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Reliable values of the running fermion masses, 
mixing parameters, gauge couplings, and Higgs 
quartic coupling are crucial for model building 
and phenomenological analysis.  With these 
running variables at hand, it is convenient to 
compare the model predictions with the 
experimental data at a common energy scale 
(from 𝑀𝑍 to 𝑀GUT).    

GUT, 
Supersymmetry, 
Extra Dimension, 

String, … 

𝝁
𝒅𝜶

𝒅𝝁
=

𝟏

𝟏𝟔𝝅𝟐
(𝜷𝟏𝜶

𝟐 + 𝜷𝟐𝜶
𝟑 + ⋯) 

Low-energy 
measurements 

High energy 
scale theories RGE 

 How to evaluate these variables and uncertainties at an arbitrary scale? 



Conventions:    

𝜇 = 𝑀𝑍 ~ 91.2 GeV 

Yukawa couplings  𝑦𝑓 

𝑆𝑈 3 × 𝑆𝑈 2 × 𝑈(1) gauge couplings  𝑔3,   𝑔2,  𝑔1 
Higgs self-interaction 𝜆 

CKM parameters 𝜃12
𝑞
, 𝜃23

𝑞
, 𝜃13

𝑞
, 𝛿𝑞 

Neutrino mixing parameters and masses  

Charged fermion running masses and pole masses  
Strong coupling 𝛼𝑠 
Electromagnetic coupling 𝛼 
Fermi constant 𝐺𝐹  

EW scale  



Light quark 𝑢, 𝑑, 𝑠  masses are estimated using:  

 PDG2013 summarizes the MS masses at the scale 𝜇 ≅ 2 GeV  

𝑚𝑢 = 2.3−0.5
+0.7 MeV 𝑚𝑑 = 4.8−0.3

+0.5 MeV 𝑚𝑠 = 95 ± 5 MeV 

• Lattice Gauge Theory (𝐌𝐒) 

𝑚𝑢 = 2.15 ± 0.15 MeV 

𝑚𝑑 = 4.70 ± 0.20 MeV 

𝑚𝑠 = 93.5 ± 2.5 MeV 

𝑞 𝐿𝑀𝑞𝑅 + 𝑞 𝑅𝑀𝑞𝐿  ⇒ QCD chiral symmetry  • Chiral Perturbation Theory 

• Sum Rules 



Heavy quark (𝑐, 𝑏) masses:  

• heavy quark effective theory 
• non-relativistic QCD 

𝑚𝑐 𝑚𝑐 = 1.275 ± 0. 025 GeV 

𝑚𝑏 𝑚𝑏 = 4.18 ± 0. 03 GeV 

Top quark pole mass: 
• position of the pole in the 

quark propagator 

Measurements from Tevatron and LHC 

𝑀𝑡 pole = 173.2 ± 0. 6 ± 0.8 GeV 

PDG 2013 



Charged lepton masses (PDG):  

𝑀𝑒 = 0.510998928 ± 0. 000000011 MeV 
𝑀𝜇 = 105.6583715 ± 0. 0000035 MeV 

𝑀𝜏 = 1776.82 ± 0. 16 MeV 

The CKM quark mixing matrix  

𝜆 = 0.22535 ± 0. 00065  
𝐴 = 0.811−0.012

+0.022  
𝜌 = 0.131−0.013

+0.026  
𝜂 = 0.345−0.014

+0.013  

CKMfitter Group 

Gauge and Higgs bosons:  

𝑀𝑍 = 91.1876 ± 0. 0021 GeV 
𝑀𝑊 = 80.385 ± 0. 015 GeV 
𝑀𝐻 = 125.9 ± 0. 4 GeV 



Neutrino parameters   

Gonzalez-Garcia, Maltoni, Salvado, Schwetz, 13 



How to evaluate these variables and uncertainties at an 
arbitrary energy scale? 

