐rota9onal	  and	  zero	  total	  momentum	  projec9ons	  allows	  to	  
recover	  the	  exact	  energy	  for	  any	  interac9on	  strength.	  

Ø  	  	  

Ø  	  	  

Ø  	  	  

Ø  	  	  
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