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    For nuclear structure, exact solutions are 
impossible and approximations based on 
truncation schemes are indispensable.  

 

    The other day Yang SUN’s talk presented one 
possible approach, i.e., truncation based on 
combination of mean field approach and the 
shell model.   



Nuclear structure models 

• Shell-model diagonalization method 
– Based on quantum mechanical principles  

– Growing computer power helps extending applications 

– A single configuration contains no physics 

– Huge basis dimension required, severe limit in applications 

• Mean-field approximations 
– Applicable to any size of systems  

– Fruitful physics around minima of energy surfaces 

– No configuration mixing, results depend on quality of mean-field 

– States with broken symmetry, cannot study transitions 

• Algebraic models 
– Based on symmetries, simple and elegant 

– Serve as important guidance for complicated calculations 
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    Here the motivation is the same: a wise 
selection of relevant configurations from the 
enormous shell model space.  This method is 
called pair approximation which is based on 
the pairing phenomenon in nuclear structure, 
originated from  the short-range and 
attractive feature of interactions between 
nucleons.  
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Cooper pair 



General picture  

The common feature seems to be the existence of an attractive  

(effective) interaction between the individual“building blocks”of  

the system.   Then the system achieves the smallest energy in the  

pairing configuration and becomes more stable.  

 

This is particularly true for atomic nuclei which we shall discuss today.  
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I.  introduction:  
why nucleon-pair approximation for  
low-lying states of atomic nuclei ?  



The strong interaction between nucleons are short-range and attractive.  
 
Why short range ?  The total binding energy of atomic nuclei is, at a very  
rough approximation,  proportional to the mass number A (i.e., the number  
of total nucleons, protons and neutrons).  If the interaction were long-range,  
then the total binding energy would have been approximately proportional to  
A^2-A, or roughly A^2.   
One simple model for short-range interaction is delta force.  
 
Why attractive ?  There exists a strong repulsion due to Coulomb  force between  
protons .  In order that atomic nuclei are bond states, the strong interaction  
between nucleons have to be attractive to have the balance against the Coulomb  
force.   
 
The interaction between nucleons can therefore take the following form:  
 
V= - G delta (\vec{r}_1 – \vec{r}_2) 
 



 

 

 

 

Nucleon pair approximation 

A long history since the nuclear shell model:  

1952：single-j S 

1971：many-j S   

1981：one or two broken pairs 

1992：SD pairs for even systems 

2000  :  odd-A and odd-odd  nuclei 

2013  :  pair approximation with isospin-symmetry  

J=0,2 have the lowest energy 

Pairs with lowest energy are  key building blocks  

 

This explains why pair approximation are useful.  

 

If all possible pairs are considered, the pair basis  

present the exact shell model results.  

 

Pair approximation 

two valence protons  

outside  Sn-132  



II.Formulation  
 
       Many people including a number of people in this workshop have tried pair  
      approximations for different purposes. Today I  have to skip their efforts and  
      concentrate on what we have done these years … …  

       
     The details  of the NPA formulation can be found in the 

papers as below.  Here I would like to point out something 
which might be useful to others in general and the key part.   

 
      [1] J. Q. Chen, Nucl. Phys. A 626, 686  (1997). 
      [2] Y. M. Zhao, N. Yoshinaga, S. Yamaji,  J. Q. Chen, and  
            A. Arima,  Phys. Rev. C 62, 14304 (2000).  
      [3] G. J. Fu, Y. M. Zhao, and A. Arima,  Phys. Rev. C 87,  
            044310 (2013).  
 



[1]  Factorization of commutators: The Wick theorem for coupled operators 
       J. Q. Chen,  B. Q. Chen, and A. Klein, Nucl. Phys. A 554, 61 (1993); 
 
 
 
 
 
 
 
 
[2]  The Wick theorem for coupled fermion clusters 
       J. Q. Chen,  Nucl. Phys. A 562, 218 (1993).  
 
In these two papers, Chen studied the algorithm of  evaluating the commutators  

of coupled fermions (and bosons).  This is a very useful technique in practice.   

 
The formulation of the nucleon pair approximation is an application  of this  technique.  
Here the basis and the Hamiltonian are written in terms of coupled pairs.  The key 
calculation is how to calculate the matrix elements in the basis which is built up by 
using nucleon pairs.  
 



Phenomenological (pairing + Quadruple):  

effective interaction :   





Wick theorem for operators with double couplings 



Examples of calculating the two-body matrix elements  



III. Validity of the NPA 
 
In this part, I would like to show a few 
typical cases on how the NPA works, i.e., 
how well the NPA results reproduce the 
exact shell model results.  







The dimension of the configuration space 





Te-130 





IV.Applications 
 
     There have been many numerical calculations, 

and the calculated results have been well 
received by experimentalists.  This is just 
expected because the NPA basis is very simple.  

     Only essential configurations are used.  
 
     Here I give a few examples.  









Spin-aligned neutron-proton pair 

 

The NPA with isospin is the direct approach    

to study this phenomenon.  

 



Fu, Zhao, Arima, PRC88, 054303 (2013).  



Mg-24 

Dual description of states for sd shell nuclei 

Fu, Zhao, Arima,  
submitted to  
PRC (2014). 



the Shell model versus SD pair approximation 



perspective 
1、low-lying states of heavy nuclei 

 

2、quartet structure 

 

3、particle-hole excitations 

 

4、unbound states 



V. Collective motion under random interactions 

 
Recent results by us 
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Parity distribution in the ground states 

• (A) Both protons and neutrons are in the              
shell which corresponds to nuclei with both proton 
number Z and neutron number N ~40; 

• (B) Protons in the                 shell and neutrons in 
the            shell which correspond to nuclei with 
Z~40 and N~50; 

• (C) Both protons and neutrons are in the              
shell which correspond to nuclei with Z and N~82; 

• (D) Protons in the              shell and neutrons in the  

                    shell which correspond to nuclei with 
Z~50 and N~82. 
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My favorite figures 



Malmann plot, R6-R4 for sd bosons,  
Lei, Zhao, Yoshida, Arima, PRC (2011).  



FDSM-SD pairs 

Malmann plot, R6-R4 for FDSM-SD pairs,  
Fu, Zhao, Arima, PRC (2013).  



Entire ensemble Lu, Zhao, Arima, to be published.  



Summary 

    I introduced very briefly  the background, 
history, formulation, validity and applications 
of the nucleon pair approximation to the shell 
model.   

 

    In addition, I explained our recent results of  collective motion 

under random interactions.  



THANK YOU FOR YOUR ATTENTION !  