PDG input 

Run 𝜶 to 𝝁 = 𝒎𝒇 

Matching of 𝜶 at 
𝝁 = 𝒎𝒇 

Input 
𝒎𝒇+𝟏 

Run 𝜶 and 𝒎𝒇 to 

𝝁 = 𝒎𝒇+𝟏 

Output: 
𝒎𝒇(𝝁) at 

𝝁 = 𝒎𝒇+𝟏 

We adopt the running→matching→running scheme 



Running for the strong coupling 

𝜇2
𝑑𝛼𝑠

𝑑𝜇2
=  𝛽0𝛼

2 + 𝛽1𝛼
3 + 𝛽2𝛼

4 + ⋯   

𝛽0 =
1

4
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3
𝑛𝑓  

𝛽1 =
1

16
102 −

38

3
𝑛𝑓  

𝛽2 = ⋯ 
𝛽3 = ⋯ 

4-loop beta function in QCD 
Ritbergen, Vermaseren & Larin, PLB400(1997)379 

Running of the electromagnetic coupling 𝛼 

𝜇2
𝑑𝛼

𝑑𝜇2
= −

𝛼2

𝜋
𝛽 0 + 𝛽 1
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Arason et al., 1992 
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QCD corrections 

Current PDG global-fit data:  

𝛼𝑠 𝑀𝑍 = 0.1185 ± 0. 0006  

𝛼 𝑀𝑍
−1 = 127.944 ± 0. 014  



Matching at each quark threshold 

𝐸 = 𝜇 𝐸 = 0 𝑚𝑞(𝑚𝑞) 

(𝑛𝑓) flavor effective theory (𝑛𝑓+1) flavor full theory 

𝛼𝑠
𝑛𝑓  ,    𝑚𝑞

𝑛𝑓  𝛼𝑠
𝑛𝑓+1  ,    𝑚𝑞

𝑛𝑓+1  

• The beta function coefficients are given in the effective theory in which 
𝑛𝑓 of the light quark flavors (𝑚𝑞 ≪ 𝜇) are considered, and the 

remaining heavier quark flavors (𝑚𝑞 ≫ 𝜇) decouple from the theory.  

• 𝛼𝑠

𝑛𝑓  and 𝛼𝑠

𝑛𝑓+1
 are related through the matching condition 

𝛼𝑠

𝑛𝑓 𝜇 = 𝜁𝑔
2𝛼𝑠

𝑛𝑓+1
𝜇   

𝜁𝑔
2 = 1 −

𝛼𝑠
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𝜇

𝜋

1

6
ln
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2 + ⋯ 

4-loop QCD decoupling 
Chetyrkin, Kuhn & Sturm, NPB744(2006)121 

𝛼𝑠

𝑛𝑓  

𝛼𝑠

𝑛𝑓+1
  

𝑚𝑓+1  



MS  mass ⟺ Pole mass  

𝑀𝑞 = 𝑚𝑞 𝑚𝑞 1 + 1.333
𝛼𝑠

𝑛𝑓(𝑚𝑞)

𝜋
+ (13.44 − 1.041𝑛𝑙)

𝛼𝑠

𝑛𝑓 𝑚𝑞

𝜋

2

+ ⋯  

Chetyrkin and Steinhauser, PRL83(1999)20 

RGEs for quark masses in the MS  scheme    

𝜇2
𝑑𝑚𝑞

𝑑𝜇2
= − 𝛾𝑟

𝛼𝑠

4𝜋

𝑟
∞

𝑟=1

𝑚𝑞 
𝛾1 = 4 

𝛾2 =
202

3
−

20

9
𝑛𝑓 

𝛾3 = ⋯ 

Chetyrkin, 97; Vermaseren, Larin & Ritbergen 97 

𝑚𝑞 𝜇 = 𝑅 𝛼𝑠(𝜇) 𝑚 𝑞 

𝑅 𝛼𝑠 =
𝛼𝑠

𝜋

𝛾0
𝛽0 1 +

𝛼𝑠

𝜋
𝐶1 +

𝛼𝑠
2

2𝜋2
𝐶1 + 𝐶2 + ⋯  

𝑚 𝑞 = 𝑚𝑞(𝜇0)/𝑅(𝛼𝑠(𝜇0)) 



Matching at each quark threshold 

𝑚𝑞

𝑛𝑓−1
= 𝜁𝑚𝑚𝑞

𝑛𝑓  

Chetyrkin, Kniehl & Steinhauser, 98 

• For lighter quarks (𝑛𝐿 < 𝑁), the behavior of 𝑛-th quark between the 𝑁 

and 𝑁 + 1 quark thresholds should be evaluated by using 𝛼𝑠
𝑁

. 

𝑚𝑐(𝜇) 
𝑚𝑐(𝑚𝑐) 𝑚𝑏(𝑚𝑏) 

𝑅 𝛼𝑠
4
(𝜇)  𝑅 𝛼𝑠

5
(𝜇)  

𝑚𝑏(𝜇) 
𝑚𝑐(𝑚𝑐) 𝑚𝑏(𝑚𝑏) 

𝑅 𝛼𝑠
5
(𝜇)  𝑅 𝛼𝑠

5
(𝜇)  𝑅 𝛼𝑠

5
(𝜇)  

• For heavier quarks (𝑛𝐻 < 𝑁), the running between the 𝑁 and 𝑁 + 1 

quark thresholds should be evaluated by using 𝛼𝑠
𝑛𝐻 . 



Strategy of running and decoupling (below 𝑀𝑍)    

𝑀𝑍 

input 𝛼𝑠(𝑀𝑍) 

𝑚𝑏(𝑚𝑏) 

2 GeV 

𝛼𝑠
5
(𝑚𝑏(𝑚𝑏)) 

𝛼𝑠
4
(𝑚𝑏(𝑚𝑏)) 

𝑚𝑐(𝑚𝑐) 

𝛼𝑠
4
(𝑚𝑐(𝑚𝑐)) 

input 𝑚𝑐 

𝜇 = 0 

𝜇 

𝛼𝑠
4
(2 GeV) 

input 𝑚𝑢,𝑑,𝑠 

RGE (𝛼𝑠, 𝑚𝑐) 

input 𝑚𝑏 

RGE 
(𝛼𝑠, 𝑚𝑐 ,
𝑚𝑢,𝑑,𝑠) 

output: 𝑚𝑞(𝑀𝑍) 

high scales 

running→matching→running scheme 



Top quark Yukawa coupling ⟺ top quark pole mass 𝑀𝑡 

𝑦𝑡 𝜇 =
2

𝑣
𝑀𝑡 1 + 𝛿𝑡

QCD
𝜇 + 𝛿𝑡

QED
𝜇 + 𝛿𝑡

W(𝜇)  

𝛿𝑡
QCD

𝜇 = C𝐹

𝛼𝑠(𝜇)

4𝜋
3 ln

𝑀𝑡
2

𝜇2
− 4 + ⋯ 

Hemping & Kniehl, 95 

• In our calculation, we choose 𝜇 = 𝑀𝑡 

Higgs mass ⟺ self-coupling 𝜆 

𝜆 𝜇 =
𝑀𝐻

𝑣2
1 + 𝛿𝐻(𝜇)  Sirlin & Zucchini, 86 



Strategy of running and decoupling (top mass and 𝜆)    

𝑀𝑍 ≅ 91 GeV 

𝑀𝑡 ≅ 173 GeV 

𝜇 = 0 

𝜇 

𝑀𝐻 ≅ 126 GeV 

output (𝛼𝑠 𝛼 𝑚𝑓 CKM)   
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y 

a 
d

if
fe

re
n

t 
𝜆
0
(𝑀

𝑍
) 

N
o

 

𝑀𝑡  ⟹  𝑦𝑡  

high scales 

Yes 

try a 𝜆0(𝑀𝑍) 

input (𝛼𝑠 𝛼 𝑚𝑓 CKM)   

2
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o
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p
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G
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𝑀𝐻 ⟹ 𝜆  

using (𝛼𝑠 𝛼 𝑚𝑓 CKM) at 𝜇 = 𝑀𝑡  

if 𝜆0 𝜇 = 𝜆 𝜇  



Running above the electroweak scale 𝜇 > 𝑀𝑍 

𝑔3
2 = 4𝜋𝛼𝑠          𝑔2

2 =
4𝜋𝛼

sin2 𝜃𝑊
            𝑔1

2 = 5/3𝑔2tan𝜃𝑊 

• Gauge couplings  

𝐻𝑓 = 𝑌𝑓
†𝑌𝑓 

𝜇
𝑑𝑌𝑓

𝑑𝜇
=

1

16𝜋2
𝛽𝑓

1
+

1

(16𝜋2)^2
𝛽𝑓

2
+

1

16𝜋2 3
𝛽𝑓

3
+ ⋯ 𝑌𝑓 

• Yukawa couplings  

• Higgs self-coupling  



Running above the electroweak scale 𝜇 > 𝑀𝑍 

• Matching between SM and SUSY 

𝛼𝑠
MS = 𝛼𝑠

DR 1 −
𝛼𝑠

DR 
4𝜋

               𝑚𝑓
DR = 𝑚𝑓

MS 1 −
𝛼𝑠

DR 
4𝜋

 

 SM→ MS scheme 
 SUSY→ DR scheme 

 We adopt the common scale approach with all the SUSY 
particles being roughly at a common scale 𝜇 = 𝑀SUSY 

 SUSY threshold correction 

𝑚𝑓
SUSY =

𝑚𝑓
SM

1 + 𝜖𝑓 tan𝛽
 

• 𝑓 = 𝑑, 𝑠, 𝑏, 𝑒, 𝜇, 𝜏 
• 𝜖𝑓 could be as large as 1% 

• tan𝛽 enhancement 



Charged-lepton running mass ⟺ Pole mass Chetyrkin & Steinhauser, 99 
Melnikov  & Ritbergen, 99  

Baikov , Chetyrkin, Kühn & Sturm, 12 

𝑚𝑙(𝜇)
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Neutrino mass at one-loop  

Above 𝑀𝑅 

Below 𝑀𝑅 
𝜇 = 𝑀𝑅 



Strategy of running and decoupling (scale of new physics)    

𝑀𝑍 ≅ 91 GeV 

𝑀GUT 

𝜇 = 0 

𝜇 

𝑀SUSY 

CKM 𝑔𝑖   𝑦𝑓  𝜆 at 𝜇 = 𝑀𝑍 

n
o

n
-S

U
SY

 Matching:  𝑚 SM → 𝑚 MSSM   

 𝑚 MS → 𝑚 DR   

𝑀PLANCK 

output 𝑚𝑓 𝜇 =
𝑦𝑓 𝜇

2
𝑣 𝜇 , 𝑔𝑖 𝜇 , 𝜆 𝜇 , CKM 



Uncertainty estimation  

• Gaussian likelihoods assumed for the input quantities 
• Monte Carlo sampling data: 𝑁 points 
• RGE running up to a scale 𝜇 
• Highest Posterior Density intervals: count how many points are 

located in certain interval:   
    68% points in the output → 1𝜎 CL.  
    95% points in the output → 2𝜎 CL.  
 

Input parameter summary  



• Run 𝛼𝑠 to each quark threshold and apply the matching condition 
• Evaluate light quark masses 𝑚𝑓 and match onto the full theory at 

𝜇 = 𝑚𝑓 

• Conversion of charged-lepton pole masses to their MS masses 
• Top quark pole mass → MS masses 
• Higgs pole mass → quartic coupling 𝜆𝐻 (at 𝜇 = 𝑀𝐻) 
• Relation between MS masses and Yukawa couplings  
• 2-loop RGEs from 𝑀𝑍 to higher scales  
• In SUSY, matching between SM and SUSY (tan𝛽 enhanced SUSY 

threshold effects) 
• In SUSY, MS → DR conversion 
• Uncertainties estimation: Highest Posterior Density 

Temporary webpage: http://www.mpi-hd.mpg.de/personalhomes/hzhang/RUM/ 

http://www.mpi-hd.mpg.de/personalhomes/hzhang/RUM/


Temporary webpage: http://www.mpi-hd.mpg.de/personalhomes/hzhang/RUM/ 

• Read reliable input data 
directly from PDG 
 

• Build-in functions for 
threshold matching, pole 
mass – MS mass 
conversion, Higgs quartic 
coupling, RGE evolution, 
uncertainty estimation … 

  

• User defined variables 
 

• Friendly Graphic User 
Interface – can be easily 
used as a calculator 

 

• Portable version provided 
–  no need for installation 

Download from here 

http://www.mpi-hd.mpg.de/personalhomes/hzhang/RUM/


Fermion masses at 𝜇 = 𝑀𝑍 

Fermion masses and gauge couplings at 𝜇 = 1 GeV 

Snapshot from RUM 



Applications: SM fermion masses  

𝑚𝑢   

𝑚𝑑   𝑚𝑐  

𝑚𝑠  

𝑚𝑒  

𝑚𝜇  

𝑚𝜏 

𝑚𝑏 

𝑚𝜇  



Applications: MSSM fermion masses: tan 𝛽 = 10 ,  𝑀SUSY= 1TeV  

𝑚𝑢   
𝑚𝑑   

𝑚𝑒  

𝑚𝑐  

𝑚𝑠  𝑚𝜇  

𝑚𝜏 

𝑚𝑏 

𝑚𝜇  



Output: 𝑀GUT = 2 × 1016 GeV  for MSSM, tan𝛽 = 10 ,  𝑀SUSY= TeV  



Output: 𝑀GUT = 2 × 1016 GeV  for SM 



• Higgs vacuum stability  
𝜆(𝜇) 

𝜆 𝜇 = 0 around 𝜇 ∼ 1010GeV 
𝜆 < 0 at 𝑀GUT ∼ 1016GeV 

Applications  

• Running gauge couplings 
NO gauge unification in the SM   

MSSM,   tan 𝛽 = 10 ,  𝑀SUSY= 1TeV  

𝑔1 

𝑔2 

𝑔3 

SM 

SM 



Applications: Koide’s mass relation 

𝑄 =
𝑚𝑒 + 𝑚𝜇 + 𝑚𝜏

𝑚𝑒 + 𝑚𝜇 + 𝑚𝜏

2 ≈
𝟐

𝟑
 

Koide, 82 

tan𝛽 = 10 

tan𝛽 = 50 

SM 

May be realized in 𝐔 𝟑 × 𝐒𝐔(𝟐) family gauge symmetry 

Sumino, 08  



Applications: Is the Unitarity Triangle Right?  
Harrison, Roythorne, Scott, 09; Xing, 09; 

Antusch, King, Malinsky, Spinrath, 09  

• 𝛼 ≅ 90∘ is rather stable 
against radiative corrections  



Welcome to join us 

Future plans: 

• Include 3-loop beta functions (available now in the literature). 

• Add neutrino masses. 

• Rewrite the source codes using C++ or Java. 

• Add more popular modes, e.g. extra dimension models. 

• Develop web-based application: Webserver configuration and 

Java programming 

Current status of RUM: 

• Manual writing 

• Beta testing  



Summary 

• Reliable values of fermion masses, mixing parameters and 
gauge parameters are very useful for model constructions. 
 

• Knowledge on fermion masses and mixing parameters has 
been improved in recent years. 
 

• Starting with the latest values given by PDG, we have 
evaluated the running fermion masses, gauge couplings, and 
flavor mixing parameters at various energy scales. 
 

• An easy-to-use package RUM is provided for the evolutions of 
physical parameters below and above the EW scale.   


